PREFACE 


The object of the present book is to provide an introduction to the 
principles and applications of thermodynamics for students of chemistry 
and chemical engineering. All too often it appears that such students 
tend to regard the subject as an academic and burdensome discipline, only 
to discover at a later date that it is a highly important tool of great prac- 
tical value. The writer’s purpose has been to explain the general structure 
of thermodynamics, and to give some indication of how it may be used to 
yield results having a direct bearing on the work of the chemist. 

More than one hundred illustrative numerical problems are worked out 
in the text, and a total of about three hundred and sixty exercises of a 
variety of types have been included for solution by the reader. In the 
hope of imparting the whole subject with an aspect of reality, much of 
the material for this purpose has been taken from the chemical literature, 
to which references are given. In order to economize space, and at the 
same time to test the reader’s grasp of thermodynamics, the derivations of 
a number of interesting results have been set as exercises. To this extent, 
at least, the exercises are to be considered as part of the text, although 
their solution should in any event be regarded as essential to any adequate 
course in chemical thermodynamics. 

In treating the various topics in this book the particular method em- 
ployed has been determined in each case by considerations of simplicity, 
usefulness and logical development. In some instances the classical, his- 
torical approach has been preferred, but in others the discussion follows 
more modern lines. Whenever feasible the generalized procedures, involv- 
ing reduced temperatures and pressures, which have been evolved in recent 
years chiefly by chemical engineers, are introduced. As regards statistical 
methods, the author feels that the time has come for them to take their 
place as an essential part of chemical thermodynamics. Consequently, 
the applications of partition functions to the determination of heat capaci- 
ties, entropies, free energies, equilibrium constants, etc., have been intro- 
duced into the text in the appropriate places where it is hoped their value 
will be appreciated. 

The symbols and nomenclature are essentially those which have been 
widely adopted in the American chemical literature; however. for reasons 
given in the text, and in accordance with a modern trend, the Gibbs symbol 
u and the shorter term chemical potential’? are employed for the partial 
molar free energy. Because atmospheric pressure is postulated for the 
conventional standard state of a liquid, some confusion has resulted from 
the use of the same symbol for the standard state as for the liquid at an 
arbitrary pressure. Hence, the former state is indicated in the text in 
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the usual manner, by a zero (or circle), but the latter is distinguished by a 
smal] square as superscript. 

The writer would like to take this opportunity to acknowledge his in- 
debtedness to certain books, namely, F. H. Macdougall, “Thermodynamics 
and Chemistry”; L. E. Steiner, Introduction to Chemical Thermody- 
namics“; B. F. Dodge, Chemical Engineering Thermodynamics”; and, in 
particular, G. N. Lewis and M. Randall, Thermodynamies and the Free 
Energy of Chemical Substances.“ He is also sincerely grateful to Dr. 
Allen E. Stearn, University of Missouri, and Dr. Roy F. Newton, Purdue 
University, for reading the manuscript of this book and for making numerous 
suggestions which have helped materially to clarify and improve the treat- 
ment. Finally, the author wishes to express his thanks to his wife for 
reading the proofs, and for her continued aid and encouragement. 
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CHAPTER I 
HEAT, WORK AND ENERGY 


1. INTRODUCTION 


la. Scope and Limitations of Thermodynamics. The subject matter of 
thermodynamics is based essentially on two fundamental postulates (or laws) 
which summarize actual experience with regard to the interconversion of 
different forms of energy. These are called the first and second laws of 
thermodynamics. There is also another postulate dealing with certain as- 
pects of the second of these laws; it is often referred to as the third law of 
thermodynamics, but its use is more restricted than is that of the other laws. 
By the application of relatively simple and well established mathematical 
procedures to the two basic laws, it has been possible to derive results which 
have proved of fundamental importance to chemistry, physics and engineer- 
ing. For example, equations have been developed giving the variation with 
temperature and pressure of certain physical properties of substances. Of 
more direct interest to the chemist, however, is the derivation of the exact 
conditions for spontaneous chemical reaction and for chemical equilibrium. 

Although the great practical value of thermodynamics is undeniable, as 
will he shown in the subsequent pages, there are certain limitations that 
must be borne in mind. The methods of thermodynamics are independent. 
of atomic and molecular structure, and also of reaction mechanism. Conse- 
quently, the results throw no direct light on problems related to these sub- 
jects. The conclusions of thermodynamics may be correlated with those 
of the kinetic theory of matter, for example, but the distinction between the 
two approaches to the study of physical problems must be clearly under- 
stood. Thus, the observable thermodynamic property of a body known as 
its “temperature” may be regarded as being determined by the average 
kinetic energy of the molecules. However, the concept of temperature as 
used in thermodynamics is independent of any theories concerning the exist- 
ence of molecules. As will be seen shortly, temperature, like other thermo- 
dynamic variables of state, is based on experimental, macroscopic observa- 
tion of the body as a whole. 

One aspect of thermodynamics is the prediction of relationships between 
various quantities that are directly observable or which can be derived from 
observable properties, but thermodynamics alone cannot give any indication 
of the actual values of these quantities. In order to obtain the information 
it is possible to invoke certain procedures, such as the kinetic theory of 
matter, statistical mechanics and the Debye-Hiickel theory, which really 


1P, W. Bridgman, “The Nature of Thermodynamics,” 1941. 
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lie outside the scope of thermodynamics. Nevertheless, because such 
methods and theories provide a means for the calculation of thermodynamic 
properties, they may be regarded as complementary to thermodynamics. 
They are, however, not essential, for the observable quantities under con- 
sideration can usually be obtained by experimental methods without recourse 
to theory. 

As far as chemical reactions are concerned, thermodynamics can indicate 
whether a particular process is possible or not, under a given set of circum- 
stances, e.g., temperature and concentrations of reactants and products 
However, no information can be obtained from pure thermodynamics as to 
the rate at which the reaction will take place. For example, it can be shown 
by means of thermodynamics that hydrogen and oxygen gases should com- 
bine to form liquid water at ordinary temperatures and pressures, but it is 
not possible to state whether the reaction will be fast or slow. Actually, in 
the absence of a catalyst, the combination is so slow as to be undetectable 
in many years. In effect, thermodynamics deals quantitatively with equi- 
librium conditions, that is, conditions whicl: do not change with time, and 
it does not take into account the rate of approach to the equilibrium state.’ 


2. TEMPERATURE 


2a. The Concept of Temperature.—Since the laws of thermodynamics 
deal with the interconversion of energy, it is necessary to consider the sig- 
nificance of energy, and of the related quantities, heat and work. Before 
doing so, however, it is desirable to examine the concept of temperature. 
The ability to distinguish broadly between hot and cold is a familiar faculty 
of the human senses. <A substance which is hot is said to have a higher tem- 
perature than one which is cold. If a hot body, such as a piece of metal, is 
placed in contact with a similar but colder body, then after a short time the 
senses show that one is neither hotter nor colder than the other. That is to 
say, the two bodies have attained a state of thermal (or temperature) equi- 
librium, and they are both said to be at the same temperature. The body 
which was originally hot will now feel colder to the touch, whereas the colder 
one will now feel hotter. The temperature of the hot body has consequently 
decreased while that of the cold body has been raised until at equilibrium the 
two temperatures are the same. It would appear, therefore, that something 
—actually energy—is transferred from the hotter to the colder body until 
the two bodies have equal temperatures; that which is apparently transferred 
in this manner is called heat.“ Thus, heat may be defined as that which 
passes from one body to another solely as the result of a difference in temperature. 
The quantity of heat transferred in this manner depends, in the first place, 
on the change of temperature of each body. Another factor, namely the 
heat capacity, will be considered later. 

Although the human senses can detect temperature differences to some 
extent, they are obviously not adequate for precise measurement; neither 


28. Glasstone, K. J. Laidler and H. Eyring, “The Theory of Rate Processes, 1941. 


2b TEMPERATURE 3 


can they be used to associate a definite number with each temperature. 
For these purposes it is necessary to have an instrument or device known as 
a thermometer.“ The principle of the thermometer is based on the fact 
that certain properties, such as volume or electrical resistance, vary with 
temperature. In the ordinary mercury thermometer, for example, use is 
made of the change in volume of mercury with temperature; in this case, 
however, the volume changes are observed by the alteration in length of the 
column of mercury in a. narrow glass tube. Suppose such a thermometer is 
placed in contact with a body until thermal equilibrium is attained; the 
position of the mercury in the glass tube is then said to represent an arbi- 
trary temperature of t degrees (t°). It has been found experimentally, in 
agreement with expectation, that if two bodies are each in thermal equilibrium 
with a third, they are in thermal equilibrium with one another. This fact 
renders possible the use of the thermometer as an indicator of temperature. 
It means that whenever the mercury reaches a certain point the temperature 
of any body is always t°, provided thermal equilibrium is attained between 
the body and the thermometer. 

2b. Thermometric Scales: The Centigrade Scale.—In order to use a 
thermometer for the quantitative expression of temperature and of tempera- 
ture differences, two things are necessary. First, a zero point of the tem- 
perature scale must be chosen, absolutely or arbitrarily, and second, the 
size of the unit, i.e., the degree, must be defined. On the centigrade tem- 
perature scale the zero is taken as the ice point,“ that is, the freezing point 
of water in contact with air at standard atmospheric pressure (76.00 cm. of 
mercury).* The size of the degree is then defined by postulating that the 
“steam point, that is, the boiling point of water at standard atmospheric 
pressure, shall be taken as exactly 100°. 

If X represents any physical property which varies with temperature, 
Xo and X ioo are the values at 0° and 100°, respectively, on the centigrade 
scale; the degree is then represented by the change ö (X 100 — Xo) in the 
given property. If X is the value of the property at any temperature f the 
magnitude of that temperature is then t°, as given by 

X — Xo 


t = —— 2.1 
ro0(X 100 — Xo) i 


In the common mercury thermometer X is the length of a mercury column in 
a glass tube, and the distance between the positions representing Xo and 
X ioo is divided into one hundred equal parts, in order to facilitate evaluation 
of the temperature in accordance with equation (2.1). 


* It should be noted that 0° C is taken as the freezing point of water in equilibrium, 
and hence saturated, with air at 1 atm. pressure, and not that of pure water; the freezing 
point of the latter is ＋ 0.0023° C. 

t By the expression the value of the property at any temperature“ is implied the value 
of the property of the thermometric substance when it is in thermal equilibrium with a body 
at the given temperature. 
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Since the property X of different thermometric substances, or the differ- 
ent thermometric properties of a given substance, do not vary in an identical 
manner with temperature, various thermometers, all of which have been 
standardized at 0° and 100° C, may indicate different temperatures when in 
thermal equilibrium with the same body at an intermediate point. A 
mercury thermometer and a toluene thermometer, for example, which agree 
at 0° and 100 C, would differ by several degrees in the vicinity of 50° C. 
Even mercury thermometers in tubes made of various types of glass indicate 
slightly different temperatures. 

2c. The Absolute ldeal Gas Scale.—Gases have frequently been used as 
thermometric substances; thus X may represent the volume of a given mass 
of gas at constant pressure, or the pressure at constant volume. However, 
here again, the variation with temperature of the volume (or pressure) of a 
gas depends somewhat on the nature of the gas. For gases, such as hydro- 
gen and helium, which do not depart greatly from ideal behavior (§ 5c) 
under ordinary conditions, the temperatures recorded do not differ very 
appreciably, and the differences become less marked as the pressure of the 
gases is decreased. It appears, from experimental observation, that at 
sufficiently low pressures or, better, if the results are extrapolated to zero 
pressure, the temperature of a given body as recorded by a gas thermometer 
would always be the same irrespective of the nature of the gas.“ 

It follows, therefore, that when gases approximate to ideal behavior, i. e., 
at very low pressures, the differences in their thermometric properties dis- 
appear. This fact presents the possibility of devising a temperature scale 
which shail be independent of the thermometric substance, the latter being 
a hypothetical ‘ideal gas.“ Such a scale is the so-called absolute ideal gas 
scale, in which the (absolute) temperature is taken as directly proportional to 
the volume of a definite mass of an ideal gas at constant pressure, or to the pres- 
sure at constant volume. For convenience, the magnitude of the degree on 
the absolute scale is usually taken to be the same as on the centigrade scale 
(§ 2b), so that the absolute temperature 7 on the ideal gas scale is given by 


5 
to0(Vioo — Vo)’ 
where V is the volume of the ideal gas at this temperature, and Vioo and 
Vo are the corresponding volumes at the steam point and ice point, respec- 
tively, all the volumes being determined at the same pressure. 


The value of the ice point To on the absolute scale may be determined by 
setting V equal to Vo in equation (2.2), so that 


es eee 
= via Ve 2.3) 


By making measurements on various gases, at constant pressures, and 


3 International Critica! Tables, Vol. I, p. 55. 
Cf, Wensel, J. Res. Nat. Bur. Stand., 22, 375 (1939). 


(2.2) 


To 
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extrapolating the results to zero pressure, it has been found that the ice 
point To, as given by equation (2.3), is 273.16°. Temperatures on the abso- 
lute ideal gas scale are thus obtained by adding 273.16° to the temperature 
of the ideal gas thermometer on the ordinary centigrade scale, i.e., with the 
ice point taken as 0° C [equation (2.1) J. It will be noted from equation 
(2.2) that on the absolute scale the volume of an ideal gas should become 
zero at a temperature of zero degrees. This hypothetical point, which 
should be — 273.16° C, is known as the absolute zero of temperature; it 
presumably represents the lowest conceivable temperature. There are rea- 
sons for believing that the absolute zero is unattainable (§ 18}), although 
temperatures within less than 0.005° of it have been realized. 

It will be seen in Chapter VII (§ 18k) that it is possible to develop an 
absolute temperature scale, also independent of the nature of the thermo- 
metric substance, based on the second law of thermodynamics. This is 
sometimes called the Kelvin scale, in honor of its originator, Lord Kelvin 
(William Thomson). Actually, the thermodynamic scale can be shown to 
be identical with the absolute ideal gas scale, as defined above; hence, tem- 
peratures on the latter, as well as the former, scale are represented by the 
symbol K. The ice point is consequently 273.16° K. It may be noted, 
incidentally, that the thermodynamic derivation of the absolute temperature 
scale provides a more definite interpretation of the absolute zero, i. e., the 
lowest limit of temperature, than is possible by means of the ideal gas 
thermometer.* 

2d. Practical Temperature Scale.—For practical purposes gas thermom- 
eters are not satisfactory; consequently a number of fixed points have been 
chosen by international agreement which can be used for the determination 
of experimental temperatures on the centigrade scale. The addition of 
273.16 then gives the corresponding absolute temperatures. The following 
temperatures are taken as primary standards: boiling point of oxygen, 
— 182.97° C; ice point, 0.00° C; steam point, 100.00° C; boiling point of 
sulfur, 444.60° C; melting point of silver, 960.5° C; and melting point of gold, 
1063° C, all at standard atmospheric pressure. A number of subsidiary fixed 
points, some of which extend the scale to 3400° C, and others of which 
determine various intermediate temperatures, have also been proposed.“ 


3. Work, ENERGY AND HEAT 


3a. Work and Energy.— Mechanical work is done whenever the point of 
application of a force is displaced in the direction of the force. If F is the 
magnitude of the force and ! is the displacement of its point of application, 
in the direction in which the force acts, then the mechanical work done is 
equal to the product F X l, expressed in appropriate units. In addition to 


* Engineers frequently express temperatures on the Rankine (absolute) scale, using the 
Fahrenheit degree; the temperature is then given by ¢°(F) + 459.69 R. 

6 Burgess, J. Res. Nat. Bur. Stand., 1, 635 (1928); Roeser and Wensel, ibid., 14, 247 
(1935). 


6 HEAT, WORK AND ENERGY 3b 


mechanical work, other forms of work are possible, e.g., electrical work, but 
in each case the work done is equal to the product of a generalized force, 
sometimes referred to as the intensity facfor, and a generalized displacemert, 
the capacity factor. In electrical work, for example, the generalized force 
is the so-called electromotive force, i.e., the E. M. F., and the generalized dis- 
placement is the quantity of electricity. The work done is thus equal to 
the product of the applied E. M. F. and the quantity of electricity which 
is passed. 

Energy is defined as any property which can be produced from or converted 
into work, including, of course, work itself. There are thus various mani- 
festations of energy, as represented by the different forms of work, but each 
can be expressed as the product of an intensity factor and a capacity factor. 
Further, because of the connection between work and energy, all forms of 
the latter can be expressed in work units. The derivation of the concept of 
energy through those of force and work, as given above, follows historical 
tradition. However, because heat, which is a form of energy, cannot be 
completely converted into work, some writers prefer to describe energy as 
that which can be transformed into heat, as defined in & 2a, including heat itself. 
Although this approach to the subject of energy has some advantages, the 
one used here is somewhat simpler when the problems of dimensions and 
units of energy come up for consideration. 


3b. Dimensions and Units of Energy.——By Newton’s laws of motion, me- 
chanical force is equal to the product of mass and acceleration; hence force has 
the dimensions of mass X length/(time)?, i.e., mlt. Since work is equal to force 
multiplied by length, as stated above, the dimensions of work are m/t-?, and all 
forms of energy must consequently have these dimensions. The units of mass, 
length and time usually employed in scientific work are the gram (g.), centimeter 
(cm.) and second (sec.), respectively, constituting what is known as the c.g.s. 
system. The meter, or 100.000 em., was originally defined as 10 — times the length 
of the earth’s quadrant, from north pole to equator, passing through Paris. The 
standard meter is, however, the distance between two marks on a bar at 0° C, kept 
at Sèvres, near Paris. The standard kilogram, i. e., 1000.00 grams, is taken as the 
mass of a lump of pletinum, also at Sévres.* It was intended to be equal to the 
weight of exactly 1000 cc. of pure water at its temperature of maximum density, 
j.e., 4° C, but there is actually a small difference. The liter is the volume occupied 
by 1 kilogram of water at 4° C and 1 atm. pressure; it was meant to be 1000 cc., 
but is actually 1000.028 ce. Because of this discrepancy it is becoming the prac- 
tice to express volumes of liquids and gases in terms of the milliliter (ml.), which 
is exactly one-thousandth part of a liter. For most purposes, however, the differ- 
ence between the ml. and the cc. is not significant. The second is defined as 
1/86,400 part of a mean solar day, the latter being the average interval between 
successive transits of the sun across the meridian at any given place. 

The unit of energy in the c.g.s. system is the erg; it is the work done when a 
force of 1 dyne acts through a distance of 1 cm., the dyne being the force which 
acting for 1 sec. on a mass of 1 g. produces in it a velocity of motion of 1 cm. per 


* Exact duplicates of the standard meter and kilogram ure kept at the National Eureau 
of Standards, Washington, D. C. 
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sec. Since the erg is so small, a subsidiary unit, the joule, is defined as 107 ergs. 
Unfortunately, confusion has arisen because of the necessity for distinguishing 
between the absolute joule as thus defined, and the international joule, based on 
electrical measurements. The latter is the work done when 1 (international) 
coulomb, i.e., 1 ampere-second, of electricity flows under the influence of a poten- 
tial, i.e., E.M.F., of 1 (international) volt. The (international) coulomb is the 
quantity of electricity which will cause the deposition of 1.11800 milligrams of 
silver in the electrolysis of a solution of silver nitrate under certain specified condi- 
tions. The (international) volt is defined in terms of the E. u. . of the Weston 
standard cell, which is taken to be exactly 1.0183 (international) volts at 20° C. 
On this basis, the international joule is apparently equal to 1.0002 absolute joules.“ 


Problem: A quantity of 26.45 coulombs of electricity flows through a conductor 
under the influence of a fall of potential of 2.432 volts. Calculate the energy 
expenditure in (a) international joules, (b) ergs. 

The electrical work done, i.e., the energy expended, is equal to the product of 
the quantity of electricity and the applied potential difference. Since the former 
is given in int. coulombs and the latter in int. volts, the result will be in int. joules; 
thus, 

Energy expenditure = 26.45 X 2.432 = 64.33 int. joules. 
The int. joule is equal to 1.0002 abs. joules, and hence to 1.0002 X 107 ergs, so that 
Energy expenditure = 64.33 X 1.0002 X 107 = 64.34 X 10’ ergs, 


to four significant figures. 


3c. Heat and Energy.—In view of the definitions of energy given above, 
heat must be regarded as a form of energy, since most forms of work can be 
readily converted into heat, and heat can be, at least partially, converted 
into work. Heat is produced from mechanical work, for instance, by means 
of friction, and electrical work is transformed into heat by the passage of 
electricity through a resistance. On the other hand, by means of a suitable 
machine, viz., a heat engine, a certain amount of heat can be converted into 
work. From the standpoint of thermodynamics, heat is energy in transit; it 
is the form in which energy is transferred from one body to another, either 
by direct contact or by means of radiation, as the result of a difference of 
temperature. In evaluating the quantity of heat energy that has passed to 
a given body, the intensity factor is the change of temperature, and the 
capacity factor is the heat capacity (§ 3d); the product of these two quan- 
tities, which can be stated in ergs if required (§ 3e), is a measure of the heat 
energy transferred. 

3d. Heat Capacity.—As a general rule, heat is expressed in terms of a 
unit known as the (15°) calorie, which is defined as the quantity of heat 
required to raise the temperature of 1 gram of water by 1° in the vicinity 
of 15° C. The actual temperature is specified because the quantity of heat 
that must be supplied to raise the temperature of a given amount of water, 
or of any other. substance for that matter, by 1° depends to some extent on 
the temperature itself. 


s Birge, Rev. Mod. Phys., 13, 233 (1941): Curtis, J. Res. Nat. Bur. Stand., 33, 235 (1944). 


8 HEAT, WORK AND ENERGY 3d 


The heat capacity of a body is the property which multiplied by the 
temperature change gives the quantity of energy which has entered or left 
the body as heat when it is brought into contact with another body having 
a different temperature. Thus, if the temperature of the body is raised 
from T, to T: by the passage to it of an amount of heat Q, the heat capacity 
C of the body is given by 

Q = C(T, — Ti). (3.1) 
According to this equation, 
Q 
C TT’ (3.2) 
so that the heat capacity is sometimes defined as the quantity of heat re- 
quired to raise the temperature of a body by 1°. From the definition of the 
calorie given above, it is evident that the heat capacity of 1 gram of water, 
in the vicinity of 15° C, is equal to 1 (15°) calorie. 

The heat capacity is a property which is proportional to the quantity of 
matter present, and this must consequently be stated. Two particular 
quantities are commonly employed. The heat capacity is frequently re- 
ferred to 1 gram of material; it is then called the specific heat. Thus, the 
specific heat of water is exactly 1 calorie per degree per gram in the region 
of 15°C. From the standpoint of the chemist, a more useful form of the 
heat capacity is that referred to 1 mole, i.e., the molecular (or formula) 
weight in grams.* The quantity of heat is then known as the molar heat 
capacity. 

As already indicated, the heat capacity of a body or substance usually 
varies with the temperature. The heat capacity as defined by equation 
(3.2) is thus the mean value for the temperature range from Tı to 72. In 
order to define the heat capacity at a given temperature it is necessary to 
make the temperature interva! as small as possible; thus, if the temperature 
increase 7, — Tı is represented by AT, the true heat capacity is given by 
the expression 


— lim L. 
as 1 AT oe) 


Since the quantity of heat Q is usually stated in calories and AT in degrees, 
it is evident that the dimensions of heat capacity are calorics/degrees for the 
given amount of material, e.g., cal. deg.— g. or cal. deg.~' mole, that is, 
calories per degree per gram (or per mole). 

It will be seen later (§ 9b) that the heat capacity of a substance can have 
a definite value only under certain specified conditions. The two most im- 
portant are constant pressure and constant volume. It is necessary to indi- 
cate, therefore, the particular conditions under which heat is transferred to 
or from the given substance. 

* Unless otherwise stated, the term “mole” will refer to the simple formula weight in 


grams; thus, the mole of acetic acid is 60.05 g., in spite of the fact that a large proportion of 
(C.H,O2)2 molecules may be present. 
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3e. The Measurement of Heat: The Defined Calorie.— Heat quantities are 
usually measured by means of a calorimeter. In its simplest form this consists 
of a vessel, which is insulated as well as possible in order to prevent loss or gain 
of heat, and which contains a calorimetric liquid, usually water. The heat ca- 
pacity of the calorimeter and its contents is determined by placing an electrical 
zonductor of known resistance in the liquid, and passing a definite current for a 
specified time. The accompanying increase of temperature of the calorimeter is 
then determined by means of a thermometer placed in the liquid. From the 
resistance, current and time the amount of electrical energy expended can be 
calculated in terms of int. joules. If it is assumed that this energy is completely 
transferred from the conductor to the calorimetric liquid in the form of heat, the 
heat capacity of the calorimeter can be determined in int. joules per degree. 


Problem: A current of 0.565 amp. is passed for 3 min. 5 sec. through a coil of 
resistance 15.43 ohms contained in a calorimeter. The rise of temperature is ob- 
served to be 0.544° C. Assuming that no heat is lost to the surroundings, calculate 
the heat capacity of the calorimeter. 


By Ohm’s law, the fall of potential (or E. M. F.) across the resistance coil is equal 
to I X R, where J is the current and R the resistance. The electrical work is 
equal to the product of the E. M. F. and the quantity of electricity, and since the 
latter is given by I X t, where “ is the time for which the current is passed, it 
follows that 

Electrical Work = J? X R XI. 


lf J is in int. amps., N in int. ohms * and t in sec., the work will be given in int. 
joules. In the present case, therefore, taking the heat generated as equal to the 
electrical work, it is seen that 


Heat generated = (0.565)? X 15.43 X 185 int. joules. 
Since the rise of temperature of the calorimeter is 0.544° C, it follows that 


Heat capacity = (0.565)? X 15.43 X 185/0.544 
= 1675 int. joules deg. 1. 


Once the heat capacity of the calorimeter is known, the value of any quantity 
of heat transferred to it, as the result of a chemical reaction, for example, can be 
readily determined by equation (3.1). Similarly, the heat capacity of any sub- 
stance can be found from the amount of heat it transfers to a calorimeter; the 
change in temperature of the substance must also be known. In actual prac- 
tice various devices are used to improve the accuracy of the results, but the 
foregoing description indicates the fundamental principle involved in modern 
calorimetric work. 

In order to convert the results obtained by the electrical heating method into 
calories, it is necessary to know the relationship between joules and calories. That 
there is such an exact connection is really an aspect of the first law of thermody- 
namics (§ 6a), which will be tacitly assumed for the present. Because of a slight 
uncertainty, of about two parts in 10,000, concerning the relationship between the 
standard (15°) calorie, as defined in § 3d, and the int. joule (§ 3b), a defined calorie, 


* An int. ampere is the current which flowing for 1 see. gives 1 int. coulomb of elec- 
tricity, and an int. ohm is the resistance of a conductor through which passes 1 int. ampere 
when 1 int. volt is applied. 
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equivalent to 4.1833 int. joules has been proposed.“ This differs to a very small 
extent from the standard calorie, and is equal to the specific heat of water at 
about 17° C. 

Problem: A chemical reaction was allowed to take place in a calorimeter and 
the rise of temperature was observed. In order to obtain the same increase of 
temperature it was necessary to pass a current of 0.565 amp. for 185 sec. through 
a heating coil of resistance 15.43 ohms. Calculate the heat in defined calories 
evolved in the reaction. 

The heat produced in the reaction is here exactly equal to that obtained from 
the electric current. Hence, from the preceding problem it follows that 


Heat evolved in the reaction = 1675 int. joules 
= 1675/4.183 = 400.4 calories. 


3f. Heat and Work.—It will be seen in Chapter VII that heat differs 
from all other forms of energy in one highly significant respect. Whereas 
all other forms of energy are completely convertible into work, at least in 
principle, heat cannot be completely transformed into work without leaving 
some change in the system or its surroundings. In the continuous conver- 
sion of heat into work, by means of a heat engine, for example, part of the 
heat taken up at a particular temperature is converted into work, and the 
remainder is given out at a lower temperature (see Chapter VII). For this 
reason, it is convenient in the thermodynamic treatment to distinguish be- 
tween the energy that enters or leaves a body as heat, 1.e., due to a tempera- 
ture difference, and energy that is transferred in other ways. The latter is 
usually considered under the general description of work, of which various 
types, e.g., mechanical, electrical, surface, etc., are possible. The gain or 
loss in energy of a body may thus be defined in terms of the 
heat transferred to or from it, and the work done upon or 
by it. 

3g. Work of Expansion.—In most processes of in- 
terest to the chemist, the only work involved is that due 
to a change of volume against an external pressure, e. g., 
that of the atmosphere. This is frequently referred to 
as work of expansion. Consider any substance, which 
may be gaseous, liquid or solid, contained in a cylinder 
of cross-sectional area a (Fig. 1), fitted with a piston * 
upon whick is exerted a constant pressure P; the total 
force acting on the piston is then the product of the pres- 
sure and the area, 1.e., P X a. Suppose the substance in 
the cylinder expands, and as a result the piston is raised 
through a distance h. The work done against the external pressure, that 
is, the work of expansion, is equal to the force P X a multiplied by the 


7 Rossini, J. Res. Nat. Bur. Stand., 22, 407 (1939); Mueller and Rossini, Am. J. Phys., 
12, 1 (1944). 

* It is assumed that the piston is weightless and moves without friction, so that no 
work is lost in the actual motion of the piston itself. 


Fia. 1. Work of 
expansion 
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displacement h of its point of application in the direction of the force (& 3a), 
ic., PX d NH. The quantity a X h represents the increase in volume in 
the expansion process, and this may be replaced by V2 — VI, where Vi is 
the initial volume and Vz is the final volume. It follows, therefore, that 


Work of expansion = P(V2 — V3) (3.4) 
= PAY, (3.5) 


where AV, equal to V — Vj, is the increase of volume against the external 
pressure P, which is supposed to remain constant throughout the expansion. 

The units employed for expressing pressure and volume determine the 
units in which the work of expansion is obtained from equation (3.4) or (3.5). 
If P is given in dynes per sq. cm. and V is in cc., the work will be obtained 
in ergs, and this can be readily converted into abs. joules, i.e., 107 ergs, and 
calories, if required. For some purposes, it is convenient to express the 
pressure P in atmospheres, and the volume change AV in liters; the work is 
then in liter-atm. 


Problem: A substance expands by 1 liter against a constant pressure of 1 atm. 
Calculate the work done in (a) liter-atm. units, (b) ergs, (c) int. joules, (d) defined 
calories. 


(a) In this case P is 1 atm. and A is 1 liter, so that the work of expansion is 
1 liter-atm. 

(b) To obtain the value in ergs, the pressure must be expressed in dynes em.—2 
and the volume in cm., so that the product is in dynes em., i.e., ergs. A pressure 
of 1 atm. is equivalent to exactly 76 cm. of mercury, the density of which is 13.595 
at 0° C; hence, 


1 atm. = 76.000 X 13.595 X 980.66 dynes cm.~? 


1.0132; X 106 dynes cm.~?, 


t 


where the factor 980.66 cm. sec.~? is the acceleration due to gravity, at sea level 
and a latitude of 45°. 

Since J liter is equal to 1000.028 cc. (§ 3b), the work of expansion is given by 
equation (3.5) as 1.01325 X 1059 X 1.000028 X 106, i.e., 1.0133 X 10° ergs, to five 
significant figures. 

(c) The int. joule is equal to 1.0002 abs. joules (§ 3b), and hence to 1.0002 X 107 
ergs. The 1.0133 X 10° ergs is thus equivalent to 1.0131 X 102 int. joules. 

(d) The defined calorie is 4.1833 int. Joules, and so the work of expansion is 
1.0131 X 102/4.1833 = 24.218 defined cal. 


The results may be summarized: 1 liter-atm. = 1.0133 10° ergs = 1.0131 
* 10? int. joules = 24.218 def. cal. 


3h. Conversion Factors. — Because quantities having the same dimen- 
sions, e.g., energy, are frequently expressed in various units, confusion is 
liable to ensue unless all quantities are labelled correctly and completely by 
the appropriate units. One way of diminishing the risk of error is to express 
all quantities in c.g.s. units (§ 3b) before undertaking any calculations, but 
this procedure is sometimes unnecessarily tedious. The treatment can often 
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be considerably simplified by employing conversion factors, such as those 
derived in the problem in § 3g, and by utilizing the fact that various units 
can be multiplied and divided, and that sirhilar units cancel one another if 
they appear in the numerator and denominator of a fraction. A number of 
conversion factors which will be required from time to time are collected in 
Table 1 of the Appendix at the end of the book. 

In applying these factors, a useful device which avoids the possibility of 
error in the less simple cases, is to convert them into a dimensionless form. 
For example, as seen above, 1 liter-atm. is equivalent to 24.218 cal.; hence, 
24.218 cal. /liter-atm., i. e., 24.218 cal. liter atm.—!, is equal to unity, without 
dimensions. It is then permissible to multiply one side of an expression by 
unity and the other side by 24.218 cal. liter atm.-!. The subsequent 
cancellation of identical units with opposite exponents makes conversion 
from one set of units to another a relatively simple matter. The application 
of the foregoing ideas will be illustrated in subsequent portions of the book.® 


EXERCISES 


1. A mercury-in-glass thermometer is standardized at 0° and 100°C. The 
change of volume of mercury between these temperatures is represented by 


ve = vo(1 + 1.8146 X 10 + 9.205 X 10), 


where v: is the volume at the correct centigrade temperature t°. Neglecting 
the expansion of the glass, what temperature will the thermometer read at 
exactly 50° C? 

2. A current of 1.243 amp. is passed for 15 min. 45 sec. through a resistance 
of 20.18 ohms. Calculate the heat generated in (i) joules, (ii) ergs. 

3. The heat generated in the preceding exercise is liberated in a calorimeter, 
and the temperature mses by 0.287° C. Evaluate the heat capacity of the 
calorimeter in (defined) cal. deg. 1. 

4. When an electric current was passed through a heating coil of resistance 
16.49 ohms, the fall of potential across the coil was 3.954 volts. Neglecting 
loss of heat by radiation, etc., determine the rate of increase of temperature, in 
deg. sec. 1, of a calorimeter. with a heat capacity of 125.4 (defined) cal. deg.—. 

5. The heat capacity of a calorimeter was found to be 218.4 cal. deg. at 
23° C. When a piece of metal weighing 19.46 g., previously heated to 100.00° C, 
was dropped into the calorimeter, the temperature of the latter was found to rise 
from 22.45° to 23.50° C. What is the mean heat capacity of the metal in cal. 
deg. g. 17 

6. A quantity of 2.500 g. of a metal of mean heat capacity 0.0591 (defined) 
cal. deg. 1 g. 1 is cooled from the steam point to the ice point. Determine the 
total heat evolved in (i) ergs, (ii) abs. joules. 

7. The volume of a gas, corrected to ideal behavior, is 442.6 ml. at the ice point. 
At a certain temperature the volume has increased by 22.42 ml., at constant 
pressure. What is the temperature on the centigrade scale? 

8. Justify the statement in the text that if the degree is taken as that on the 
Fahrenheit scale, absolute temperatures on the Rankine scale are equal to 
t° F + 459.69. 


*R. F. Newton, private communication. 
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9. The specific volume of Jiquid acetic acid exceeds that of the solid at the 
melting point by 0.1595 cc. g. at 1 atm. pressure. Determine the work of ex- 
pansion, in defined cal., accompanying the fusion of 1 mole of acetic acid at 
atmospheric pressure. 

10: Calculate the work done against a constant pressure of 740.0 mm. when 1 
mole of water evaporates completely at 100° C; the specific volume of water is 
approximately 1 cc. g. 1 and that of the vapor is 1720 cc. g.. Express the results 
in (i) ergs, (ii) liter-atm., (iii) abs. joules, (iv) int. joules, (v) defined cal. 

11. The density of mercury at 0° C and 1 atm. pressure is 13.595 g. oc. 4. 
Using the expression in Exercise 1, determine the work of expansion in ergs when 
the temperature of 100 g. of mercury is raised from 0° to 100° C at 1 atm. pressure. 
Given that the mean specific heat in this range is 0.0330 cal. deg. g. 1, what 
proportion of the total amount of heat supplied to the mercury is the work of 
expansion? 

12. The faraday is usually given as 96,500 coulombs per g. equiv.; show that 
it is also equal to 23,070 cal. volt g. equiv. -, and that the quantity 23,070 cal. 
volt“ g. equiv. faraday— is dimensionless and equal to unity. 


CHAPTER II 
PROPERTIES OF THERMODYNAMIC SYSTEMS 


4. THERMODYNAMIC SYSTEMS 


4a. Types of System.— In order to develop the consequences of the laws 
of thermodynamics, which will be considered shortly, it is necessary to define 
the terms of reference. The portion of the universe which is chosen for 
thermodynamic consideration is called a system; it usually consists of a 
definite amount (or amounts) of a specific substance (or substances). A 
system may be homogeneous, that is, completely uniform throughout, such 
as a gas or a mixture of gases, or a pure liquid or solid, or a liquid or solid 
solution. When a system is not uniform throughout it is said to be hetero- 
geneous; it then consists of two or more phases which are separated from 
one another by definite bounding surfaces. A system consisting of a liquid 
and its vapor, or of two immiscible (or partially miscible) liquids, or of two 
or more solids, which are not a homogeneous solid solution, are examples of 
heterogeneous systems. There are, of course, numerous other kinds of 
heterogeneous systems, as is well known to students of chemical equilibrium 
and the phase rule. i 

A system may be separated from its surroundings, which consist, in 
effect, of the remainder of the universe,* by a real or imaginary boundary 
through which energy may pass, either as heat or as some form of work. 
The combination of a system and its surroundings is sometimes referred to as 
an isolated system. 

4b. State of a System.—The thermodynamic or macroscopic state or, 
in brief, the state, of a system can be defined completely by four observable 
properties or variables of state”; these are the composition, pressure, vol- 
ume and temperature.f If the system is homogeneous and consists of a 
single substance, the composition is, of course, fixed, and hence the state of 
the system depends on the pressure, volume and temperature only. If these 
properties are specified, all other physical properties, such as mass, density, 
viscosity, refractive index, dielectric constant, etc., are thereby definitely 
fixed. The thermodynamic properties thus serve to define a system completely. 

In actual practice it is not necessary to state the pressure, the volume 
and the temperature, for experiment has shown that these three properties 
of a simple homogeneous system of definite mass are related to one another. 


1S. Glasstone, “Textbook of Physical Chemistry, 2nd ed., 1946, Chapters V, X and XI. 

* For thermodynamic purposes the “surroundings” are usually restricted to a limited 
portion of the universe, e. g., a thermostat. 

t Electrical, magnetic, surface, gravitational and similar effects are neglected. 
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The value of any one of these properties thus depends on the values of the 
other two. The relationship between them is called an equation of state, 
but its precise form lies, strictly speaking, outside the province of pure 
thermodynamics; an equation of state must be derived from molecular 
(kinetic) theory or from direct experiments on the system under considera- 
tion. For example, the equation of state for an ideal gas, namely PV = RT, 
where P is the gas pressure, V is the volume of 1 mole, T is the absolute 
temperature, and H is a constant, is based partly on the kinetic theory of 
gases and partly on experiment. The van der Waals equation represents 
a modification of the ideal gas equation, derived by means of molecular 
theory. Other equations of state, particularly those involving several em- 
pirical constants, are determined from experimental data, although their 
general form may have a theoretical basis. The derivation of such equa- 
tions is not possible by means of thermodynamics, but the results of thermo- 
dynamics may be applied to them with interesting consequences, as will be 
evident in the subsequent discussion. In any event, it may be accepted 
that, in general, the pressure, volume and temperature of a system are not 
independent variables, and consequently the thermodynamic state of a simple, 
homogeneous system may be completely defined by specifying two of these 
properties. 

4c. Thermodynamic Equilibrium.—The results stated above, namely 
that only two of the three properties of a system, viz., pressure, volume and 
temperature, are independently variable, and that a homogeneous system of 
definite mass and composition is completely defined by these two properties, 
are based on the tacit assumption that the observable properties of the system 
are not undergoing any change with time. Such a system is said to be in 
thermodynamic equilibrium. Actually this term implies three different 
types of equilibrium which must exist simultaneously. First, there must be 
thermal equilibrium, so that the temperature is the same throughout the 
whole system. Second, if the system consists of more than one substance 
there must also be chemical equilibrium, so that the composition does not 
Vary with time. Finally, the system must be in a state of mechanical 
equilibrium; in other words, there must be no macroscopic movements 
within the system itself, or of the system with respect to its surroundings. 
Disregarding the effect of gravity, mechanical equilibrium implies a uni- 
formity of temperature and pressure throughout the system; if this were not 
the case, it would, of course, be impossible to describe the system in terms 
of the pressure, volume and temperature. 


Systems in which diffusion or chemical reaction is taking place at an appre- 
ciable rate are not in thermodynamic equilibrium, and consequently their state 
cannot be completely specified in a simple manner. Certain systems which are 
not in true equilibrium may nevertheless be treated by thermodynamic methods, 
provided the approach to equilibrium is so slow as to be undetectable over a con- 
sideravle period of time. An instance of this type is represented by a mixture of 
hydrogen and oxygen gases under normul conditions of temperature and pressure. 
As mentioned earlier, reaction should take place with the formation of liquid water, 
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so that the system is not really in chemical equilibrium. However, the reaction 
is 80 slow that in the absence of a catalyst it behaves as if it were in thermodynamic 
equilibrium, provided, of course, that thermal and mechanical equilibria are 
established. The conditions of chemical equilibrium will, naturally, not apply to 
such a system. 


4d. Properties of a System.— The physical properties of a system may 
be divided into two main types. There are first, the extensive properties 
which depend on the quantity of matter specified in the system. Mass and 
volume are two simpie examples of extensive properties. The total value 
of an extensive property is equal to the sum of the values for the separate 
parts into which the system may, for convenience, be divided. It will be 
seen Jater that several properties of thermodynamic interest, such as the 
energy of a system, are extensive in nature. 

The other group of properties are the intensive properties; these are 
characteristic of the substance (or substances) present, and are independent 
of its (or their) amount. Temperature and pressure are intensive proper- 
ties, and so also are refractive index, viscosity, density, surface tension, etc. 
It is because pressure and temperature are intensive properties, independent 
of the quantity of matter in the system, that they are frequently used as 
variables to describe the thermodynamic state of the system. It is of 
interest to note that an extensive property may become an intensive prop- 
erty by specifying unit amount of the substance concerned. Thus, mass 
and volume are extensive, but density and specific volume, that is, the mass 
per unit volume and volume per unit mass, respectively, are intensive proper- 
ties of the substance or system. Similarly, heat capacity is an extensive 
property, but specitic heat is intensive. 

The properties of a system in thermodynamic equilibrium depend only 
on the state, in the sense defined in § 4c, and not on the previous history of 
the system. If this were not the case, the properties would have no sig- 
nificance, for they would be determined not only by the actual temperature 
and pressure, but also by the temperature and pressure the system may have 
had in the past. This is clearly not the case. It follows, therefore, as a 
consecuence that the change in any property due to a change in the thermo- 
dynamic (equilibrium) staute depends only on the initial and final states of ihe 
system, and not on the path foliowed in the course of the change. 

4e. Thermodynamic Properties and Complete Differentials.— If any 
quantity G, such as a thermodynamic property, is a single-valued function 
of certain variables x, y, 2, ., which completely determine the value of G, 
that is, 


% Ü (4.1) 


then the change in G resulting from a change in the variabies from a4, ya, 
Za, . . „ in the initial state, to rs, Y», Zr, . . , in the final state, is given by 


AG = Gp = Ga = s(XR, YB, Zn, 0 JA. Ya, ZA e o 2) (4.2) 


4e THERMODYNAMIC SYSTEMS 17 


As a mathematical consequence, it is possible to write for a small increase 
dG in the property G, 


dG = () ac - + 55 ) ay +(%) 4 s (4.3) 


where the partial differential 3 e. g., (G /r) ... represents the 
rate of change of G with the variable æ, while all the other variables, y, 
2, . „ remain constant. Any differential dG, defined by equation (4. 3), 
of a function G, represented by (4.1), is called a complete differential, or an 
exact differential, of that function. 

As seen above, a thermodynamic property of a homogeneous system of 
constant composition is completely determined by the three thermodynamic 
variables, pressure, volume and temperature. Since only two of these three 
variables are independent, it is possible to write 


= f(P, T), 
where G may be the energy, volume, or other property to be considered more 
fully later. This expression is equivalent to equation (4.1), and hence it 
follows from (4.3) that 


aG 20 
dG = (25). dP + (57). dT. (4.4) 


The physical signiſicance of this result can be understood from the 
following considerations. When the pressure and temperature of the system 
are P and T, respectively, the value of the thermodynamic property under 
consideration is G, but when the variables are changed to P + dP and 
T -+ dT, it becomes G + dG. Since the value of the property is completely 
determined by the pressure and temperature, the change dG will be inde- 
pendent of the path between the initial and final states. Hence, any con- 
venient method for carrying out the change from P and T to P + dP and 
T -+ dT may be chosen for the purpose of calculating dG. Suppose the 
change is carried out in two stages: (i) in which the temperature remains 
constant at T while the pressure is changed from P to P + dP, and (ii) in 
which the pressure is held constant at P + dP and the temperature is 
changed from 7 to T + dT. In stage (i) the rate of change of G with pres- 
sure, at the constant temperature T, is (6% P) r, and since the actual pres- 
sure change is dP, the change in G for this stage is equal to (0G/0P)7 X dP; 
this is seen to be identical with the first term on the right-hand side of equa- 
tion (4.4). In stage (ii), the rate of change of G with temperature at the 
constant pressure P + dP, which is very close to P, may be written as 
(8G/dT)p. Since the actual temperature change is dT, the change in G 
for this stage is (8/0 T)? X dT, which corresponds to the second term on 
the right-hand side of equation (4.4). The sum of the two terms just de- 
rived gives the total change dG for the given process, in accordance with (4.4). 

In the fcregoing discussion, G has been treated as a single-valued function 
of the pressure and temperature. It is equally permissible to choose as 
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variables any two of the three thermodynamic properties, pressure, volume 
and temperature. In some cases it is convenient to take pressure and vol- 
ume as the independent variables; the complete differential of a thermo- 
dynamic property G may then be written as 


ðG ðG 

dG = (35), dP + (57). dV. (4.5) 

Alternatively, if the volume and temperature are chosen as the variables, 
aG „ 60 

dG = (2) a „(57), dT. (4.6) 


Various forms of equations (4.4), (4.5) and (4.6) will be utilized in the treat- 
ment of thermodynamic properties. 

Another important result, which will be required later, may be derived 
from the equations given above. Since the volume of a homogeneous system 
of constant composition is a single-valued function of the pressure and 
temperature, it is possible to write 


OV aV 
= {| — dP — dT. , 

ád (250). ue P N 
If this value of dV is substituted in equation (4.6), the result is 


-() Lac) CG 
(00. C5). -l) Ee e 


For a given infinitesimal change of thermodynamic state, d@ must have a 
definite value, no matter how it is calculated; the coefficients of dP and dT, 
respectively, in equations (4.4) and (4.8) must therefore be identical. 


Hence, 
0G dG 90 
(3), 7 (25). (7). N 


(ar). = (av). (r). + (). aw 


5. EQUATIONS OF STATE 


Sa. The Ideal Gas Equation.—The practical value of the results of 
thermodynamics is frequently greatly enhanced when an equation of state, 
relating the pressure, volume and temperature of the system, is available. 

Some writers derive equation (4.10) directly from (4.6) by “dividing through by dT,” 
and then imposing the constant pressure condition; this procedure is, however, open to 
criticism on mathematical grounds, 


and 
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No satisfactory relationship of this type is known for liquids and solids, but 
for gaseous systems certain moderately simple equations of state have been 
proposed. All gases actually differ in their behavior, and so the problem is 
approached by postulating the properties of an ideal gas, and then consider- 
ing deviations from ideal behavior. 

An ideal gas is one which satisfies the equation 


PV = RT (5.1) 


for 1 mole at all temperatures and pressures; P and T are the pressure and 
the absolute temperature, respectively, V is the molar volume, and R is the 
molar (ideal) gas constant. It will be observed that at constant pressure, 
the volume of an ideal gas is directly proportional to its absolute tempera- 
ture, in agreement with the postulate in § 2c. Attention may also be called 
to the fact that equation (5.1) implies that Boyle’s law and Gay-Lussac’s 
(or Charles’s) law are both applicable to an ideal gas. 

At a given temperature and pressure, the volume of any gas, ideal or not, 
will be proportional to its mass, or to the number of moles, contained in the 
system. Since equation (5.1) applies to 1 mole of an ideal gas, it follows 
that for n moles, 


PV = nRT, (5.2) 


where V is now the total volume occupied by the gas; R is, however, still the 
molar gas constant. 

The gas constant R is frequently encountered in thermodynamics, and 
so its value will be determined. Use is made of the fact, derived by ex- 
trapolating experimental data for a mimber of gases to zero pressure, that 1 
mole of an ideal gas occupies 22.414 liters at 1 atm. pressure and a tempera- 
ture of 273.16° K. It follows, therefore, that in equation (5.1), P is 1 atm., 
V is 22.414 liters mole and T is 273.16° K; hence, 


_ PV _ 1X 22.414 
T 273.16 
0.082054 liter-atm. deg.~'! mole. 


R 


It will be observed that since the product PV has the dimensions of energy, 
R must be expressed in energy ber degree; since the value of R is invariably 
given for 1 mole of ideal gas, it is stated in terms of energy deg.~! mole. 
In the present case the energy is in liter-atm. 

Since 1 liter contains 1000.028 cc., it follows that 


R = 82.057 cc.-atm. deg.—1 mole”. 


By utilizing the conversion factors in Table 1 (Appendix), the value of R 
can also be expressed in ergs deg.~' mole! and in cal. deg.—- mole. Thus, 
since | liter-atm. is equivalent to 1.0133 X 10° ergs, it is seen that 


R = 0.082054 X 1.0133 X 10° 
= 8.3144 X 107 ergs deg. mole“. 
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Finally, 1 liter-atm. is equivalent to 24.218 (defined) cal., so that 


R = 0.082054 X 24.218 
= 1.9872 cal. deg.—! mole. 


Sb. Mixture of Ideal Gases.—In a mixture of ideal gases, it is to be 
expected that each gas will behave independently of the others. If the 
partial pressure p; of any ideal gas in a mixture is defined as the pressure 
this particular gas would exert if it alone occupied the whole available vol- 
ume V, then by equation (5.2) 


piV = nir T, (5.3) 


where n; is the number of moles of the gas present in the system. Since 
each gas in the mixture will exert its pressure independently of the others, 
it follows that the total pressure P is equal to the sum of the partial pressures 
of the constituent gases; thus, 


P=ptpetors Tb (5.4) 
Upon introducing the values of pi, pz, . „etc., as given by equation (5.3), 
it can be readily derived from (5.4) that 
PV = (ni ＋ na. +a+:: 0 RT 
= nRT, (5.5) 


where n is the total number of moles of all the ideal gases present in the 
mixture. By combining equations (5.3) and (5.5), it is seen that 


p= P. (5.6) 
n 
The fraction n;/n, that is, the ratio of the number of moles (or molecules) 
of any constituent of a homogeneous mixture-—gaseous, liquid or solid—to 
the total number of moles (or molecules) is called the mole fraction of that 
constituent; it is represented by the symbol N,, so that 


n N. 
Mole Fraction N. = — — = . 5.7 
Ni Ene o tnte n N 
Utilizing the definition of the mole fraction in conjunction with equation 
(5. 6), it follows that the partial pressure p; of any ideal gas in a mixture is 


related to the total pressure by 
Pi = N. P. (5.8) 


Another expression for the partial pressure can be derived from equation 
(5.3), based on the fact that n,/V represents the molar concentration, i. e., 
moles per unit volume, of the particular gas in the mixture. If this concen- 
tration is represented by c;, equation (5.3) gives 


Pi = c. RT (5.9) 
for an ideal gas. 
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Sc. Real Gases.— According to equation (5.1) or (5.2) the product PV 
for a given mass of an ideal gas, at constant temperature, should be constant 
at all pressures. Actual gases, however, exhibit considerable deviations 
from ideal behavior. At low temperatures the value of PV, instead of re- 
maining constant, at first decreases as the pressure is increased; it then 
passes through a minimum and then increases. As the temperature is in- 
creased, the minimum becomes less marked, and at sufficiently high tem- 
peratures the value of PV, increases continuously with increasing pressure. 


2.6 


2.2 


0.6 
200 400 600 800 1000 


Pressure in Atm. 
Fic. 2. Compressibility of nitrogen gas 


The general nature of the experimental results can be seen from the curves 
in Fig. 2, which show the variation with pressure of PV/RT for nitrogen at 
a number of temperatures. For an ideal gas, all the curves would fall on 
the same horizontal line. The actual temperature at which the minimum 
in the curve disappears varies with the nature of the gas. For the gases 
which are difficult to liquefy, e.g., hydrogen and helium, there is no sign of 
the minimum at ordinary temperatures, but for nitrogen it is observed up 
to about 50°C. For a readily liquefiable gas, such as carbon dioxide, the 
minimum in the PV curve persists up to temperatures in the region of 
400° C. The equation of state for a real gas must evidently account for the 
variations of PV with pressure and temperature, as described above, and 
also for the different behavior of different gases. 


28. Glasstone, ref. 1, Chapter III; see also Beattie and Stockmayer, Rep. Prog. Phys. 
(Phys. Soe. London), 7, 195 (1940). 
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5d. The van der Waals Equation.—One of the earliest successful at- 
tempts to modify the ideal gas equation so as to make it applicable to real 
gases is that of J. D. van der Waals (1873), who proposed the equation 


(P +- s) (V — b) = RT (5.10) 


for 1 mole, where a and 6 are constants for a given gas. The constant a is 
determined by the attractive forces between the molecules, while b is de- 
pendent on their effective volume, which represents a balance between at- 
tractive and repulsive forces. By choosing appropriate values for a and b, 
the van der Waals equation (5.10) is found to represent moderately well the 
actual behavior of real gases. There is, however, an important weakness: 
if the equation is assumed to be exact, a and b are found to vary with the 
temperature. In spite of its approximate nature, the van der Waals equa- 
tion is frequently employed, for it lends itself readily to mathematical treat- 
ment, and even if the results obtained from 
it are not exact, they are at least qualita- 
tively correct. 

By multiplying out, it can be readily 
seen that the van der Waals equation is a 
cubic in V, so that there are, under suitable 
conditions, three values of V for each pres- 
sure, at a given temperature (Fig. 3, curves 
I and II). The region in which this occurs 
corresponds to that in which liquefaction 
of the gas is possible. At higher vempera- 
tures, e.g., curve IV, two of the roots are 
always imaginary, only one being real. At 
a certain intermediate temperature (curve 
III), which should correspond to the 
critical temperature, the three values of V 

Fia. 3. Van der Waals should become identical, at the point X. 

isothermal curves At this point the P-V curve will exhibit a 

horizontal inflection, so that both the first 

and second derivatives of the pressure with respect to the volume, at con- 

stant temperature, will be equal to zero. Thus, writing the van der Waals 
equation (5.10), for 1 mole of gas, in the form 


RT a 


it is found that 
oP RT 2a 
(37) =— F = — 57 + y (5.12) 


and 


P 2RT Ga 
(255) mey — . (5.13) 
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At the critical point X both these expressions are equal to zero; hence, 
writing V. and T. to represent the molar critical volume and temperature, 
respectively, it follows that 


RT 2a 2RT 6a 
FEE — = d — es ee eee == 0. 
Wp two ad m,- T’ 
From these two equations, and (5. 1 1), it is readily found that 
: . 2 _ 8a w _ 4 
(i) V. = 36; (ii) T. = 2b (iii) P. 775 (5.14) 


If the values of a and b which make the van der Waals equation represent 
the P-V relationship of a gas at a particular temperature are inserted in 
equation (5.14), the critical pressure, volume and temperature obtained are 
only in moderate agreement with the experimental results. This is not 
unexpected for, as already pointed out, a and b are not strictly constant, if 
the van der Waals equation is assumed to hold. Ifthe P-V data from which 
a and b are derived are obtained at a temperature that is some distance from 
the critical, they will clearly not prove satisfactory for the evaluation of 
critical constants. In actual practice the procedure adopted is to calculate 
a and b from the observed critical data * by means of the equations (5.14). 
A number of the results obtained in this manner are given in Table I; if the 
pressure P of the gas is in atm. and the molar volume V in liter mole, a 
will be in liter? atm. mole~? since a/ V? must have the same dimensions as P, 
and b will be in liter mole, since this has the dimensions of V. 


TABLE I. VAN DER WAALS CONSTANTS 


a b a b 
liter? atm. liter liter? atm. liter 
Gas mole~? mole Gas mole? mole~! 
Acetylene 4.40 5.15 X 107? Hydrogen chloride 3.68 4.09 x 1073 
Ammonia 4.17 3.72 Hydrogen cyanide 10.8 8.25 
Argon 1.35 3.23 Hydrogen iodide 7.72 65.31 
Benzene 18.0 11.5 Hydrogen sulfide 4.43 4.30 
n-Butane 14.5 12.3 Methane 2.26 4.30 
Carbon dioxide 3.60 4,28 Methanol 9.54 6.71 
Carbon monoxide 1.49 4.00 Methyl chloride 7.47 6.51 
Chlorine 6.50 5.64 Nitric oxide 1.34 2.80 
Cyanogen 7.68 6.93 Nitrogen 1.39 3.92 
Ethane 5.46 6.47 Nitrous oxide 3.79 4.43 
Ethyl ether 17.4 13.5 Oxygen 1.36 3.19 
Ethylene 4.47 5.73 Propane 8.66 8.47 
Helium 0.034 2.38 Propylene 8.38 8.30 
Hydrogen 0.245 2.67 Sulfur dioxide 6.72 5.65 
Hydrogen bromide 4.46 4.44 Water 5.46 3.30 


The values of a and b recorded in Table I may be used to calculate the 
pressure or volume of a gas, at a specified volume or pressure, respectively, 


For critical temperatures and pressures of a number of substances, see Table 2 at the 
end of the book. 
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to a moderate degree of accuracy. The results are by no means exact, but. 
they serve as an approximation when no other information is available, 


especially at high pressures. 


Problem: Compare the pressures given by the ideal gas and van der Waals 
equations for 1 mole of carbon dioxide occupying a volume of 0.381 liter at 40° C. 
The ideal gas equation gives, for 1 mole, P = 2T/V; taking V as 0.381 liter, 
R as 0.0820 liter-atm. deg.~' mole“, and T as 273 + 40 = 313° K, it is found that 


0.0820 X 313 
P= — 0.381 = 67.4 atm. 
Utilizing the van der Waals equation in the form of (5.11), with a = 3.60 and 
b = 4.28 X 10 (Table I), 


_ 0.9820 X 313 3.80 
(0.381 — 0.043) (0.381)? 


The experimental value is 50 atm. 


Problem: Compare the volumes given by the ideal gas and van der Waals 
equations for 1 mole of nitrogen at 400 atm. pressure and 0° C. 

According to the ideal gas equation V = RT/P for 1 inole; R is 0.0820 liter- 
atm. deg. mole, P is 400 atm., T is 273° K, and hence 


_ RT _ 0.0820 x 273 
P 400 


In order to determine the volume from the van der Waals equation it is neces- 
sary to solve a cubic equation, and this is most simply done by the method of trial. 
Neglecting a/ V? in comparison with P, equation (5.10) reduces to P(V — b) = RT, 
so that 


P = 51.1 atm. 


V = 0.0560 liter mole. 


N 4G. 
P a 

From Table I, b for nitrogen is 0.0392, and for 400 atm. V is 0.0952 liter mole. 
If this is inserted in equation (5.11), with a equal to 1.39, P is found to be 247 
atm. Similarly, if V is taken as 0.0560 liter mole, P is found. to be 891 atm. 
Since the-molar volume of 0.0560 liter corresponds to a van der Waals pressure of 
891 atm., and 9.0952 liter corresponds to 247 atm., it is evident that the correct 
volume, for 400 atm., is about 0.075 liter. By a series of approximations, the 
volume is found to be 0.6732 liter. (The experimental value is 0.0703 liter. 
Although the van der Waals result is nut correct, it is very much better than the 
ideal gas value.) 


5e. Reduced Equation of State.—If the pressure, molar volume and tem- 
perature of a gas are expressed in terms of the critical pressure, volume and 
temperature, respectively, i.e., 


P = rP.. V. = . and T = 0T., (5.15) 
and these expressions are introduced into the van der Waals equation (5.10), 
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the result for 1 mole of gas is 
( +P. -}- an) (G. — b) = ROT.. 


Upon insertion of the values of P., Ve and T. given by the equations (5.14), 
it is found that 


(= o z) G E (5.16) 


The quantities r, and 0, which are equal to P/P., V/V. and T/T., respec- 
tively, are called the reduced pressure, volume and temperature, and (5.16) 
is a reduced equation of state. The interesting fact about this equation is 
that it is completely general, for it does not involve a and b, and hence con- 
tains no reference to any specific substance. Consequently, if equimolar 
amounts of any two gases, whose P-V-T behavior may be represented by an 
expression of the form of the van der Waals equation, are at the same re- 
duced pressure x, and have the same reduced volume ¢, then they must be 
at the same reduced temperature 0. The two gases are then said to be in 
corresponding states, and equation (5.16) is taken as an expression of the 
law of corresponding states. 

Experimental studies have shown that the principle of corresponding 
states derived above is, at least approximately, a valid one, although equa- 
tion (5.16) does not give the correct quantitative relationship between vr, 
¢and 0. It should be pointed out, however, that any equation of state con- 
taining two arbitrary constants, such as a and b, in addition to R, can be 
converted into a relationship involving the reduced quantities x, ¢ and 9, in 
agreement with the law of corresponding states. Because the law is not 
exact, however, it would appear that more than three empirical constants 
are necessary to obtain an exact equation of state. 

5f. The Berthelot Equation.— Although it is not employed in connection with 
P-V-T relationships, the equation of state proposed by D. Berthelot has found a 
number of applications in thermodynamics. The van der Waals equation is first 
modified by changing the a/ V? term to / TV; thus, 


(ev. 


Upon multiplying out, this becomes 
hy 
TV TY? 
Neglecting the last term, since it contains the product of two small quantities, 
and replacing V in a/ T V, as a first approximation, by the ideal gas value RT/P, 
equation (5.17) becomes 

aP 


PV = at. 
aP 


= RT @ 1+ r om) (5.18) 


PV = RT + Pb — + (5.17) 
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The factors a, ö and R are now replaced by expressions involving the critical 
constants, based upon experimental results; these are 


a = MP. r., b zy. and R= N “te. 
Consequently, equation (5. 18) becomes 
9 PT, T? 
py = Er 118 FF (164). (5.19) 


which is the Berthelot equation. 

5g. The Beattie-Bridgeman Equation.— Another modification of the van der 
Waals equation, having a partial theoretical basis, is that proposed by J. A. 
Beattie and O. C. Bridgeman (1927). It takes the form 


p = . (5.20) 


where 
b 


a C 
A= 4.(1+¢), B= B (15) and C= pT 


Ae, Bo, a, b and c being arbitrary constants. The chief application of the Beattie- 
Bridgeman equation lies in its use to represent the experimental P-V-T' relation- 
ships of gases, the five constants being derived from actual observations. The 
values of these constants have been obtained for a number of gases and are re- 
corded in the literature.“ The results are useful for interpolation of P-V-7' data, 
within the limits of applicability of the constants, and also for a number of 
thermodynamic purposes. 

Sh. General Equation of State.—Although numerous equations of state have 
been proposed from time to time, few of these have been used in thermodynamic 
studies. Mention may, however, be made of a purely empirical equation which 
takes the form of a power series in the pressure; thus, 


PV = RT + aP + bP? + cP? + dP’. (5.21) 


The factors a, b, c and d are dependent upon the temperature, and the variations 
have been expressed by the relationships 


a= a, + aT + aT, 

b = b, T + bz -+- 5376, 
C = cı T~ + c27 -+ 7-5, 
d = dir I + dzT A + dsT-*. 


The equation thus involves twelve empirical constants, but these can be derived 
from the experimental P-V-7 data without difficulty. Once they are known 
various uses can be made of equation (5.21), which is capable of relatively easy 
mathematical manipulation.‘ 


3 Beattie and Bridgeman, J. Am. Chem. Soc., 49, 1665 (1927); 50, 3133 (1928); Proc. 
Am. Acad. Arts Sci., 63, 229 (1928); Z. Physik, 62, 95 (1930); Beattie, et al., J. Am. Chem. 
Soc., $2, 6 (1930); 59, 1587, 1589 (1937); 61, 26 (1939); 64, 548 (1942); J. Chem. Phys., 3, 
93 (1935); see also, Deming and Shupe, J. Am. Chem. Soc., 52, 1382 (1930); 53, 843 (1931); 
Maron and Turnbull, Ind. Eng. Chem., 33, 408 (1941). 

4 Nee, for example, Maron and Turnbull, Ind. Eng. Chem., 34, 544 (1942). 
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Si. Compressibility Factors.— Although such analytical expressions as 
the Beattie-Bridgeman equation and, to a less precise extent, the van der 
Waals equation are useful for solving problems relating to the pressure, 
volume and temperature of gases, much labor could be saved if complete 
compressibility diagrams, such as Fig. 2, were available for all gases. The 
necessity for a separate diagram for each gas would be a complicating factor, 
and so it is fortunate that the law of corresponding states has permitted 
the development of a single generalized compressibility diagram which is 
(approximately) applicable to all gases. Except for readily liquefiable gases, 
results can be obtained from this diagram which agree with the observed 
data within a few per cent. 

The compressibility factor x of a gas is defined by 


PV 
RT’ 
where P is the pressure of the gas, V is its molar volume and T is the absolute 
temperature. For an ideal gas «x would obviously be unity under all circum- 
stances, but for a real gas it may be less or greater than unity, as may be 
seen from Fig. 2, which is really a plot of the compressibility factor against 
the pressure of nitrogen at several temperatures. It follows, therefore, from 
equation (5.22) that for 1 mole of gas 


PV = KRT, (5.28) 


where * is the compressibility factor in the given state of the gas. For n 
moles of gas, the volume would, of course, be increased n-fold. 

If the pressure, volume and temperature in equation (5.22) are replaced 
by their respective reduced properties, i. e., P is replaced by Pe, V by Vz 
and T by 0T., it follows that 


K = 


(5.22) 


eye. 26. 
RT, 0 


It will be seen from the three relationships of equation (5.14) that P. V. / RT. 
should be constant, equal to 3, for all van der Waals gases. Experimental 
observation has shown that for many substances P,V./RT,. has, in fact, 
almost the same constant value, although it is more nearly 32, than 3. Since 
this quantity is constant, however, it follows from equation (5.24) tha’, for 
all gases, as a first approximation, 


e e, (5.25) 
where c is a universal constant. According to the law of corresponding 
states (§ 5e), if the reduced pressure x and the reduced temperature 0 have 
the same value for different gases, their reduced molar volumes ¢ must be 
equal. It follows, therefore, from equation (5.25), that their compressi- 
bility factors « must then also be the same, irrespective of the nature of the 
gas. In other words, if the compressibility factor is plotted against the 


K = 


(5.24) 
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reduced pressure, for a given reduced temperature, the results for all gases 
will fall on the same curve.* 

The conclusion just reached forms the basis of the generalized, or re- 
duced, compressibility curves (Fig. 4).5 From actual experiments on a 
number of gases, the mean observed compressibility factors at various tem- 
peratures and pressures have been derived, and the values of x are plotted 
against the corresponding reduced pressures, with the reduced temperature 
as parameter. From these curves it is possible to derive, with a fair degree 
of accuracy, the value of either the pressure, volume or temperature of any 
gas, if the other two variables are given. The determination of the volume 
can be achieved directly from Fig. 4, but the evaluation of either pressure 
or temperature is not quite as simple. f 

Problem: Utilize Fig. 4 to determine the volume of 1 mole of nitrogen at 400 
atm. pressure and 0° C (cf. second problem in § 5d). 

The critical pressure of nitrogen is 33.5 atm. and the critical temperature is 
126° K; hence the reduced pressure and temperature are given by 


400 273 
T = 33.5 = 11.9; 9 = 12 


From Fig. 4 it is found directly that for these values of r and 0, the tompressi- 

bility factor x is about 1.27. Utilizing equation (5.23), with P = 400 atm., 

R = 0.0820 liter-atm. deg. 1 mole“! and T = 273°, it is found that 

r RT _ 1.27 X 0.0820 X 273 
P 400 


(The experimental value is 0.0703 liter mole.) 


= 2.17. 


yV = = 0.071 liter mole™. 


Problem: Utilize Fig. 4 to determine the pressure of carbon dioxide gas when 
1 mole occupies 0.381 liter at 40° C (cf. first problem in § 5d). 


Substituting the value of V = 0.381 liter mole, T = 273 + 40 = 313° K, 
and R into equation (5.23), it follows that 


RT 0.0820 X 313 
P = «y = * 6.381 = 67.4k. 


The critical pressure of carbon dioxide is 72.9 atm., so that 


P 67.4 
T P. 72.9 k = 0.925x. 

* For hydrogen and helium better results are obtained by adding 8 to the critical 
pressure and temperature when calculating the reduced values; thus, for these gases, 
x = P/(P. + 8) and 0 = T/(T. + 8). 

6 Cope, Lewis and Weber, Ind. Eng. Chem., 23, 887 (1931); Brown, Souders and Smith, 
ibid., 24, 513 (1932); Dodge, ibid., 24, 1353 (1932); Lewis and Luke, ibid., 25, 725 (1933); 
Lewis, ibid., 28, 257 (1936); Kay, ibid., 28, 1014 (1936); Maron and Turnbull, ibid., 34, 544 
(1942); for a convenient nomograph applicable below the critical point, see Thomson, 
ibid., 35, 895 (1943). 

t Generalized (reduced) compressibility diagrams are often referred to in the literature 
as “p-charts,” the symbol u being used for the compressibility factor. Since u is employed 
later for another purpose, it has been replaced by « here. 
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The expression = 0.925 is the equation for a straight line passing through the 
origin of Fig. 4. The point representing the system under consideration is that 
at which this line intersects the curve in Fig. 4 for the prescribed reduced tempera- 
ture. The critical temperature of carbon dioxide is 304.1° K, and so the reduced 
temperature 0 corresponding to 40° C, i.e., 313° K, is 313/304 = 1.03. The value 
of x at which the line + = 0.925« intersects the curve for 0 = 1.03 is found to be 
0.7 from Fig. 4. Since P. is 72.9, it follows that P is 0.7 X 72.9 = 51 atm. (The 
experimental value is 50 atm.) 


5j. Mixtures of Real Gases: Additive Pressure Law.—The rule that the 
total pressure of a mixture of gases is equal to the sum of the pressures 
exerted by each gas if it alone occupied the whole of the available volume 
(§ 5b) does not apply to real gases. The total pressure is thus not equal to 
the sum of the partial pressures defined in the usual manner. However, 
for some purposes it is convenient to define the partial pressure of a gas in a 
mixture by means of equation (5.8), i.e., p: = N:P, where p. is the partial 
pressure and N; is the mole fraction of any constituent of the mixture of 
gases of total pressure P. 


A simple modification of the law of partial pressures as applied to ideal gases 
has been proposed for mixtures of real gases (E. P. Bartlett, 1928).“ If P. is the 
pressure which would be exerted by a constituent of a gas mixture when its molar 
volume is the same as that of the mixture, then it is suggested that the total 
pressure P is given by 


P = NP! HNP T.. NPH. (5.26) 


This rule has been found to give results in fair agreement with experiment. 
If compressibility data for the individual gases are not available, the values of 
Pi, Pi, etc., can be obtained with the aid of Fig. 4, provided the molar composition 
of the gas, its volume and temperature are known. 


Problem: A mixture of } mole nitrogen and ł mole hydrogen occupies 0.0832 
liter at 50° C. Calculate the total pressure. 


The molar volume of the mixture is 0.0832 liter; by using Fig. 4 in conjunction 
with the known critical temperature and pressure of nitrogen and hydrogen (see 
footnote, p. 29), the pressure of nitrogep gas at 50° C for this molar volume is 
found to be 404 atm. and that for hydrogen is 390 atm. The calculation is iden- 
tical with that in the second problem of § 5i. By equation (5.26), the total 
pressure is given by 


P = (4 X 404) + (ł X 390) = 394 atm. 


(The experimental value is 400 atm. The agreement is partly fortuitous, because 
Fig. 4 cannot be read to this degree of accuracy.) 


Sk. Additive Volume Law.—The additive pressure law, as given by equation 
(5.26), is useful for the calculation of the approximate pressure exerted by each 
gas, and the total pressure, in a mixture of real gases, when the volume is known. 
If the total pressure is given, however, the evaluation of the volume is somewhat 
more complicated, involving a series of trial solutions. An alternative approxi- 


Bartlett, Cupples and Tremearne, J. Am. Chem. Soc., 50, 1275 (1928). 
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mate method is available which makes use of the law of additive volumes (E. H. 
Amagat, 1893; A. Leduc, 1898).7 It can be readily shown that for a mixture of 
ideal gases, the total volume should be equal to the sum of the volumes which the 
constitutent gases would occupy at the total pressure of the mixture, at the same 
temperature. This rule has been found to hold, with a fair degree of accuracy, 
for mixtures of real gases. If complete experimental P-V-T data for the individual 
gases in the mixture are available, it is a simple matter to make use of the additive 
volume law. For approximate purposes the generalized compressibility diagram 
(Big. 4) may be utilized. 


Problem: Calculate the volume of a mixture of } mole nitrogen and 4 mole 
hydrogen at 400 atm. pressure and 50°C. (This is the reverse of the problem 
in § 5j.) 

It is found from Fig. 4 that at 400 atm. and 50° C, 1 mole of nitrogen would 
occupy 0.083 liter; under the same conditions, the volume of 1 mole of hydrogen 
would be 0.081 liter. The method of calculation is, in each case, identical with 
that used in the first problem in § 5i. By the Amagat law of additive volumes, 
the volume of the given mixture would be 


(4 X 0.083) + (ł X 0.081) = 0.082 liter. 
(The experimental value is 0.0832 liter.) 


EXERCISES 


1. A liquid mixture consists of equal parts by weight of water and sulfuric acid, 
what is the mole fraction of each constituent? 

2. The composition of dry air by weight is as follows: nitrogen 75.58%, oxygen 
23.08%, argon 1.28%, carbon dioxide 0.06%, with negligible traces of other gases. 
Calculate the partial pressure of each of these four gases in air at exactly 1 atm. 
pressure, assuming ideal behavior. 

3. Suppose 10.0 liters of gas A, measured at 0.50 atm., and 5.0 liters of gas B, 
at 1.0 atm., are passed into a vessel whose capacity is 15.0 liters. What is the 
resulting total pressure, if the gases behave ideally and the temperature remains 
constant? 

4. A gas collected over water at 25° C becomes saturated with water vapor, 
its partial pressure being 23.8 mm. The measured volume of the moist gas is 
5.44 liters, at a total pressure of 752.0 mm. Calculate the volume the dry gas 
would occupy at a pressure of 760 mm., assuming ideal behavior of the gas and 
of the water vapor. 

5. Prove that for a mixture of ideal gases the total volume is equal to the sum 
of the volumes which the constituent gases would occupy at the total pressure of 
the mixture at the same temperature (Amagat’s rule). 

6. At 0° C and 400 atm. pressure a mixture containing 0.75 mole fraction of 
nitrogen and 0.25 mole fraction of hydrogen was found to occupy a volume of 
71.5 ml. mole“. Utilizing the generalized compressibility diagram, determine 
whether Amagat’s volume rule or Bartlett’s partial pressure rule is in better agree- 
ment with experiment. 


7 Cf., Leduc, Ann. chim. phys., 15, 5 (1898); see also, Masson, et al., Proc. Roy. Soc., 
A103, 524 (1923); A122, 283 (1929); A126, 248 (1930). 
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7. Show that at moderate and low pressures the van der Waals equation may 
be written in the form PV = RT(1 — BP), where B = 7 (Er — b . (Mul- 
tiply out the van der Waals equation, neglect the term ab/V?, which is small if 
the pressure is not large, and replace V in a/ by ET/ P.) 

Express B in terms of T. and P., and compare the result with that given by 
the Berthelot equation (5.19) for hydrogen and oxygen at 25°C. (The experi- 
mental values are — 5.9 X 10 and 6.8 X 10 atm.—.) 

8. A cylinder, of capacity 100.0 liters, contains methane gas originally at 200 
atm. and 25° C. Determine by means of the compressibility chart the weight of 
gas used up when the pressure in the cylinder has fallen to 50.0 atm. Compare 
the result with that for (i) an ideal gas, (ii) a van der Waals gas. 

9. The critical temperature and pressure of ethane are 305.2” K and 48.8 atm., 
respectively. Taking R as 0.08205 liter-atm. deg. - mole, determine the van 
der Waals constants. What would be the approximate molar volume at the 
critical point? 

10. Compare the pressures given by (i) the ideal gas equation, (ii) the van der 
Waals equation, (iii) the compressibility diagram, for 1 mole of ethylene occupying 
a volume of 0.279 liter at 40.0° C. 

11. Compare the volumes given by (i) the ideal gas equation, (ii) the van der 
Waals equation, (iii) the compressibility diagram, for 1 mole of hydrogen at 500 
atm. and 0° C. 

12, Assuming Bartlett’s rule and using the compressibility diagram, determine 
the total pressure of a mixture consisting of 23.0 g. of oxygen and 77.0 g. of nitrogen 
occupying 155 ml. at O' C. What would be the pressure if the gases behaved 
ideally? 

13. By means of Amagat’s rule and the compressibility chart, calculate the 
volume occupied by the mixture in Exercise 12 at a total pressure of 500 atm. at 
0° C. Compare the result with that which would be found if the gases were ideal. 

14. It has been suggested [Kay, Ind. Eng. Chem., 28, 1014 (1936) ] that the 
compressibility factor of a mixture of gases may be determined by treating the 
mixture as a single gas with a critical temperature equal to NI T.i + N2Tc2 , 
and a critical pressure of NI Pei + NZz P.: + ---, where Ni, Na, . are the mole 
fractions of the various gases in the mixture, and 7. 1, Teo, -++ are the critical tem- 
peratures and Pei, Pez, «+: the critical pressures. Apply this rule to Exercises 
12 and 13. 

15. If G is a function of P, V and T, prove that 


n 
Pjr Ne NP /r ðP jy’ 
and derive an analogous expression for (0G/dT)y. 
16. Verify the units of the van der Waals a and b given in Table I. 


CHAPTER III 
THE FIRST LAW OF THERMODYNAMICS 


6. THE CONSERVATION OF ENERGY 


6a. The Equivalence of Work and Heat.—The relationship between me- 
chanical work and heat was first clearly seen by Count Rumford (Benjamin 
Thompson) in 1798. As a result of his observations made on the heat de- 
veloped during the boring of a cannon, he concluded that the heat produced 
was related to the mechanical work expended in the boring process. Some 
experiments carried out by H. Davy (1799) appeared to indicate the con- 
nection between work and heat, but the most important results were those 
obtained by J. P. Joule in an extended series of observations, commenced 
about 1840 and lasting for nearly forty years. In a number of carefully 
planned and executed experiments, Joule converted known amounts of work 
into heat, and measured the amount of heat thus produced by determining 
the rise in temperature of a calorimeter of known heat capacity. Among the 
methods used for converting work into heat, mention may be made of the 
following: stirring water or mercury by a paddle wheel, compression or ex- 
pansion of air, forcing water through capillary tubes, passage of an electric 
current through wires of known resistance, and passage of induced current 
through a coil of wire rotated in a magnetic field. 

As a result of his studies, Joule came to the highly significant conclusion 
that the expenditure of a given amount of work, no matter what tts origin, always 
produced the same quantity of heat. ‘This fact is the basis of the concept of a 
definite mechanical equivalent of heat, that is, of a definite and constant 
ratio between the number of ergs of mechanical work done and the number 
of calories produced by the conversion of this work into heat. According to 
the most recent experiments, one standard (15°) calorie is equivalent to 
4.1858 X 107 ergs, i. e., 4.1858 abs. joules, of work, irrespective of the source 
or nature of this work. Assuming that 1 int. joule is equivalent to 1.0002 
abs. joules (§ 3b), it follows that a standard calorie is equivalent to 4.1850 
int. joules. However, because heat quantities are usually determined at the 
present time by comparison with the heat produced by electrical work, the 
value of which is known in int. joules, it has become the practice by chemists 
to adopt the relationship between work and heat given in §3e. Thus, a 
defined calorie is equivalent to 4.1833 int. joules. The difference between 
this value and the one given above, i.e., 4.1850 int. joules, is, at least partly, 
due to the difference between the standard and defined calories. 

6b. The Mechanical Equivalent from Heat Capacities.—It is of interest 
to mention that while Joule’s experiments were in progress, J. R. Mayer 
(1842) calculated, from the specific heats of air at constant pressure and 
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constant volume (§ 9b), the heat change accompanying the expansion of air, 
and compared the result with the work done against the external pressure. 
The mechanical equivalent of heat derived in this manner was close to that 
obtained by Joule in an entirely different manner. If modern specific heat 
data are used, the results of Mayer’s calculation are in excellent agreement 
with the accepted value of the relationship between ergs and calories. 


Problem: The difference between the heat capacities of 1 g. of air at constant 
pressure (1 atm.) and constant volume is 0.0687 cal. deg. 1 at 0° C. The volume 
of 1 g. of air at 0° C and 1 atm. is 773.4 cc. Assuming the difference in the heat 
capacities to be entirely due to the work done in the expansion of the air at con- 
stant pressure, which is not strictly true, calculate the relationship between the 
erg and the calorie. 


By Gay-Lussac’s law of the expansion of a gas at constant pressure [cf. equa- 
tion (2.2) J, the volume of a gas expands by 1/273.16 of its volume at 0° C for every 
1° rise of temperature. In the present case, therefore, the increase in volume of 
1 g. of air is 773.4/273.16 cc. for 1° increase of temperature. According to equa- 
tion (3.5), the work done in the expansion against the constant pressure of the 
atmosphere is equal to the product of the pressure, i.e., 1 atm. or 1.013 X 10° 
dynes cm. (§ 3f), and the increase of volume. If the pressure is in dynes cm.~? 
and the volume in cc., the work will be expressed in ergs; thus, 


773.4 
273.16 
This work should be equivalent to the difference between the heat required to raise 


the temperature of 1 g. of air by 1° at constant pressure (1 atm.) and constant 
volume, in the vicinity of 0° C. This difference is given as 0.0687 cal.; hence, 


0.0687 cal. = 2.87 X 10° ergs, 
1 cal. = 4.18 X 107 ergs. 


Work of expansion = 1.013 X 10° X = 2.87 X 10° ergs. 


6c. The Conservation of Energy: The First Law of Thermodynamics.— 
The belief that “perpetual motion of the first kind,“ * that is, the production 
of energy of a particular type without the disappearance of an equivalent 
amount of energy of another form, was not possible has long been accepted 
by scientists. No success had attended the many attempts to construct a 
machine which would produce mechanical work continuously without draw- 
ing upon energy from an outside source, and without itself undergoing any 
change. The fundamental significance of this accepted view was not widely 
realized until 1847 when H. von Helmholtz showed that the failure to achieve 
perpetual motion and the equivalence of work and heat, described above, 
were aspects of a wide generalization which has become known as the law of 
conservation of energy. This law has been stated in various forms, but its 
fundamental implication is that although energy may be converted from one 
form to another, it cannot be created or destroyed; in other words, whenever a 
quantity of one kind of energy is produced, an exactly equivalent amount of 
another kind (or kinds) must be used up. 

* For an explanation of “perpetual motion of the second kind,” see § 18d. 
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It should be clearly understood that the law of conservation of energy is 
purely the result of experience, for example, the failure to construct a per- 
petual motion machine and the constancy of the mechanical equivalent of 
heat. It is upon the assumption that such experience is universal that the 
first law of thermodynamics is based. This law is, in fact, identical with 
the principle of conservation of energy, and can consequently be stated in 
either of the forms given above; other ways of stating the law will be men- 
tioned later. It may be pointed out that the first law of thermodynamics 
can be regarded as valid as long as perpetual motion of the first kind is 
found not to be possible, as is apparently the case in the universe of which 
the earth is a part. If, in another universe or under other circumstances, 
the creation of energy were proved to be feasible, the laws of thermodynamics 
would not be applicable. However, this contingency appears to be so re- 
mote, as far as human observation is concerned, that it may be completely 
disregarded. 

Following historical precedent, the validity of the first law of thermo- 
dynamics has here been associated with the impossibility of perpetual motion 
of the first kind and the constancy of the mechanical equivalent. The law 
has nevertheless a much firmer basis, for it leads to a wide variety of con- 
clusions, as will be seen in this and later chapters, which have been found to 
be in complete agreement with actual experience. 

6d. Isolated Systems and the First Law.—It was stated in & 4a that a 
combination of a system and its surroundings may be referred to as an 
isolated system. The first law of thermodynamics requires that the total 
energy of an isolated system must remain constant, although there may be changes 
from one form of energy to another. This means that any loss or gain of 
energy by a system must be exactly equivalent to the gain or loss, respec- 
tively, of energy by the surroundings. The forms of energy are not neces- 
sarily the same, but if there is to be a net conservation of energy the amounts 
must be equivalent. The conclusion derived from the first law, that the 
energy change in a system must be exactly compensated by that of its sur- 
roundings, is of great importance, and it will be applied in later developments. 


6e. Energy and Mass.— Brief reference may be made here to circumstances 
under which the principle of the conservation of energy appears to fail; the failure 
is apparent, however, rather than real. According to the theory of relativity there 
is an equivalence of mass and energy; the loss or gain of energy by a body must be 
accompanied by a corresponding change of mass. The change of energy AE is 
related to the change of mass Am by the relationship 


AE = Am, (6.1) 


where c is the velocity of light. In certain reactions between atomic nuclei there 
is a liberation of large amounts of energy without the apparent disappearance of 
an equivalent quantity of energy of another kind. However, a study of the 
masses of the nuclei concerned shows that there is a loss of mass which corresponds 
exactly to the energy set free, as required by equation (6.1). The energy liberated 
ultimately becomes associated with some form of matter, and there is a gain of 
mass of the latter identical with the loss suffered by the nuclei. The equivalence 


36 THE FIRST LAW OF THERMODYNAMICS 7a 


of mass and energy means that the laws of conservation of mass and energy can 
both be true, but each is a mere corollary of the other. Since nuclear reactions are 
not considered in chemical thermodynamics, however, the problems associated 
with the relationship between mass and energy will not arise. 


7. ENERGY AND HEAT CHANGES 


7a. The Energy Content.—The energy possessed by a system, that is to 
say, its energy content, may be regarded as falling into two main categories. 
There is first, the energy which is a characteristic property of the system 
itself; this may include the translational energy of the moving molecules, 
the energy of vibration and rotation of the molecules, as well as the energy 
of the electrons and nuclei. On the other hand, there is the energy which 
is determined by the position of the system in a force field, e.g., magnetic, 
electric or gravitational, and by the motion of the system as a whole, e.g., 
through space. In thermodynamics the energy in this second category is 
usually ignored, and it is only that in the first which is taken into considera- 
tion. The latter is sometimes called the internal energy, to distinguish it 
from the energy due to external factors, but for present purposes it may be 
referred to simply as the energy or the energy content of the system. The 
term internal energy can then be used when it is desired to describe the 
energy associated with the motions, e.g., vibration, rotation, ete., within 
the molecule, as distinct from theranslational 
energy resulting from the motion of the mole- 
cule as a whole.* 

The energy content of a system must depend 
on its thermodynamic state. An increase of 
temperature at constant volume, for example, 
brought about by the transfer of heat to the 
system from the surroundings, must result in 
an increase of its energy. It will now be shown, 
by utilizing the first law of thermodynamics, 
that the energy content is a property of the 
system of the kind that is determined only by 

Volume the state of the system, and not by the manner 

ia; e changes ie in which it reached that state. In other words, 

direct and reverse paths it will be proved that the energy is a single- 

valued function of the thermodynamic variables of 

the system. It is consequently a property to which the results obtained in 
§ 4e may be applied. 

Consider any system represented by the state A in Fig. 5, in which the 
coordinates are the observable properties, e.g., pressure and volume, that 
determine the energy content. Suppose the conditions are now altered, 
along the path I, so that the state of the system is represented by the 


Pressure 


* This motion of the molecule is, of course, not to be confused with the motion of the 
system as a whole, which, as stated above, is not included in the thermodynamic encrgy 
content. 
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point B; the system is then returned to its exact original state by a series 
of changes indicated by the path II.“ It is then a direct consequence of the 
first law of thermodynamics that the total energy change of the system in 
path I must be identical in magnitude, but opposite in sign, to that in 
path II, provided the surroundings remain unchanged; if this were not so a 
perpetual motion machine would be possible. Imagine, for example, that 
the increase of energy in path I were greater than the decrease in returning 
by II; then by carrying out the change A — B by path I and the reverse 
change B — A by path II, the system would be brought back to its original 
state, but there would be a residuum of energy if the surroundings were 
unchanged. In other words, energy would have been created, without the 
disappearance of an equivalent amount of another kind. Since this is con- 
trary to the first law of thermodynamics, it must 

be concluded that the energy change in the pro- A 

cess A — B, by path I, must be numerically equal 
to that involved in the reverse process B — A, 
by path II. 

It is possible to proceed from A to B by 
various paths, I, I’, I“, ete. (Fig. 6), returning 
in each case by path II. From the preceding 
argument, it is evident that the energy changes 
in I, I’, I”, etc., must each be numerically equal 
to that in II. It follows, therefore, that the 
energy changes in the different paths I, I’, I“, 
etc., between the two given states A and B, must Volume 
all be equal to each other. The conclusion to be CW 
drawn, therefore, is that the change in energy of independent of path 
a system, associated with the passage from one 
thermodynamic state to another, depends only on the initial and final states, and 
is independent of the path followed. ‘This statement may be regarded as a 
form of the first law of thermodynamics. 

It is clear from these considerations that the energy of a system is a 
“property” of the system in the sense described in § 4e. It is, therefore, 
possible to ascribe a definite value E to the energy or energy content of a 
particular system in a given state; this value will depend only on the state, 
and not on the previous history, of the system. If Ea represents the energy 
in the thermodynamic state A, and E that in the state B, then the increase 
of energy AEf in passing from A to B is given by 


AE = Ep — Eg, (7.1) 
and is independent of the path taken in the change of state A — B. 


* In thermodynamics the word “change” is frequently used to imply “change in thermo- 
dynamic state“; the terms “patb” or “process” then refer to the means whereby the given 
change in state is accomplished. As will be secn below, a particular change may be achieved 
by following various different paths, i.e., by different processes. 

t The symbol A as applied to a change in a thermodynamic property accompanying a 
given process represents the algebraic increase in the property. It is always equal to the 
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Since the energy content of a system obviously depends on the quantity 
of material contained in the system, it is apparent that the energy E is an 
extensive property, as defined in § 4d. If fhe mass of the system is altered, 
the energy content will be affected in the same proportion. Similarly, the 
value of AE for any process depends upon the amount of material contained 
in the system which undergoes the change. 

7b. Work, Heat and Energy Changes.—The energy change accompany- 
ing the change in thermodynamic state of a system may be due to the per- 
formance of work on or by the system, and also to the transfer of energy to 
or from the system in the form of heat. The term work“ is used here in 
the general sense referred to in § 3a, and may include work of expansion or 
any other form of mechanical work, as well as electrical work, etc. If W 
is the magnitude of the work done, then by convention W is positive if work 
is done by the system. In other words, by the convention W is taken as 
positive when the system loses energy as the result of doing some form of 
work. On the other hand, W is negative if work is done on the system, so 
that it gains energy. 

The amount of heat transferred is represented by Q, and this is regarded 
as positive, by convention, if energy is transferred to, that is, taken up by, 
the system in the form of heat; thus, Q is positive when the system gains 
energy as heat. Similarly, if heat is transferred from, that is, is given up by, 
the system, so that there is a corresponding decrease of energy, Q is negative. 
It should be noted that the conventions for W and Q given above are those 
which are widely adopted in the study of chemical thermodynamics. There 
is no particular reason why these, or any other, conventions should be used, 
but once the conventions have been decided upon they must be adhered to 
throughout and never changed, if confusion is to be avoided. 

Since the system loses energy W, because of work done, and gains energy 
Q, by the transfer of heat, the net gain of energy is Q — W. By the first 
law of thermodynamics, this must be identical with the increase AE in the 
energy content of the system; thus, 


AE = O y. (7.2) 


This equation may be regarded as a form of the first law of thermodynamics 
or, alternatively, it may be used as a means of defining the energy content E. 
Thus, the difference between the heat absorbed by a system and the total work 
done by the system may be defined as equal to the increase in a property of the 
system called its energy content. 

7c. Energy Change in Cyclic Process.—If, as a result of a series of 
processes, a system returns to its exact original state, its energy content will 
be unchanged so that AE must be zero. In this event, it follows from equa- 


value in the final state minus that in the initial state of the process. If AG defined in this 
manner is positive, the property G has a larger value in the final than in the initial state; on 
the other hand, if AG is found to be negative, G is larger in the initial state. The significance 
of — AG is, of course, the reverse of that of AG. 
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tion (7.2), that the work done by the system is equal to the heat absorbed in 
the process, L.e., 


Q = W. (7.3) 


This equation is an expression of the impossibility of “perpetual motion of 
the first kind,” as stated in § 6c. Provided the system does not undergo 
any net change, i.e., AE is zero, it is impossible to produce work without 
drawing upon energy, namely heat, from an outside source. 4 process, or 
series of processes, as a result of which the system returns exactly to its original 
thermodynamic state, is referred to as a cyclic process or cycle. In any cycle 
AE is zero, and the heat absorbed Q is equal to W the work done by the 
system, in accordance with equation (7.3). 

7d. Dependence of Heat and Work on the Path.—The heat and work 
terms involved in any change of thermodynamic state differ from the total 
change of the energy content in one highly important respect. As seen 
above, the quantity AE for a given change has a definite value depending only 
on the initial and final states of the system, and independent of the path 
taken in the process. This is, however, not the case for Q and W;; the values 
of the heat and work terms vary with the path followed in proceeding from the 
initial to the final state. That this is the case may be shown in a number 
of ways. 

It was seen in § 3g that when a system expands the work done is equal 
to the product of the external pressure and the increase of volume of the 
system. Obviously, the work done for a given volume change will thus de- 
pend on the external pressure, the magnitude of which may vary according 
to circumstances. The value of W will consequently not be determined 
solely by the initial and final states of the system; it will also depend on the 
manner in which the change is carried out. According to the first law of 
thermodynamics, the increase AE in the energy content, depends only on 
the initial and final states, but since AE is equal to Q — W by equation 
(7.2), and W varies with the path, Q, the heat absorbed in the process, must 
vary similarly. Incidentally, it should be borne in mind that although Q 
and W depend on the path, the difference Q — W, which is equal to AE, 
does not vary with the path taken, for it is determined only by the initial 
and final states of the system. It is seen, therefore, that even though Q 
and W are both variable, they are not independent, for their difference must 
have a definite value for a given change of thermodynamic state. 

The variability of heat and work terms will be evident from other con- 
siderations. For example, a certain mass of hydrocarbon may be completely 
burnt in air, at constant volume, as in a combustion bomb (§ 12g). All the 
energy lost by the system appears in the form of heat, no work being done. 
On the other hand, in an internal combustion engine a large proportion of 
the energy of the hydrocarbon-air system is converted into mechanical work, 
and the remainder into heat. Another instance of a similar type is provided 
by a system consisting of zinc and dilute sulfuric acid. These substances 
may be made to react with one another in a calorimeter, so that the energy 
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decrease resulting from their conversion into zine sulfate and hydrogen is 
accounted for almost entirely by the heat evolved. However, by combining 
the zinc with an inert metal, such as copper or platinum, a galvanic cell 
can be formed with the sulfuric acid as electrolyte. Electrical energy is 
then produced, and this may be used to drive a machine, thus doing me- 
chanical work. The inert metal is unaffected in the process, and so the 
energy, appearing partly as work and partly as heat, is that associated with 
the reaction between zinc and sulfuric acid to form zinc sulfate and hydrogen. 

It should be understood that although the heat and work changes are 
variable quantities, for a given change in thermodynamic state, the values 
of Q and W for any specified path are quite definite. It will be seen later 
that an adequate specification of the path can often be given in a simple 
manner, e.g., constant pressure or constant volume. The results obtained 
are then useful for thermodynamic purposes. 

7e. Heat and Work Not Properties of a System.—The conclusion to be 
drawn from the preceding discussion is that unlike the energy content, heat 
and work are not thermodynamic properties of a system. 'They merely repre- 
sent different ways in which energy can enter or leave the system, the re- 
spective amounts varying with the method whereby the change from the 
initial to the final state is carried out. In other words, the performance of 
work and the flow of heat represent ways in which the energy of a system 
can be changed, but the energy content cannot be regarded as consisting of 
definite work“ and heat“ portions. 

A process involving an appreciable change in the thermodynamic state 
of a system is often conveniently considered as made up of a series of in- 
finitesimal stages. For each of these stages, equation (7.2) is sometimes 


written in the form 
dE = dQ — dW, (7.4) 


but this equation is liable to be misleading. The energy E is a thermo- 
dynamic property of the system, in the sense of § 4d, and dE is a complete 
differential, which may be treated in the manner described in § 4e. The 
integral of dE between the limits of the initial (A) and final (B) states of a 
process has the definite value Eg — EA or AE [ef. equation (7.1) J. This is, 
however, not true for the quantities dQ and dW in equation (7.4); these 
quantities are not complete differentials, for Q and W are not properties of 
the thermodynamic state of the system. In order to avoid the misunder- 
standings which may arise from the use of such symbols as dQ and dW, they 
will not be employed in this book. Instead, equation (7.4) will be written as 


dE = q — w, ; (7.5) 


where dE is the increase in the energy content of the system accompanying 
an infinitesimal stage of an appreciable thermodynamic process; q is the 
quantity of heat absorbed and w is the work done by the system at the same 


1 For discussions of this and related topics, see Tunell, J. Phys. Chem., 36, 1744 (1932); 
Brgnsted, ibid., 44, 699 (1940); MacDougall, ibid., 44, 713 (1940). 
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time. In other words, g may be taken as the energy entering the system as 
heat, and w is the amount leaving it as work done during an infinitesimal 
stage of a process. The algebraic sums of the q and w terms for all these 
infinitesimal stages will give the total heat and work changes, and W, 
respectively, to which equation (7.2) is applicable. 


8. REVERSIBLE THERMODYNAMIC PROCESSES 


8a. Thermodynamic Reversibility.— A particular type of path between 
two thermodynamic states is of special interest. This is the kind of path 
for which it is postulated that all changes occurring in any part of the process 
are exactly reversed when it is carried out in the opposite direction. Further, 
when the given process has been performed and then reversed, both the 
system and its surroundings must be restored exactly to thetr original state. 
A process of this kind is said to be thermodynamically reversible. In 
general, in order to follow a reversible path, it is necessary that the system 
should always be in a state of virtual equilibrium, and this requires that the 
process be carried out infinitesimally slowly. 

A simple illustration of a reversible process is provided by isothermal 
evaporation carried out in the following manner. Imagine a liquid in equi- 
librium with its vapor in a cylinder closed by a frictionless piston, and placed 
in a constant temperature bath, 1.e., a large thermostat. If the external 
pressure on the piston is increased by an infinitesimally small amount, the 
vapor will condense, but the condensation will occur so slowly that the heat 
evolved, i.e., the latent heat, will be taken up by the thermostat. The 
temperature of the system will not rise, and the pressure above the liquid 
will remain constant. Although condensation of the vapor is taking place, 
the system at every instant is in a state of virtual thermodynamic equi- 
librium. Similarly, if the external pressure is made just smaller than the 
vapor pressure, the liquid will vaporize extremely slowly, and again the 
temperature and pressure will remain constant. The system is changing, 
since vaporization is taking place, but the process may be regarded as a 
series of thermodynamic equilibrium states. Rapid evaporation or con- 
densation, by the sudden decrease or increase of the external pressure, will 
lead to temperature and pressure gradients within the system, and thermo- 
dynamic equilibrium will be disturbed. Processes of this kind are not 
thermodynamically reversible. 

The isothermal expansion of a gas can be carried out reversibly by placing 
the cylinder of gas in a thermostat, as described above, and adjusting the 
external pressure so as to be less than the pressure of the gas by an in- 
finitesimally small amount. As the gas expands, however, its own pressure 
decreases, since the temperature is maintained constant. Hence, if the 
process is to be thermodynamically reversible, it must be supposed that the 
external pressure is continuously adjusted so as to be always infinitesimally 
less than the pressure of the gas. The expansion will then take place ex- 
tremely slowly, so that the system is always in virtual thermodynamic equi- 
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librium. The heat required by the gas, to balance the energy expended in 
the form of work against the external pressure, is taken up from the thermo- 
stat, but since the process is carried out extremely slowly the absorption of 
energy as heat keeps pace with the loss as work and the temperature of the 
system remains constant. If at any instant during the expansion the ex- 
ternal pressure is adjusted so that it is maintained just infinitesimally greater 
than the gas pressure, the process will be reversed, and the gas will be com- 
pressed. At every stage in the compression the system and surroundings 
will be, apart from infinitesimal differences, in exactly the same thermody- 
namic state as they were at the corresponding point in the expansion. 

If the expansion were carried out rapidly, e.g., by suddenly releasing the 
pressure on the piston, or the compression were rapid, e.g., by a sudden and 
large increase of the external pressure, the processes would not be reversible. 
The changes would not involve a continuous succession of equilibrium states 
of the system, and hence they could not be reversible. There would be 
both temperature and pressure gradients which would be different in the 
expansion and compression; the conditions for a thermodynamically re- 
versible process would thus not be applicable. 

The discussion given above has referred in particular to isothermal 
changes, but reversible processes are not necessarily restricted to those taking 
place at constant temperature. A reversible path may involve a change of 
temperature, as well as of pressure and volume. It is necessary, however, 
that the process should take place in such a manner that the system is always 
in virtual thermodynamic equilibrium. If the system is homogeneous and has 
a constant composition,* two thermodynamic variables, e.g., pressure and vol- 
ume, will completely describe its state at any point in a reversible process. 

8b. Reversible Work of Expansion.— A general expression for the work of 
expansion accompanying a reversible process may be readily derived, and 
its complete solution is possible in certain cases. If P is the pressure within 
a system undergoing a reversible process, then from what has been stated in 
§ 8a it follows that the external pressure must be P — dP, where dP is a 
very small quantity. The work w done by the system when it increases its 
volume by an infinitesimal amount dV is equal to the product of the external 
pressure and the volume change (§ 3f); thus, 


w = (P — dP)dV. 
Neglecting the very small, second order, product dd “, it follows that 
w w= PdV. (8.1) 
The total work W done in the process will then be equal to the sum of a 
continuous series of PdV terms, as the volume changes from its value in the 
initial state (V1) to that in the final state (V2). Since P and V are definite 


properties of the system, which is always in a virtual state of thermodynamic 
equilibrium, dV is a complete differential. The sum of the PdV terms may 


* Such a system will sometimes be referred to as a “simple system” (cf. § 4b). 
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thus be replaced by the definite integral between the limits of V, and V2, 
so that 


V 
W= | Pav. (8.2) 
Vy 

As may be expected from the discussion in § 8a, the value of the integral 
in equation (8.2) depends on the path between V, and V2. This may be 
seen more explicitly in another manner. Since the state of a simple system 
at any point of a reversible process can be described completely by the 
pressure and volume, the path of the process can be represented by a curve 
on a P-V diagram, such as Fig. 5 or Fig. 6. According to equation (8.2) 
the work done in such a path is equal to the area enclosed by the curve and 
the two ordinates at the initial and final volumes. Since various paths, 
such as I, I’, I”, etc., in Fig. 6, between the initial and final state are possible, 
the work of expansion will clearly be a variable quantity. 

By specifying the reversible path it is possible to determine the actual 
value of the work of expansion from equation (8.2). Two simple cases may 
be considered. In the isothermal vaporization of a liquid, the pressure, which 
is equal to the vapor pressure at the specified constant temperature, remains 
constant throughout. The equation (8.2) for the work of expansion, then 
becomes 


72 
W =P dV = P(V2 — FVI) 
71 
= PAY, (8.3) 


where V» — Fi is equal to AV, the increase in volume of the system, and P 
is the vapor pressure. 

Another case of interest is that in which the system consists of an ideal 
gas. For n moles, the equation of state is PV = nRT, so that P = nRT/V. 
For an isothermal expansion involving n moles of an ideal gas, this value of 
P may be substituted in equation (8.2); since T and R are constant, 

VadV V2 
W = nRT 7 nRT In y 


Yı 1 


(8.4) 


An alternative form of this result is often convenient. For an ideal gas 
PıVı is equal to P2V2, at constant temperature, and so V:/Vı is equal to 
P,/P2; hence equation (8.4) can also be written as 


W = nRT In = (8.5) 


for the isothermal, reversible expansion of n moles of an ideal gas. 

The results just derived were based on the supposition that the change 
was one involving an increase of volume, i.e., expansion; nevertheless, the 
equations (8.4) and (8.5) are applicable to both expansion and compression. 
All that is necessary is to take V, and Pi as representing the system in the 
initial state of the process, while Vz and P,. represent the final state. If 


44 THE FIRST LAW OF THERMODYNAMICS. 8c 


there is an expansion, V2 is greater than Vi, and hence W, the work done by 
the system, is positive. On the other hand, if a compression occurs, V2 is 
less than /i, and W is seen to be negative by equation (8.4); this is to be 
expected, for work is now done on the system. Although the volume change 
in a process may result in expansion or compression, the work done, given 
by equation (8.4) or (8.5), is always referred to as work of expansion.“ It 
is seen to be positive when there is an increase of volume, and negative when 
the volume decreases. 


Problem: Calculate the work of expansion in ergs when the pressure of 1 mole 
of an ideal gas is changed reversibly from 1.00 atm. to 5.00 atm. at a constant 
temperature of 25.0° C. 


The energy units of W in equations (8.4) and (8.5) are determined by those 
of R; since the work of expansion is required in ergs, the value of R to be used is 
8.314 X 107 ergs deg. 1 mole“. The absolute temperature T is 273.2 + 25 = 
298.2° K, the initial pressure Pi is 1.00 and the final pressure P is 5.00 atm.; the 
pressure units are immaterial, since the work depends on the ratio of the pressures. 
Substituting these data in equation (8.5), the work of expansion for 1 mole of gas 
is given by 


| 
l 
by 
43 
5 
| 
l 


8.314 X 10’ X 298.2 X 2.303 log ł 
— 3.99 X 101 ergs mole~!. 


Since W is negative, the work is done on the gas; this is to be expected, for the 
pressure of the gas increases in the process, and hence the volume is decreased. 


In the two special cases of isothermal, reversible expansion considered 
above, the work done, as given by equations (8.3) and (8.4) or (8.5), is 
evidently a definite quantity depending only on the initial and final states, 
e.g., pressure or volume, at a constant temperature. Since there.is always 
an exact relationship between P and V, it follows from equation (8.2) that 
the work done in any isothermal, reversible expansion must have a definite 
value, irrespective of the nature of the system. For an isothermal, re- 
versible process in which the work performed is exclusively work of expan- 
sion, it is apparent, therefore, from equation (7.2), that both W and Q will 
be determined by the initial and final states of the system only, and hence 
they will represent definite quantities. Actually, this conclusion is appli- 
cable to any zsothermal, reversible change (cf. § 25a), even if work other than 
that of expansion is involved. 

8c. Maximum Work in Isothermal Reversible Processes.—A notable 
fact concerning an isothermal, reversible expansion is that the work done is 
the maximum possible for the given increase of volume. If the external 
pressure were made appreciably less, instead of infinitesimally less, than the 
gas pressure, the work done by the expanding gas would clearly be less than 
the value given by equation (8.2). The only possible way of increasing the 
work would be to make the external pressure greater than in the reversible, 
isothermal expansion. If this were done, however, the external pressure 
would be either equal to or greater than the gas pressure and hence expansion 
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would be impossible. It follows, therefore, that the reversible work of iso- 
thermal expansion is the maximum work of this type possible for the given 
change in thermodynamic state. The work of isothermal expansion done 
by a system in an irreversible process is thus always less than for the same 
increase of volume when the change is carried out reversibly. In the case 
of an isothermal compression, the reversible work of expansion is (numer- 
ically) equal to the minimum amount of work which must, be done by the 
surroundings on the system in order to bring about the specified change in 
volume (or pressure). 

In general, the work that can be obtained in an isothermal change is a 
maximum when the process is performed in a reversible manner. This is 
true, for example, in the production of electrical work by means of a voltaic 
cell. Cells of this type can be made to operate isothermally and reversibly 
by withdrawing current extremely slowly (§ 331); the E. M. r. of a given cell 
then has virtually its maximum value. On the other hand, if large currents 
are taken from the cell, so that it functions in an irreversible manner, the 
E.M.F. is less. Since the electrical work done by the cell is equal to the 
product of the E. M. y. and the quantity of electricity passing, it is clear that 
the same extent of chemical reaction in the cell will yield more work in the 
reversible than in the irreversible operation. 

As reversible processes must take place infinitesimally slowly, it fol- 
lows that infinite time would be required for their completion. Such proc- 
esses are, therefore, not practicable, and must be regarded as ideal. Never- 
theless, in spite of their impracticability, the study of reversible processes 
by the methods of thermodynamics is of great value, even in engineering, 
because the results indicate the maximum efficiency obtainable in any given 
change. In this way, the ideal to be aimed at is known. In chemistry, too, 
the state of equilibrium is important, for it shows to what extent a particular 
reaction can proceed; hence, thermodynamics provides information of con- 
siderable chemical significance, as will appear in later sections. It will be 
seen that the results derived from a study of reversible processes can be 
applied to reactions as a whole, even if they are actually carried out in an 


irreversible manner. 


EXERCISES 


1. In the combustion of 1 mole of sucrose (C1zxH2O1), approximately 1.35 X 10° 
cal. are liberated. Should the accompanying loss of mass of the system be 
detectable? 

2. Evaluate the energy, in calories, set free in the formation of 1 g. atom of 
helium nuclei, of mass 4.0028, from two protons, each of mass 1.0076, and two 
neutrons, each of mass 1.0090. 

3. Determine the maximum work that can be done in the expansion of 5 moles 
of an ideal gas against an external pressure of 1 atm. when its temperature is 
increased by t° C. Express the result in (i) ergs, (ii) defined cal. 

4. Assuming ideal behavior, what is the minimum amount of work in ergs 
required to compress 1 kg. of air, consisting of 21% by volume of oxygen and 79% 
of nitrogen, from 1 atm. to 200 atm. at 0° C? 
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5. A vessel containing 1 liter of hydrogen at 1 atm. pressure is to be evacuated 
at 25° C to a pressure of (i) 0.01 atm., (ii) 0.001 atm. Compare the minimum 
amount of work required in each case, assuming ideal behavior. 

6. An ideal gas is compressed isothermally and reversibly from 10 liters to 1.5 
liters at 25° C. The work done by the surroundings is 2,250 cal. How many 
moles of gas are present in the system? 

7. The vapor pressure of water at 25° C is 23.76 mm. Calculate the reversible 
work of expansion in (i) liter-atm., (ii) defined cal., when the pressure of 100 g. of 
water vapor is decreased isothermally to 0.001 atm., assuming ideal behavior. 

8. Show that for a van der Waals gas, the isothermal, reversible work of ex- 
pansion for 1 mole is given by 


Ve—6 1 1 
W = RLD (ES b -a(z b.) 


where V, is the initial and V; the final volume. 

9. Determine the reversible work, in liter-atm., required to expand 1 mole 
of carbon dioxide isothermally from an initial pressure of 200 atm. to a final pres- 
sure of 1 atm. at 50° C, assuming van der Waals behavior. (Instead of solving 
the cubic equation to obtain the initial and final volumes, they may be obtained 
more simply by means of the generalized compressibility diagram.) Compare the 
result with that to be expected for an ideal gas. 

10. Explain how the compressibility diagram alone could be used to determine 
= isothermal, reversible work of expansion of any gas. Apply the method to 

xercise 9. 


CHAPTER IV 
HEAT CHANGES AND HEAT CAPACITIES 


9. Tus Heat CONTENT 


ga. Heat Changes at Constant Volume and Constant Pressure.—Al- 
though the heat change is, in general, an indefinite quantity, there are certain 
simple processes, apart from isothermal, reversible changes, for which the 
paths are precisely defined. For such processes the heat changes will have 
definite values, dependent only on the initial and final states of the system. 
Writing the first law equation (7.2) in the form 


Q=AE+ W, (9.1) 


it will be supposed, as is the case in most thermodynamic processes which do 
not involve the performance of electrical work, that the work W is only 
mechanical work due to a change of volume, i. e., work of expansion. For a 
process occurring at constant volume, there is no expansion or contraction, 
and hence W will be zero; it follows then from equation (9.1), using the 
subscript V to indicate a constant volume process, that 


Qy = AE Y; (9.2) 


so that the heat absorbed at constant volume, i.e., Qy, is equal to the energy 
increase AEy accompanying the process. Since the latter quantity depends 
only on the initial and final states of the system, the same must be true for 
the heat change at constant volume. The work term will also be definite, 
for it is equal to zero. 

At constant pressure P, the work of expansion W may be replaced by 
PAV, where AV is the increase of volume; representing constant pressure 
conditions by the subscript P, equation (9.1) takes the form 


Qr = AEp + PAY. (9.3) 


The increase AF >p in the energy content is equal to E. — Ei, where Ei and 
E:, are the values for the initial and final states, respectively; similarly, the 
accompanying increase of volume AV may be represented by V: — Vi, so 
that equation (9.3) becomes 


Qr = (E. — Ei) + P(V: — Vi) 
= (E: + PF.) — (ZI + PV). (9.4) 
Since P and V are properties of the state of the system, it follows that the 
quantity E + PV, like the energy E, is dependent only on the thermo- 
dynamic state, and not on its previous history. The extensive, thermo- 
47 
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dynamic property E + PV is called the heat content,“ and is represented 
by the symbol H, e., by definition, 


H=E+PV. (9.5) 
Consequently, equation (9.4) can be put in the form 
Qr = H, — H, = AHp, (9.6) 


where Hi and Hz are the values of the heat content in the initial and final 
states, respectively, and AH pr is the increase in the heat content of the system 
at constant pressure. The value of AH is seen by equation (9.6) to be 
equal to Qp, the heat absorbed under these conditions; since the former 
quantity depends only on the initial and final states of the system, and not 
on the path taken, the same will be true for the heat term Qp. For a process 
at constant pressure, therefore, the heat absorbed has a definite value. 

The work W done in the constant pressure process, which is equal to 
PAY, is also definite, since the pressure P is constant, and the volume change 
AV, equal to V2 — Vi, is independent of the path. Aside from this argu- 
ment, it is obvious, since AE and Qp are here determined by the initial and 
final states, that W must now also have a definite value. 

9b. Heat Capacities at Constant Volume and Constant Pressure. As 
seen in § 3d, the heat capacity C may be defined as the ratio of the heat Q 
absorbed by a system to the resulting increase of temperature T — Tı, 
i.e., AT. Since the heat capacity usually varies with the actual temperature, 
it is preferable to define it in terms of the limiting value as 72 approaches 11, 
that is, as AT is made very small; thus [cf. equation (3.3) J, 


—~ im LI 

A oP? =e 
where g is the quantity of heat absorbed for a small increase dT in the tem- 
perature of the system from T to T + dT. Since the heat absorbed is rot, 
in general, a definite quantity depending on the initial and final states of 
the system, the unusual notation 9/d is used to define the heat capacity 
at the temperature T. In view of the dependence of g on the path taken, it 
is evident that the heat capacity will also be uncertain, unless conditions 
are specified, such as constant volume or constant pressure, which define 
the path. 

At constant volume, for example, equation (9.7) may be written as 


Opa 9.8 

V dT ? ( ) 
where qy, and hence the heat capacity Cy, has a definite value. According 
to equation (9.2), the heat Qy absorbed in an appreciable process at constant 


* Engineers and physicists usually refer to it as the enthalpy. The use of the term 
cheat content,” however, must not be interpreted as implying that the system possesses a 
definite amount of heat energy. 


9c THE HEAT CONTENT 49 


volume is equal to the increase AEy of the energy content in that process. 
For an infinitesimal stage in a constant volume process gy is equal to dEy, 
and so the heat capacity at constant volume, as defined by equation (9.8), 
becomes 


The partial differential notation is used because E is a function of the volume 
(or pressure) as well as the temperature; the subscript V as applied to the 
partial derivative in equation (9.9) indicates that in this case the volume is 
maintained constant. The heat capacity of a system at constant volume is 
therefore equal to the rate of increase of the energy content with temperature at 
constant volume. 

At constant pressure, equation (9.7) takes the form 


Cp = 22 (9.10) 


and since qp is definite, the heat capacity Cp at constant pressure is also 
definite. Making use of the fact that according to equation (9.6), Qp, the 
heat absorbed in an appreciable process at constant pressure, is equal to 
AH p, the increase of heat content in the process, it can be shown in a manner 
exactly similar to that used in deriving (9.9), that 


HN. : 
eS (57). N 


The heat capacity of a system at constant pressure is consequently equal to the 
rate of the increase of heat content with temperature at constant pressure. 

It should be mentioned that the important equations (9.9) and (9.11), 
defining heat capacities at constant volume and constant pressure, respec- 
tively, are applicable to any homogeneous system of constant composition. 
The (simple) system may be gaseous, liquid or solid, and it may consist of 
a single substance or of a solution whose composition does not vary. As 
already seen, it is for such systems that the energy is dependent upon only 
two thermodynamic variables of state, e.g., pressure and temperature or 
volume and temperature. 


9c. Heat Capacity Relationships.—F rom the results already given, it is possible 
to derive general equations connecting the heat capacity of a system at constant 
volume with that at constant pressure. Since the energy E of a homogeneous 
system of definite composition is a single-valued function of the volume and 
temperature, d# is a complete differential which can be represented by 


aE _ (dE 
dE = (57) 4 4 (7), aT (9.12) 


50 HEAT CHANGES AND HEAT CAPACITIES gd 


[cf. equation (4.6) J], and hence, by equation (4. 10), 


). () 0 e 


According to equation (9.9), (o E/ oT) v is equal to Cy, the heat capacity of the 
system at constant volume, so that 


ðE 9E OV 
(7). (57), (Sr), wo. (9.14) 


By definition [equation (9.5) J, H = E + PV, and since Cp is equal to 
(3H/ðT) p, it follows that 


c - (25) — | eee 
P \ OT] p * 57 5 


ðE OV 
(57), +? (7). . 
Combination of this result with equation (9.14) yields immediately 
ðE ôV 
Cp — Cy = ERIEN ESR (9.16) 
By starting with the relationship 

ðH ðH 

an = (28) ap + (3), ar, am 


which is permissible since the heat content of a simple homogeneous system, like 
the energy content, is dependent only on two thermodynamic variables, e. g., the 
pressure and the temperature, it is possible to derive the equation 


eee |v - ($5), (37), (9.18) 


by a procedure analogous to that used in obtaining equation (9.16). 

As already indicated, the foregoing results will apply to any homogeneous 
system of constant composition. In certain cases, however, some simplification 
is possible, and this is especially true when an equation of state, relating pressure, 
volume and temperature, is available, as will be seen below. A particularly simple 
system is that involving an ideal gas, and this type of system will now be considered. 


Od. Energy Content of Ideal Gas.—In the experiments made by J. L. 
Gay-Lussac (1807) and J. P. Joule (1844) it was found that when a gas was 
allowed to expand into a vacuum, there was no gain or loss of heat. Two 
similar copper globes, one containing air under pressure and the other evacu- 
ated, were connected by a wide tube with a stopcock. When the latter was 
opened the temperature of the globe which originally contained the air fell, 
but that of the other globe rose by an equal amount. It appeared, therefore, 
that there was no net heat change, i.e., the value of Q was zero, when the 
volume of the gas was increased in the manner described. Subsequent ex- 
periments, carried out along somewhat different lines by J. P. Joule and 
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W. Thomson (Lord Kelvin), between 1852 and 1862, showed that a tem- 
perature difference, indicating a value other than zero for Q, should have 
been observed. However, it appears that the more closely the gas approxi- 
mates to ideal behavior the smaller is the heat effect, and so it is probable 
that for an ideal gas the value of Q in the free expansion described above 
would be actually zero. 

Since the gas expands into a vacuum, that is, against no external pressure, 
the work of expansion W is also zero. It follows, therefore, from equation 
(7.2), that AE must be zero in the process; in other words, there is no change 
in the energy content of an ideal gas as a result of free expansion, i.e., a volume 
increase in which no external work is done. The energy of the gas depends 
on two variables, e.g., volume and temperature; hence, the conclusion just 
reached may be represented mathematically in the form 


ðE 
(55). o, 0.10 
the energy content being independent of the volume, at any constant temperature. 
The result expressed by equation (9.19) is taken as one of the criteria of an 
ideal gas. It will be shown later (§ 20d), by utilizing the second law of 
thermodynamics, that (9.19) is a necessity for a gas obeying the PV = RT 
relationship at all temperatures and pressures. 

There is an important consequence of the fact that the energy content 
of an ideal gas, at constant temperature, is independent of the volume. 
When an ideal gas expands against an appreciable external pressure, W has 
a finite value, but AE is zero; it follows, therefore, from equation (7.2) that 
for the isothermal expansion of an ideal gas, 


Q = W, (9.20) 


the heat absorbed by the system being equal to the work done by it. If the 
expansion is carried out reversibly, the work done is given by equation (8.4) 
or (8.5), and hence the heat Q absorbed in the isothermal, reversible expan- 
sion of n moles of an ideal gas is determined by the same expression, viz., 
V2 Pi 
Q = nRT In 75 nRT In P, (9.21) 
9e. Effect of Pressure and Temperature on Heat Capacity of Ideal Gas. 
—Since the energy content of an ideal gas, at constant temperature, is 
independent of its volume, it must also be independent of the pressure. The 
energy of a given quantity of the gas thus varies only with the temperature; 
it is consequently possible to write equation (9.9) in the form 


oe 
aT’ 


so that the heat capacity at constant volume of an ideal gas is independent of 
the volume, or pressure, of the gas. The same can be shown to be true for 


Cy (9.22) 
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the heat capacity at constant pressure. Thus, if equation (9.5), i. e., 
H = E + PV, is differentiated with respect to volume, at constant tem- 
perature, the result is 


(28), -(. Legge]. 
OV Jr OV Jr OV jr 

For an ideal gas, (d E/ V) r is zero, as seen above, and [0(PV)/dV |r is also 
zero, since PV is equal to RT and hence is constant. It follows, therefore, 
that the heat content of an ideal gas is dependent only on the temperature, and 
ts independent of its volume or pressure. The heat capacity at constant 
pressure can then be represented by equation (9.11) in the form 


oo 
aT’ 


indicating that Cy for an ideal gas does not vary with the volume or pressure. 
For a real gas, the energy and heat contents are known to vary with the 
pressure, and hence equations (9.22) and (9.23) cannot be employed. Some 
expressions for the variation of Cp and Cy with pressure or volume will be 
derived in later sections (§§ 11e, 21d, 21e). 


It must be realized that the conclusion that the heat capacities of an ideal gas 
are independent of pressure is not based on thermodynamics alone. It has been 
necessary to introduce the result that (E/ d V) r is zero, which may be regarded 
either as based on experiment or on the postulated equation of state PV = RT 
for an ideal gas. Similar considerations are applicable to the problem of the varia- 
tion of heat capacity of an ideal gas with temperature; thermodynamics alone 
cannot supply the answer, and it is necessary to introduce other information. 
According to the kinetic theory of gases, the heat capacity of an ideal gas, wnose 
molecules possess translational energy only, should be independent of temperature 
(§ 15b). Gases which might be expected to approximate to ideal behavior in this 
respect are those containing only one atom in the molecule. Experimental ob- 
servations have shown that the heat capacities of some monatomic gases, e. g., 
helium and argon, are almost constant over a very considerable range of tempera- 
ture. In general, however, all gases do not behave in the same manner in respect 
to the effect of temperature on heat capacity as ideal behavior is approached, 
i.e., at low pressures, and so it is inadvisable to make a general postulate in this 
connection. 


Cp (9.23) 


Of. Heat Capacity-Temperature Relationships.—For reasons which will 
be made clear in Chapter VI, the heat capacities of all gases containing two 
or more atoms in the molecule must vary with temperature. The form of 
the expression which represents this variation cannot be predicted by means 
of thermodynamics, and so purely empirical formulae are used. One of 
these, which has been widely employed, is a power series of the form 


Cy = a NBT TT + T., (9.24) 


where a, B, Y, 8, etc., are constants, which must be derived from the experi- 
mentally determined heat capacities over a range of temperatures, and T is 
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the absolute temperature. The values of these constants for a number of 
common gases are recorded in Table II 1; when inserted in equation (9.24) 
they give the heat capacities of the respective gases, usually within 1 per 
cent or less, in the temperature range from 273° to about 1500°K. The 
constants in Table (1 cannot be safely used for extrapolation outside this 


range. 


TABLE II.“ HEAT CAPACITIES OF GASES (Cp) AT 1 ATM. PRESSURE 
IN CAL. DEG.~! MOLE™! 


Gas a B X 108 y X 108 8 X 10° 
H: 6.947 — 0.200 0.4808 — 
D: 6.830 0.210 0.468 
O: 6.095 3.253 — 1.017 — 
Na 6.449 1.413 — 0.0807 — 
Ch 7.576 2.424 — 0.965 — 
Bra 8.423 0.974 — 0.3555 — 
CO 6.342 1.836 — 0.2801 = 
HCl 6.732 0.4325 0.3697 — 
HBr 6.578 0. 955 0.1581 — 
H,O 7.219 2.374 0.267 — 
CO: 6.396 10.100 — 3.405 — 
HS 6.385 5.704 — 1.210 — 
HCN 5.974 10.208 — 4.317 — 
N:0 6.529 10.515 — 3.571 = 
SO, 6.147 13.84 — 9.103 2.057 
SO; 6.077 23.537 — 9.687 — 
NH: 6.189 7.787 — 0.728 — 


* For more accurate values and data for other gases, see Table 3 at end of book. 


Because of the variation of heat capacity with temperature, it is some- 
times convenient to use the mean value of the heat capacity over a range of 
temperatures; this value is then taken as constant for purposes of calculation. 
The mean heat capacity Cp in the temperature range from 71 to 72 is 


given by 


and if the value of Cy from equation (9.24) is introduced, it is found upon 
integration that 


Or = po [alls T) + 4809 — TH + A TY +] 

=a + 16(TI + Ta) + (TI + TiTa + T2) + eee (9.25) 
It is then possible to calculate the mean heat capacity of any gas, using the 
constants in Table IT. 


1 Spencer, et al., J. Am. Chem. Soc., 56, 2311 (1934); 64, 250 (1942); 67, 1859 (1945); 
see also, Bryant, Ind. Eng. Chem., 25, 820, 1022 (1933). 
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It appears that in certain cases the variation of heat capacity with temperature 
is better represented by a function containing a term in 7 in place of T? in 
equation (9.24); thus, 

Cp =a +T — yT-, (9.26) 
the constants a, f and y being quite different from those in Table II. Since 
neither equation (9.24) nor (9.26) can be regarded as representing exactly the 
dependence of heat capacity on temperature, the simple power series equation 
(9.24) will be used whenever possible, because of its more straightforward nature. 
In some instances, however, it will be found necessary to employ a function of the 
type of equation (9.26). 


The heat required to raise the temperature of a system from 71 to Ts, 
at constant pressure, i.e., the increase of heat content, is obtained by the 
integration of equation (9.11), using (9.24) to express Cp as a function of T; 
the result is 


1. — H. . crar = G er + yT + dT 
T: Ti 


= a(Ta — Ti) + 46(T3 — TÌ) + (T2 — Ti) . .., (9.27) 


constant pressure being understood. The same result can, of course, be 
obtained upon multiplying the mean heat capacity Cp, as given by equation 
(9.25), by the increase of temperature. 
Problem: How much heat is required to raise the temperature of 1 mole of 
oxygen gas from 27° C to 127° C at 1 atm. pressure? 
From Table IT, 
Cp = 6.095 + 3.253 X 107 — 1.017 X 10T"? cal. deg. 1 mole, 


and since T, is 273 + 27 = 300° K, and 72 is 273 + 127 = 400° K, it follows that 


Ho — Hz = im (6.095 + 3.253 X 107 — 1.017 X 10 π) dT 


= 6.095(400 — 300) + 4 X 3.253 X 10 (400) — (300) 2] 
— $ X 1.017 X 10 (400)? — (300) 
= 710 cal mole. 


9g. Difference of Molar Heat Capacities.—Since (0H/dV)r is zero for an 
ideal gas, equation (9.16) takes the simple form 


aV 
Cpe—Cy=P (57). (9.28) 


The quantity (d /d T) g represents the rate of increase of volume with tem- 
perature, at constant pressure, and hence the right-hand side of equation 
(9.28) may be taken as equal to the work of expansion when the temperature 
of the ideal gas is raised by 1° at constant pressure. The difference in the 


2 Maier and Kelley, J. Am. Chem. Soc., 54, 3243 (1932); Kelley, U. S. Bur. Mines Bull., 
371 (1934); see also, Chipman and Fontana, J. Am. Chem. Soc., 57, 48 (1935). 
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heat capacities of an ideal gas at constant pressure and constant volume 
may thus be attributed to the work of expansion, as a result of the increase 
of volume at ccastant pressure; at constant volume there is, of course, no 
work of expansion. It will be understood that this condition can hold only 
if (E/ V) is zero, i.e., for an ideal gas. For real gases the difference 
between Cy and Cy must include an allowance for the change in energy 
content due to the increase of volume, in addition to that due to the work 
of expansion. Actually this is quite small for most gases under ordinary 
conditions as is apparent from the value of the mechanical equivalent of 
heat derived in the problem in § 6b; this calculation is based on the tacit 
assumption that (E/ V) r is zero for air at 0° C. 

Since for 1 mole of an ideal gas PV = RT, it is seen that (0V/d0T)p is 
equal to R/P, and hence 


9 
P (37 * R, 
so that from equation (9.27) } 
Cp — Cy = R, (9.29) 


where Cy and Cy are now the molar heat capacities of the ideal gas. The 
values for constant pressure and constant volume, respectively, thus differ 
by a constant amount, equal to the molar gas constant, i. e., 1.987 cal. deg.~ 
mole. For real gases Cp — Cy will not be quite equal to R, although the 
discrepancy should not be large, except perhaps at high pressures and low 
temperatures when departure from ideal behavior is considerable. Further 
theoretical consideration of this subject will be given in Chapter VIII. 


10. ADIABATIC PROCESSES 


10a. Reversible Adiabatic Expansion and Compression.—An adiabatic 
process is defined as one in which no heat enters or leaves the system, at any 
stage. For every infinitesimal stage of the process q is zero, and hence, by 
equation (7.5), dE is equal to — w. I the work is restricted to work of er- 
pansion, w is given by Pd V, so that 


dE =— Pd. 


In this equation, P represents, strictly speaking, the external pressure. 
However, if the adiabatic process is carried out reversibly, the actual pressure 
of the system is virtually identical with the external pressure (§ 8a), so that 
under these conditions P is the pressure of the system. For an ideal gas, 
dE may be replaced by CydT, as shown by equation (9.22), since the energy 
content is independent of the volume, so that 


CydT = — Pd. (10.1) 


It will be observed from this result that in a reversible, adiabatic process the 
signs of dV and dT are opposite; thus, if the volume of the gas is increased, 
in such an adiabatic expansion, the temperature must fall, whereas if the 
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volume is decreased, in a compression, the temperature will rise. This is to 
be expected from general considerations: a gas does work when it expands, 
and as no heat enters or leaves the system, the energy content of the gas 
must decrease. Since the energy is independent of the volume at constant 
temperature, this decrease of energy is accompanied by a fall of temperature. 

10b. Temperature Changes in Reversible Adiabatic Processes.—The re- 
lationship between the pressure (or volume) and the temperature of an ideal 
gas in a reversible, adiabatic expansion or compression may be derived in the 
following manner. If 1 mole of the gas is considered, PV is equal to RT, 
so that substitution for P in equation (10.1) gives 


CydT =— 2 H, 
dT dV 
Cy y= R y’ 
that is 
Cydln T =— Ad ln Y, (10.2) 


where Cy is the molar heat capacity of the ideal gas at constant volume. If 
Cy is assumed to be independent of temperature, it is possible to integrate 
equation (10.2), the limits being Tı and 72, the initial and final temperatures, 
and V; and V2, the corresponding volumes; the result is 


Crin = = — In = ln z (10.3) 
1 2 


For 1 mole of an ideal gas, R is equal to Cp — Cy, by (9.29), so that, after 
making this substitution and converting the logarithms, equation (10.3) 


becomes 
oe t= (22 1) a. 
ree Ny 52 
= (x — 1) log, (10.4) 
2 


where the symbol y is used to represent Cp/Cy, the ratio of the heat ca- 
pacities at constant pressure and constant volume. The equation (10.4), 


or its equivalent, 
T V,\7r V R/ Cy 
T. = (N = ( (10.5) 


TV = TVR/cv = constant, 


can be utilized to determine the temperature change in a reversible, adiabatic 
process with an ideal gas. 
Problem: A quantity of air at 25° C is compressed adiabatically and reversibly 


from a volume of 10 liters to 1 liter. Assuming ideal behavior, and taking Cy for 
air as 5 cal. deg.~! mole, calculate the (approximate) final temperature of the air. 


or 
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Utilizing equation (10,5), Tı is 273 + 25 = 298° K; V; is 10 liters, V3 is 1 liter, 
Cv is 5.0 cal. deg.-! mole!, and R may be taken as 2. O cal. deg.-! mole! with 
sufficient accuracy (note that Cy and R must be expressed in the same units); 


hence, 
Ts a (2 a 
298 \ 1 
2 = 298 X 107/5 = 749° K. 
The final temperature is thus 749 — 273 = 476° C. 


For many purposes it is more useful to develop an expression relating 
the temperature to the pressure in a reversible, adiabatic change. Since an 
ideal gas is under consideration, it follows that Pi Vi RT, and P-V: = RT; 
if these equations are combined with (10.5) so as to eliminate V, and Ve, 


it is found that 
T, Pz N- Pa Nx / or 
T= ( 5 5 ( 5. (10.6) 


T 
POD ~ price 


or 


= constant. 


The results of equations (10.5) and (10.6) may be summarized in the 


convenient form 
lag 32 = + log? = log 2. 
R 675 Ce ER Op? Va. 

Problem: A quantity of air at 25° C is allowed to expand adiabatically and 
reversibly from 200 atm. to 20 atm. Assuming ideal behavior, calculate the 
(approximate) final temperature. 

In this case 71 is 273 + 25 = 298° K, Pi is 200 atm., and P: is 20 atm. Since 
Cy was given above as 5.0 cal. deg.-! mole“, and assuming Cp — Cy = R, as for 
an ideal gas, Cp is 7.0 cal. deg.-! mole“!. Hence, by equation (10.6), 


T2 (200 i 
298 200 


T = 298 X ($)? = 154° K. 
The final temperature is thus 154 — 273 = — 119°C. 


The marked fall of temperature accompanying adiabatic, or approxi- 
mately adiabatic, expansion is used to some extent for cooling purposes in 
connection with the liquefaction of gases. 

10c. Pressure-Volume Relationship in Reversible Adiabatic Process.— 
By combining equations (10.5) and (10.6) so as to eliminate 71 and 72, it 
is found that 


PV? = 2252 Or P,VEriev = Pz Ver, (10.7) 
or 
PVY PVC e = constant. 
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The relationship between the pressure and volume at any instant in a re- 

versible, adiabatic process with a given mass of an ideal gas * is thus repre- 

sented by PV’ = constant, which may be compared with the constancy of 

the simple product PV for an isothermal process. Since Cy is always greater 

than Cr, the ratio Cp/Cy, i.e., y, is greater than unity; hence, the increase 

of volume for a given decrease of pressure will be 

less in an adiabatic than in an isothermal ex- 

pansion. That is to say, the plot of the pressure 

against the volume, i.e., the pressure-volume 

curve (Fig. 7), will be steeper for an adiabatic 

than for an isothermal process, starting at the 

A KS same point. The reason for the smaller volume 

increase in an adiabatic expansion is to be at- 

tributed to the accompanying fall of tempera- 

ture, as explained above, which will tend to 

diminish the volume. In the isothermal pro- 
cess, the temperature is, of course, constant. 

Volume 10d. Work of Expansion in Reversible Adia- 

oe batic Process.—The work of expansion w in an 

8 infinitesimal stage of a reversible, adiabatic pro- 

cess, i. e., Pd /, is given by equation (10.1) as 

equal to — Crd T; hence, for an appreciable process the total work of expan- 

sion W, derived from equation y 2), is 


6 


w= (Pav =- dr. 
Vi Tı 
If Cy may be taken as constant, it follows that 
W =— Cy(T: — TI) = Cy(TIi — Ta). (10.8) 


The negative sign means that work is done on the gas when T: > T,, that is, 
in an adiabatic compression. Equation (10.8) may be combined with 
equations (10.4) or (10.6), so as to eliminate Ti and Tz and obtain expressions 
for the work of expansion in terms of the volumes or pressures, respectively. 


Problem: Calculate the work of expansion in ergs when the pressure of 1 mole 
of an ideal gas at 25° C is changed adiabatically and reversibly from 1.0 atm. to 
5.0 atm. The molar heat capacities may be taken as equal to those of air. (Com- 
pare the problem in § 8b, which is for an isothermal expansion between the same 
pressure limits.) 

This problem may be solved by calculating C as in the second problem in § 10b, 
and then substituting the result in (10.8), Ti being known. Alternatively, by 
combining equation (10.6) with (10.8) it is readily found that 


W = CyT; | 1— () | l (10.9) 


* The assumption made in the integration of equation (10. 2), namely, that the heat 
capacity is independent of the temperature, should be borne in mind. 
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from which W can be derived directly by means of the available data. The 
energy unit of W will be that of the factor Cy; this is 5.0 cal. deg.~' mole, or 
5.0 X 4.18 X 107 ergs deg. 1 mole 1. In the exponent the units of R and Cy are 
immaterial as long as they are consistent; hence, R may be taken as 2.0 and Cy as 
7.0 cal. deg. t mole 1. Substituting these values in equation (10.9), with Tı = 273 
+ 25 = 298° K, Pi = 1.0 and P: = 5.0 atm., the result is 


5.0 2/7 
W = 5.0 X 4.18 X 10" x 298 | 1 - (72) l 
= 3.64 X 10” ergs mole“. 


The work required for the adiabatic process is seen to be somewhat less numerically 
than for the isothermal expansion, because of the smaller volume change. 


10e. Ratio of Heat Capacities.—The results obtained in the preceding sections 
have been applied in determining the value of y, the ratio of the heat capacities 
of a gas. In the method of F. Clément and C. B. Desormes (1812), the gas at a 
pressure greater than atmospheric is placed in a large vessel provided with a stop- 
cock and a manometer for indicating the pressure. The initial pressure Pi is 
observed, and the stopcock is opened to allow the pressure to fall to that of the 
atmosphere P:; the stopcock is then immediately closed. During the expansion, 
which is virtually adiabatic, the gas is cooled from the initial temperature 71 to 
the lower value T2, and as it warms up to its original temperature, the pressure 
rises to Pi. If Vi is the volume of 1 mole of an ideal gas at pressure Pi, and V2 
is the volume after the adiabatic expansion when the pressure is P:, then by equa- 
tion (10.7), PiV? = P: VI. When the original temperature T, is restored, after 
the adiabatic expansion, the pressure of the gas is Pi, and since 1 mole still occupies 
the volume V, because the vessel was closed after the expansion, it follows that 


PiV, = Pi Iz, (10.10) 


where the left-hand side refers to the initial state and the right-hand side to the 
final state, at the same temperature. Eliminating Vi and V2 from equations 
(10.7) and (10.10), the result is 


log Pi — log P: 
Y = jog P, — log Pl i 
From the three pressure measurements, therefore, the ratio of the heat capacities 
can be calculated. 

In a modification of the foregoing procedure (O. Lummer and E. Pringsheim, 
1891), the stopcock is allowed to remain open after the adiabatic expansion, and 
the temperatures before (Ti) and immediately after (Tz) expansion are measured 
by a sensitive thermometer. Since the corresponding pressures Pi and P3 are 
known, y can be obtained from equation (10.6) in the form 


log Pi — log P: 
Y “iog (F/ P.) — log (14/12) 
It will be recalled that equations (10.11) and (10.12) are both based on the as- 


sumption that the gas behaves ideally; for actual gases, however, the results must 
be corrected to ideal behavior by the use of a suitable equation of state. 


(10.12) 
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For an ideal gas, the value of y should be constant, but for real gases, 
other than monatomic, it varies appreciably with pressure and temperature, 
as shown by the results for air, given in Table III.* In general, the ratio 


TABLE III. VARIATION OF RATIO Cp/Cy FOR AIR WITH 
TEMPERATURE AND PRESSURE 


Temperature Pressure 
1 50 100 200 atm. 
— 79°C 1.41 1.77 2.20 2.33 
0° 1.403 1.53 1.65. 1.83 
100° 1.401 1.45 1.50 1.60 


of the heat capacities decreases with increasing temperature. As the pres- 
sure is increased y increases, passing through a maximum and then decreas- 
ing (cf. § 21d); for air at — 79° C the maximum was observed at 150 atm., 
but at 0° and 100° C it occurs at higher pressures than are given in the table. 

When actual data are not available, a useful approximate rule for ordi- 
nary temperatures and pressures, is to take y as 1.67 for monatomic gases, 
1.40 for diatomic gases, 1.30 for simple polyatomic gases, such as water, 
carbon dioxide, ammonia and methane. It may be noted that the heat 
capacity ratio for hydrogen gas increases at low temperatures toward the 
value for a monatomic gas. This matter will be explained in Chapter VI. 


11. THe JOULE-THOMSON EFFECT 


lla. Expansion Through a Throttle.—In the experiments of Joule and 
Thomson, referred to in § 9d, a gas was allowed to stream from a higher 
to a lower pressure through a tube con- 
taining a throttle,“ consisting of a porous 
plug of silk or cotton (Fig. 8). By the use 
of the throttle the expansion took place 
slowly, and the pressure on each side of the 
plug was maintained virtually constant. 
The tube was made of a material having a low heat conductance, e.g., 
boxwood, and the conditions were made as nearly adiabatic as possible. 

Suppose P is the constant pressure of the gas before passing through the 
throttle, and P: is the constant pressure after the passage; the corresponding 
temperatures are T, and 72. The volume of 1 mole of the gas at Pi and 
7', is Vi, whereas at Pz and 72 the molar volume is V2. The work done W 
by 1 mole of the gas as it streams through the plug is equal to P2V2 — Pi Vi, 
for the volume is increased by V2 at the pressure Pz while decreasing by 
the volume Vi at the pressure PI. Since the whole process is assumed to 
be adiabatic, so that Q is zero, it follows that the loss of energy from the 
system in the form of work, i.e., W, must be equal to the decrease — AE 
in the energy content, by equation (7.2). If E, and E: are the energy con- 


3 Data mainly from International Critical Tables, Vol. V, pp. 81-82. 
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tents of 1 mole of the gas in the initial and final states, i.e., before and after 
passage through the throttle, then 


— (E: Ei) = P:: Pi Vi, (11.1) 


the left-hand side representing the decrease of the energy content, and the 
right-hand side the work done. By rearrangement of equation (11.1), it is 
seen that 

Ey, + PV = Ez + Pz, (11.2) 


and since, by definition, the heat content H is equal to E + PY, it follows 
from (11.2) that Hı = He, so that in the throttled expansion process the heat 
content of the system remains constant. 

11b. The Joule-Thomson Coefficient.— As seen in § 9a, the heat content 
of a system is determined precisely by the thermodynamic state of the sys- 
tem, so that dH is a complete differential; thus, taking pressure and tem- 
perature as the variables, 


dH = (25), dP + (3) aT. (11.3) 


For a process in which the heat content is constant, equation (11.3) may be 
equated to zero, so that, inserting the subscript H to indicate constant heat 


content, 
ðH oH 


oT ðH ðH 
— = . 11.4 
. (25). „000; ( ) 
The quantity (0T/0P)x is called the Joule-Thomson coefficient, and is 
represented by the symbol Ar. r.; it is equal to the rate of change of tempera- 
ture with the pressure in a streaming process through a plug or throttle. 


According to equation (9.11), (H/T) is the heat capacity of the gas at 
constant pressure, i.e., C, so that (11.4) is equivalent to 


1 / ðH 
MIT. = z), (11.5) 


Utilizing the relationship H = E + PY, this expression takes the form 


mo == al (Se), (C72), 


and since E is a function of P, V and T, which are not independent, it follows 
from equation (4.9) that 


wn =- Af (), ( ). (2), du 
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Equation (11.6) is quite general and should apply to any gas,“ for its 
derivation is based entirely on the first law of thermodynamics without as- 
suming any specific properties of the system. However, for an ideal gas, 
(E/ V) r is zero, as seen earlier, and since PV = RT, it follows that 
[Lo PV) /o Pr is also zero; hence, since Cy is finite, it is seen from equation 
(11.6) that for an ideal gas h. r. must be zero. The Joule-Thomson coeffi- 
cient of an ideal gas should thus be zero, so that there should be no change 
of temperature when such a gas expands through a throttle. 

llc. Sign and Magnitude of the Joule-Thomson Effect. The quantity 
(oE/o V) r has the dimensions of energy/volume, which is equivalent to 
force/area and hence to pressure; it is, therefore, frequently referred to as 
the internal pressure, especially in connection with liquids. Physically, it 
may be regarded as a measure of the pressure in the interior of a fluid, i. e., 
gas or liquid, resulting from the attractions and repulsions of the molecules; 
it has, in fact, been identified approximately with the a/ V? term of the van 
der Waals equation (cf. § 20d). It is because the energy content of a real 
gas, unlike that of an ideal gas, is not independent of the volume, that it is 
necessary to introduce the d/ V, or analogous, term in the equation of state 
for the real gas. 

There are several methods for obtaining an indication of the magnitude 
of the internal pressure, and these all show that (E/ ò V) is usually positive 
for real gases. Further, since it is approximately equal to d/ V, it increases 
with increasing pressure. The factor (d V/ðP)r in equation (11.6), on the 
other hand, is always negative, since increasing pressure, at constant tem- 
perature, is invariably accompanied by a decrease of volume. It can be 
readily seen from an examination of the pressure-volume isotherm of a gas 
that the numerical value of the slope (d /o P) r is large at low pressures, and 
diminishes as the pressure is increased. Hence, it follows that the first term 
in the bracket on the right-hand side of equation (11.6) is usually negative, 
its numerical value being approximately independent of the pressure. 

Turning to the term [6(PV)/dP Jr, it is seen that this is the slope of the 
plot of PV against P, as in Fig. 2. At ordinary temperatures, this is nega- 
tive for all gases, except hydrogen and helium, at low pressures, but it be- 
comes positive at high pressures. At low and moderate pressures, therefore, 
both terms in the bracket of equation (11.6) are negative, and since the heat 
capacity Cp is always positive, it follows that the Joule-Thomson coefficient 
ur. T. Will have a positive value. In other words, since ur. r. is equal to 
( 7/o P), most gases experience a decrease of temperature as the result of 
a Joule-Thomson (throttled) expansion, at moderate and low pressures and 


* The foregoing equations are really applicable to any fluid, i.e., liquid or gas, but they 
are usually employed for gases. 

t The same conclusion may be reached directly from equation (11.4) or (11.5), since 
(oH /8P)r is zero for an ideal gas (cf., § ge). 

It may be noted that for real gases n. T. does not necessarily approach zero at very 
low 5 in spite of the fact that (E/ V) r approaches zero and PV approaches RT 
(ef. § 22a). 
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ordinary temperatures. As the gas pressure is increased, the numerical 
value of the first term in the bracket remains approximately constant; at the 
same time the second term decreases numerically, and eventually becomes 
positive. This means that the Joule-Thomson coefficient should decrease 
with increasing pressure, passing through a zero value, and finally changing 
sign. At sufficiently high pressures, therefore, a reversal of the Joule- 
Thomson effect should be observed, the coefficient ur. r. becoming negative; 
under these conditions a throttled expansion will be accompanied by an 
increase of temperature. 

At lower temperatures not only is the numerical value of [0(PV)/dP ]r 
larger at low pressures, but higher pressures must be attained before it 
changes sign. It follows, therefore, that at low pressures the Joule-Thomson 
coefficient i. r. should increase as the temperature is diminished, and higher 
pressures will be required before a reversal occurs. The temperature at 
which the Joule-Thomson effect changes sign, at a given pressure, is called 
the inversion temperature; at this temperature uri. r. is, of course, zero. 
From what has just been stated, the inversion temperature for any gas should 
increase with the pressure. 

The foregoing conclusions, derived from the purely thermodynamic 
equation (11.6) in conjunction with experimental data on the compressi- 
bility of gases, are in complete agreement with direct observations of the 
Joule-Thomson effect, as may be seen from the data for nitrogen recorded 
in Table IV.“ At 200 atm. pressure, there is evidently an inversion tem- 


TABLE IV. JOULE-THOMSON COEFFICIENT FOR NITROGEN IN DEG. ATM. 1 


Temperature Pressure 
1 20 60 100 200 atm. 

200° C 0.0540 0.0460 0.0365 0.0260 0.0075 
100° 0.125 0.114 0.0955 0.0760 0.0415 

50° 0.179 0.166 0.141 0.115 0.066 

25° 0.214 0.200 0.169 0.138 0.078 

0° 0.257 0.242 0.204 0.166 0.090 

— 50° 0.384 0.362 0.299 0.231 0.094 

— 100° 0.628 0.578 0.443 0.281 0.062 
— 150° 1.225 1.097 0.062 0.0215 — 0.0255 


perature between — 100° and — 150° C, actually about — 126° C, but it de- 
creases with decreasing pressure. It will be observed, especially at the 
higher pressures, that the value of the Joule-Thomson coefficient passes 
through a maximum as the temperature is changed. A high-temperature 
inversion point, e.g., just above 200° C at 200 atm., is thus to be expected; 
such inversion points have actually been observed. This subject will be 
considered more fully from another standpoint in & 22b. 


4Roebuck and Osterberg, Phys. Rev., 48, 450 (1935); for other determinations of the 
Joule-Thomson effect see Roebuck, et al., Proc. Am. Acad. Arts Sci., 60, 537 (1925); 64, 287 
(1930); Phys. Rev., 43, 60 (1933); 45, 322 (1934); 46, 785 (1934); 55, 240 (1939); J. Chem. 
Phys.. 8, 627 (1940); J Am Chem. Sac., 64, 400 (1942); Sage, Lacey, et al., Ind. Eng. Chem., 
28, 601, 718 (1936); 31, 369 (1939). 
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For hydrogen and helium the value of PV increases with pressure at all 
pressures, at ordinary temperatures; thus, [0(PV)/dP |r is positive at all 
pressures, and consequently the Joule-Thomson coefficient is negative under 
these conditions. This means that the (upper) inversion temperature for 
hydrogen and helium is below the ordinary atmospheric temperature at all 
pressures. The difference in behavior exhibited by these gases, as compared 
with that of other gases at normal temperatures, can thus be accounted for. 
At sufficiently low temperatures, hydrogen and helium behave like other 
gases, having a positive value for the Joule-Thomson coefficient at moderate 
and low pressures; it decreases and eventually changes sign as the pressure 
is increased. 


11d. Cooling by the Joule-Thomson Effect.—The fall of temperature that 
occurs when a gas undergoes throttled expansion, at suitable temperatures and 
pressures, has been utilized in the industrial liquefaction of gases. As seen above, 
the Joule-Thomson coefficient has the largest positive values, and hence the cooling 
accompanying the expansion will be most marked, at low temperatures, and pre- 
ferably at low pressures. In order to obtain the maximum efficiency, therefore, 
the temperature of the gas to be liquefied is first reduced either by the performance 
of work in a gas engine, where it undergoes something approaching adiabatic 
expansion (§ 10d), or by utilizing the cooling effect of another portion of the gas 
which has been passed through a throttle. 

Because of the variation of the Joule-Thomson coefficient with both tempera- 
ture and pressure it is not easy to calculate the change of temperature resulting 
from a given throttled expansion, even when such data as in Table IV are available. 
This can be done, however, by a series of approximations. By estimating a rough 
average for the Joule-Thomson coefficient, some indication of the fall of tempera- 
ture can be obtained. 


Problem: Estimate the final temperature accompanying the throttled expan- 
sion of nitrogen, initially at 25° C, from 200 atm. to 1 atm. pressure. 


An examination of Table IV shows that at 25° C, the mean value of nh. r. in 
the range from 200 atm. to 1 atm. is about 0.14° atm. 1, so that the decrease of 
pressure by 199 (approx. 200 atm.) means a fall of temperature of 28°. As a first 
approximation, therefore, the final temperature is seen to be ~ 3.0 C. It is now 
possible to estimate a more accurate value of h. r. in the pressure range of 200 
atm. to 1 atm. and temperatures of 25° to — 3.0 C. This is seen to be about 
0.155° atm.~, so that the fall of temperature is 31°, leading to a final temperature 
of — 6° C. 


lle. Effect of Pressure on Heat Capacity.—Since Cp is equal to (0H/dT)p, 
it follows that the variation of the heat capacity with pressure, at constant 


temperature, is given by 
( = ait (11.7) 
T 


aP ðTƏP a 


The heat content of a simple system is a single-valued function of the thermo- 
dynamic state, e.g., of the temperature and pressure, and hence the order of 
differentiation on the right-hand side of equation (11.7) is immaterial. Utilizing 
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equation (11.5), therefore, it follows that 


(E = 37 (25) 0. 1. Cr) 
P57 (55 / le 57 |p 
oe OCE 9 2. T. 
= — ug. r. ( 57 Cr 0 57 ) (11.8) 


giving a relationship for the variation of heat capacity with pressure which is 
applicable to all fluids. For an ideal gas uhr. r. and (Ouy.r./0T) p are both zero, so 
that the heat capacity does not vary with pressure; this conclusion is in agreement 
with that reached in § 9e. 

From data on the variation of the Joule-Thomson coefficient and heat capacity 
with temperature it is thus possible to determine the variation of the heat capacity 
of a fluid with pressure. This procedure has been utilized in certain instances. 


Problem: From the data in Tables II and IV estimate the variation of the 
molar heat capacity of nitrogen with pressure, at ordinary temperatures and 
pressures. 


From Table II, for nitrogen 
Cp = 6.45 + 1.41 X 10-97 — 0.81 X 10777? cal. deg.-! mole™, 
(Sr) 
OT jr 
At about 300° K, therefore, 
Cp 


1.41 X 10°? — 2 X 0.81 X 10 cal. deg.-? mole. 


6.87 cal. deg. 1 mole“, 
OC'p z = 
eDi = 1.36 X 10 cal. deg. ~> mole. 
OT jp 


From Table IV, AI. r. at ordinary temperatures and pressures is seen to be 
about 0.21° atm. —1 and (ðus.r./ðT)p is approximately — 1.5 X 10 atm. 1; if 
these results are inserted into equation (11.8), it is seen that 


( = — 0.21 X 1.36 & 10 + 6.87 X 1.5 X 1073 
T 


= 1.0 X 107? cal. deg. mole atm. 1. 


The heat capacity of nitrogen should thus increase by approximately 1.0 X 107? 
cal. deg. 1 mole for an increase of 1 atm. in the pressure, at ordinary temperatures 
and pressures. 


The subject of the influence of pressure on heat capacity will be con- 
sidered from another thermodynamic point of view in § 21d. 


EXERCISES 


1. Give the complete derivation of equation (9.18). 

2. By combining equations (10.5) and (10.8) derive an expression for the work 
of reversible, adiabatic expansion of an ideal gas in terms of the initial and final 
volumes. Determine the work done in liter-atm. when 1 mole of a diatomic gas 
at 0° C expands from 10 ml. to 1 liter. 
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3. Determine the values of AH and AE in calories when 1 mole of liquid water 
2 heated from 25° to 100° Cat 1 atm. pressure. The mean heat capacity of water 
may be taken as 1.001 cal. deg.~! g. 1 and the mean coefficient of cubical expansion 
as 4.0 X 10 deg.—'; the density of water at 25° C is 0.9971 g. ec. 1. 

4. Calculate the molar heat capacity at 1 atm. pressure of nitrogen at 0°, 500° 
and 1000 C. Compare the results with the mean heat capacity in the range 
from 0° to 1000° C. 

5. Evaluate the amount of heat in ergs which must be supplied to an ideal gas 
in the isothermal, reversible expansion from a pressure of 1.00 atm. to 25.0 atm. 
at 25° C. 

6. How much heat, in calories, must be supplied to 100 g. of carbon dioxide in 
order to raise the temperature from 27° C to 727° C at 1 atm. pressure? 

7. In the treatment of adiabatic processes in the text, the heat capacity has 
been assumed to be independent of temperature. How could allowance be made 
for the variation of Cp with temperature in equation (10.6)? (The gas may be 
assumed to be ideal in other respects.) Use this method to estimate the work done, 
in calories, and the final temperature in the reversible, adiabatic compression of 1 
mole of oxygen from 10 liters to 1 liter, the initial temperature being 25° C. What 
would be the result if E p were taken as having the constant (mean) value of 7 cal. 
deg. 1 mole~? 

8. A diatomic gas is to be compressed adiabatically from 1 atm. to 25 atm., 
the initial temperature being 25° C. The compression may be carried out in one 
stage or it may be performed in two stages, from 1 atm. to 5 atm., and then from 
5 atm. to 25 atm., the gas being allowed to regain its original temperature between 
the two stages. Which process can be carried out with the smaller expenditure 
of energy? 

9. When a gas is compressed adiabatically t6 half its initial volume, its tem- 
perature is observed to increase from 25° to 200° C. Estimate the (approximate) 
mean molar heat capacity of the gas at constant pressure. 

10. Compare the values of AH and AE for the vaporization of 1 mole of water 
at 100° C and 1 atm. pressure. The heat of vaporization of water is 539 cal. g.—1 
at the normal boiling point; the specific volume of the vapor is then 1675 cc. g.—}, 
and that of the liquid is approximately unity. Suggest why the value of AF in 
this case is sometimes called the internal heat of vaporization.” , 

11. Assuming (OE/0V)r for a van der Waals gas to be equal to a/V?, show 
that the increase of the energy content in the isothermal expansion of 1 mole of 
the gas, under such conditions that no work is done, is given by 


Correlate this result with the analogous term in the expression for W in Exercise 8, 
Chapter III. 

12. Calculate the (approximate) increase of internal energy in calories when 
1 mole of carbon dioxide is expanded isothermally from 1 liter to 10 liters, assuming 
van der Waals behavior. 

13. With the aid of equation (9.16) and the result derived in Exercise 11, show 
qualitatively that the value of Cp — Cy for a gas such as nitrogen should pass 
through a maximum as the pressure is increased (cf. § 21a). (Note from Fig. 2 
that (3 V/ðT)pr is larger at low pressures and smaller at higher pressures than for 
an ideal gas.) 
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14. If a is independent of temperature, show that Cy for a van der Waals gas 
should be independent of the pressure (or volume) at constant temperature, and 
that both Cy and C'p/Cy should pass through a maximum with increasing pressure, 
as in Table III (ef. § 21e). Use the results of Exercises 11 and 13. 

15. Combine equations (9.18) and (11.5) to derive an expression for Cp — Cy 
at the Joule-Thomson inversion point. What is the value for a van der Waals gas? 

16. By utilizing a relationship of the form of equation (4.9), together with the 
result of Exercise 11, and the van der Waals equation in the low-pressure form 
obtained in Exercise 7, Chapter II, show that 


. oy) 3 
(5) Rr and E . b- RT 


By introducing H = E + PV, show that 


and hence derive the result 
2147722 5 
K.T. NET 


for the Joule-Thomson coefficient of a van der Waals gas at moderate pressures 
(ef. § 22a). Show that for a real gas, the Joule- Thomson coefficient is not neces- 


sarily zero even at zero pressure. 
17. The variation of the Joule- Thomson coefficient of air with the absolute 


temperature T at 1 atm. pressure is given by 


138.3 319.0 
J. T7. — 0.1975 + 7 * 72 


CHoxton, Phys. Rev., 13, 438 (1919) J. The dependence of Cy on temperature at 
1 atm. is given approximately by 


Cp = 6.50 + 0.00107 cal. deg. 1 mole. 


Determine the rate of change of Cp for air with pressure in cal. deg. “ atm. 1 mole 
in the region of 27° C and 1 atm. pressure. 

18. At 25° C, the variation of Cp for carbon dioxide with pressure is repre- 
sented by 


deg. atm.~! 


Cp = 8.90 + 0.0343P + 0.0123 P“, 


with P in atm., and the variation with temperature, at 1 atm. pressure, is given 


(approximately) by 
Cp = 6.80 + 0.0072T. 


In the vicinity of 1 atm. pressure, the Joule-Thomson coefficient of the gas is 1.08° 
atm. 1. Determine the rate of change of uh. T. with temperature at ordinary pres- 
sures. (The experimental value is about — 0.010 atm.~). 

19. Show that for a van der Waals gas (dE/ V) r is proportional to P? (cf. 
Exercise 11), and (0V/0P)r is approximately proportional to 1/P?, at not too 
high pressures; hence, justify the statement in § 11c that the first term in the 
bracket on the right-hand side of equation (11.6) is approximately independent 
of pressure. 


CHAPTER V 
THERMOCHEMISTRY 


12. Heat CHANGES IN CHEMICAL REACTIONS 


12a. Heat of Reaction.—The science of thermochemistry is concerned 
with the heat changes associated with chemical reactions; in other words, it 
deals essentially with the conversion of chemical energy into heat energy, 
and vice versa. Thermochemistry is, therefore, to be regarded as a branch 
of thermodynamics, especially since, as will be seen shortly, the subject is 
based largely on the firstlaw. Further, the data obtained in thermochemical 
studies are utilized in the evaluation of properties of thermodynamic interest. 

The heat change associated with a chemical reaction, like that for any 
other process, is an indefinite quantity depending on the path taken. How- 
ever, as seen in § 9a, if the process is carried out at constant pressure or 
constant volume, the heat change has a definite value, determined only by 
the initial and final states of the system. It is for this reason that heat 
changes of chemical reactions are measured under constant pressure or con- 
stant volume conditions; processes involving liquids and gases are usually 
studied at constant (atmospheric) pressure, whereas combustion reactions 
are carried out at constant volume, e.g., in an explosion bomb. For the 
purpose of recording and tabulating the results, the data are quoted directly 
as, or are converted into, those for constant pressure, generally 1 atm. Al- 
though the reactants and products of a chemical reaction might well be at 
different temperatures, the situation is considerably simplified by determin- 
ing heat changes for the condition in which all the substances concerned are 
at the same temperature. This practice is invariably adopted in making 
thermochemical measurements. 

Since Qp, the heat absorbed in any process at constant pressure, is equal 
to AH, the increase of heat content at constant pressure (§ 9a), the heat 
change accompanying a chemical reaction under these conditions is equal to 
the difference between the total heat content of the products and that of 
the reactants, at constant temperature and pressure. This is the quantity 
usually referred to as the heat of reaction; thus, 


Heat of reaction = Heat content of products — Heat content of reactants, 


or 

Qr = AHp = LH (products) — LH (reactants), (12.1) 

where the H, i.e., heat content, values all refer to a specified temperature, 

e.g., 25° C, and pressure, e.g., l atm. The summation signs imply that the 

total heat contents, allowing for the different numbers of molecules that 
68 
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may be involved, of all the products or of all the reactants, respectively, are 
to be included. It may be remarked that in evaluating the heat of reaction 
it is assumed that the reactants are completely converted into the products. 
In other words, it is postulated that the reaction, as represented by the 
appropriate chemical equation, proceeds to completion. If this condition 
is not realized experimentally, the observed heat change is adjusted so as 
to give the result that would have been obtained for the complete reaction. 

12b. Symbols and Units.—The heat change accompanying a reaction, 
for example, that between solid carbon (graphite) and hydrogen gas to form 
liquid benzene, is represented in the form of a thermochemical equation, viz., 


6C(s) + 3H2(g) = Ce Hs (0), AH zes. 16 = 11.7 kcal., 


where the symbols g, l and s indicate gaseous, liquid and solid state, respec- 
tively. It is the common practice in thermochemical work to express heat 
changes in kilocalories, abbreviated to kcal., where 1 kcal. = 1000 cal., 
because the statement of the result in calories would suggest a greater degree 
of accuracy than has actually been attained. The equation given above 
implies that the formation of 1 mole of liquid benzene from 6 gram-atoms of 
solid carbon (graphite) and 3 moles of hydrogen gas results in the absorption 
of 11.7 kcal., i. e., about 11,700 cal., at 25° C or 298.16° K, and 1 atm. pres- 
sure. The heat content of 1 mole of liquid benzene is thus 11.7 kcal. greater 
than that of the carbon (solid) and hydrogen (gas) of which it may be re- 
garded as composed; that is, 


AH = H(CeHe, D — [H(6C, s) + H (3H, g) J = 11.7 kcal. at 25° C. 


It may be noted, in general, that if the heat content of the products exceeds 
that of the reactants, i.e., AH is positive, the reaction is accompanied by an 
absorption of heat. On the other hand, if the reverse is the case, so that 
AH is negative, heat is evolved when the reaction takes place. 

If all gases behaved ideally, the value of AH would be independent of 
the pressure (& 9e), but as this is not the case it is necessary, strictly speak- 
ing, to specify the pressure in connection with any reaction involving gases. 
Unless otherwise stated, the pressure is usually 1 atm., although for certain 
purposes it is desirable to express the data for the condition in which the gas 
behaves ideally, 1.e., at very low pressures. In the great majority of cases, 
however, the difference between the observed value of AH at 1 atm. pressure 
and that corrected for departure of the gases from ideal behavior is consider- 
ably less than the experimental error, and so may be ignored (cf. § 20e). 

For a reaction taking place in solution, it 1s necessary to specify the con- 
centrations of the various reactants and products. If the solutions are so 
dilute that the addition of further solvent, e.g., water, results in no appre- 
ciable change in the heat of reaction, i.e., the heat of dilution is zero, the 
symbol ag is employed; thus, 


HCl(aq) + NaOH (ag) = NaCl(aq) + H:O, AHs = — 13.50 kcal., 
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for the reaction between hydrochloric acid and sodium hydroxide in dilute 
aqueous solution. The subjects of heat of solution and heat of dilution will 
be treated below (see also Chapter XVIII). 
12c. Heat Changes at Constant Pressure and Constant Volume.—The 
heat change Qr at constant volume is equal to AE the increase of the energy 
content at constant volume (§ 9a). For a reaction involving ideal, or ap- 
proximately ideal, gases, AE would be independent of the volume, at con- 
stant temperature; for such a reaction, therefore, it is possible to identify 
Qy with AE at the given temperature, without specifying constant volume 
conditions for the latter. Although this is strictly true only if the gases 
involved are ideal, it can be taken as being approximately true for all reac- 
tions The change in the energy content due exclusively to a volume change, 
apart from the work of expansion, is invariably so small, particularly in 
comparison with the values of AE involved in chemical reactions, that it may 
be ignored. It will be assumed, therefore, that the value of AE, which is 
equal to Qy, depends only on the temperature, and not on the actual volume 
or pressure. Bearing in mind these arguments, equation (9.3) can be 
written as 
2 P ~ AE + PAV 
= Qy + PAY, (12.2) 


which gives the relationship between the heat changes of a reaction at con- 
stant pressure and constant volume. The difference between these quanti- 
ties is thus equal to PAV, which is the work of expansion when the process 
is carried out at constant pressure. 

For a reaction in which gases take part, the volume change AV may be 
appreciable, and its value can be determined with sufficient accuracy by 
assuming ideal behavior of the gases concerned. If nı is the number of 
moles of gaseous reactants, and nz is the number of moles of gaseous products 
of the reaction, the process is accompanied by an increase of nz — ny = An 
moles of gas. If V is the volume of 1 mole of any (ideal) gas at the experi- 
mental temperature and pressure, then the increase of volume AV in the 
reaction will be equal to VAn. For ideal gases, PV is equal to RT, so that 


PAV = PVAn = RTAn, 
and substitution in equation (12.2) gives 
Qr = Qy + RTAn. (12.3) 


From this expression the value of the heat of reaction at constant pressure 
can be calculated if that at constant volume is known, or vice versa. An 
important use of equation (12.3) is in the determination of the AH values 
for combustion reactions, since ihe actual thermochemical measurements are 
made in an explosion bomb” at constant volume. 

If the reaction involves solids and liquids only, and no gases, the volume 
change AY is usually so small that the PAV term in (12.2) may be neglected. 
In cases of this kind the heats of reaction at constant pressure and constant 
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volume may be taken as identical, within the limits of experimental error. 
Since the volume changes due to solids and liquids are negligible, the value 
of AV for a reaction, in which gases as well as solids or liquids take part, 
applies to the gases only. The factor An in equation (12.3) then refers to 
the gaseous molecules only. For any reaction in which the same total number 
of gaseous molecules occurs on both sides cf the chemical equation An is zero, 
and hence Qp and Qy are equal. 


Problem: When 1 mole of solid naphthalene was burnt in oxygen gas to yield 
carbon dioxide gas at constant volume, at 25° C, the heat absorbed (Qy) was found 
to be — 1,227.0 kcal. Calculate AH for this reaction, assuming it to be independ- 
ent of pressure. 


The reaction is 
CioHs(s) + 1202(g) = 10CO2(g) + 4H 2:00, 


so that the number of molecules of gaseous reactants (ui) is 12, and the number of 
molecules of gaseous products (n2) is 10; hence, An = nz — nı = — 2. The tem- 
perature is 25° C, i.e., 298° K, and R may be taken as 2 cal. or 2 X 10 kcal. 
deg. 1 mole; hence, by equation (12.3), 


Qp = — 1,227.0 + (2 X 1078 X 298 X — 2) 
= — 1,227.0 — 1.2 =— 1,228.2 kcal. 


The value of AH for the reaction may thus be taken as — 1,228.2 kcal. at 25° C. 


12d. Thermochemical Laws.—Two important laws of thermochemistry 
are based on the principle of conservation of energy. According to A. L. 
Lavoisier and P. S. Laplace (1780), the quantity of heat which must be supplied 
to decompose a compound into its elements is equal to the heat evolved when the 
compound is formed from its elements. This experimental result is, of course, 
in direct agreement with the first law of thermodynamics, for otherwise it 
would be possible to create heat energy by making a compound from its 
elements, and then decomposing it, or vice versa. The law of Lavoisier and 
Laplace may be extended into the general form that the heat change accom- 
panzing a chemical reaction in one direction is exactly equal in magnitude, but 
oppoeite in sign, to that associated with the same reaction in the reverse direction. 
This conclusion follows directly from the fact, derived from the first law of 
thermodynamics, that the heat content of a substance, or system, has a 
definite value at a given temperature and pressure (§ 9a). The total heat 
content of the reacting substances must, therefore, differ from that of the 
products by a precise amount; there is thus a definite increase AH in one 
direction, and a numerically equal decrease — AH in the opposite direction 
of the chemical reaction [cf. equation (12.1) J. As a consequence of the 
foregoing conclusion, thermochemical equations can be reversed, provided 
the sign of AH is changed; thus, 


CHi,(g) + 202(9) = CO:(g) + 2H,0(0), AH zds = 212.80 kcal. 
COz (9) + 2H:0() = CHi(g) + 20209), AHzes = 212.80 kcal. 
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Another important law of thermochemistry was discovered empirically 
by G. H. Hess (1840); it is known as the law of constant heat summation. 
This law states that the resultant heat change, at constant pressure or constant 
volume, in a given chemical reaction is the same whether it takes place in one 
or in several stages. This means that the net heat of reaction depends only 
on the initial and final states, and not on the intermediate states through 
which the system may have passed. The law of Hess thus also follows from 
the first law of thermodynamics for, as already seen, it lcads to the conclusion 
that AH (or AE) depends only on the initial and final states of the system 
and is independent of the path connecting them. One result of Hess’s law 
is that thermochemical equations can be added and subtracted, just like algebraic 
equations. The physical significance of these operations is that the heat 
contents of the various elements and compounds concerned are definite 
(extensive) quantities, and the addition or removal of a substance (or sub- 
stances) from a system means that the heat content is increased or decreased, 
respectively, by a specific amount (or amounts). A useful practical applica- 
tion of this result is in the calculation of heat changes for reactions which 
cannot be studied directly. 


Problem: Given the following heats of reaction at 25° C: 


G) C. H. (o) + 302(g) = 2CO.(g) + 2H20(), AH = — 337.3 kcal. 
(ii) H2(g) + 302(9) = H20(D), AH =— 68.3 
(iii) C2H«(g) + 31020) = 2CO.(g) + 3H. O00), AH = 372.8 


determine the heat change of the reaction C2H4(g) + H2(g) = C2He(g) at 25° C. 


The required result can be obtained very simply by adding (i) and (ii) and 
subtracting (iii), so that 


CzH (g) + H2(g) = CeH.(g), AH 208 = — 32.8 kcal. 


12e. Heat of Formation.—The heat of formation of a compound is the 
increase of heat content AH when 1 mole of the substance is formed from tts 
elements at a given temperature and pressure. The value of AH depends on 
the physical state and condition of the substances involved (ef. § 12i), and 
so it is generally postulated that the elements are in their so-called standard 
states. For liquids and solids, the standard states are usually taken as the 
stable forms at the atmospheric temperature and a pressure of 1 atm. For 
gases, the standard state is chosen as 1 atm., although in certain cases the 
ideal gas is postulated; as indicated earlier, the difference between these two 
states does not have any considerable effect on the AH value. Where ac- 
curate thermochemical data are available, however, the distinction between 
the two states is significant (§ 20e). When all the substances concerned in a 
reaction are in their respective standard states, the change of heat content 
is indicated by the symbol AH. 

As an example of the standard heat of formation, reference may be made 
to the reaction 


C(s) + O2(g) = CO2(g), © AHSos = — 94.05 kcal. 
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Here the carbon is in the form of graphite, for this is the stable form, i.e., 
the standard state, at 25° C and 1 atm. ; the gases, oxygen and carbon dioxide, 
are both at 1 atm. pressure. The standard heat of formation of carbon 
dioxide at 25° C is then said to be — 94.05 kcal. mole. The heat content 
of 1 mole of carbon dioxide is thus less than that of 1 g. atom of graphite 
and 1 mole of oxygen by 94.05 kcal. at a temperature of 25° C and a pressure 
of 1 atm. 

The standard heats of formation of a number of compounds at 25° C 
are recorded in Table V. 


TABLE V.“ STANDARD HEATS OF FORMATION AT 25°C IN KCAL. PER MOLE 


Inorganic Compounds 


Substance AH Substance AH Substance AH 
HF(g) — 64.5 N.O(g) 19.7 HgO(s) — 21.6 
HCl(g) — 22.06 NO(g) 21.6 FeO(s) — 64.3 
HBr(g) — 8.6 NO2(g) 8.0 FezO;(s) — 195 
HI(g) 5.9 H.SO, (C) — 194 Al.0;3(s) — 380 
H:O ()) — 68.32 HNO; (“) — 42 NaCl(s) — 98.3 
HS(g) — 5.3 Na20(s) — 99 KC\(s) — 104.3 
NH, () — 11.03 K 0 (s) — 86 AgCl(s) — 30.3 
80.(g) — 70.9 NaOH (s) — 102 HgazClz(s) — 62 
80.00) — 94.4 KOH (s) — 102 NazS0. (s) — 330 
CO (g) — 26.42 CuO(s) — 38.5 K-2S0,(s) — 343 
CO:(g) — 94.05 Ag:0(s) — 7.0 PbSO,(s) — 219 

Organic Compounds 
Substance AH Substance AH 

Methane (g), CH. — 17.89 Methanol (g), CH;0H — 48.1 

Ethane (g), C zH. — 20.24 Methanol (1), CH;0H — 57.0 

Propane (g), CsHs — 24.82 Ethanol (g), C-H;OH — 56.3 

Ethylene (g), CzH. 12.56 Ethanol (I) C.H;OH — 66.4 

Propylene (g), CH. 4.96 Phenol (s), CeH;OH — 38.4 

Acetylene (g), CzHz 54.23 Aniline (C0), CeHsNH 2 7.3 

Benzene (I), CeHe 11.7 Urea (s), COCN He): — 79.4 

Cyclohexane (1), CeH iz — 14.8 Benzoic acid (s), CeH;COOH — 93.2 

Naphthalene (s), CioHs 14.4 Sucrose (s), Cı2H 22011 — 533.4 


* For further data, sce Table 5 at end of book. 


12f. Heat Content and Heat of Formation.—There is a useful conncction 
between the heat of a reaction, in general, and the heats of formation of the 
compounds involved. It will be evident that in thermochemical studies no 


1 Data mainly adapted from F. R. Bichowsky and F. D. Rossini, The Thermochemis- 
try of the Chemical Substances,” 1936; Landolt-Börnstein, Physikalisch-Chemische Ta- 
bellen, 1923-1936; see also, Thacker, Folkins and Miller, Ind. Eng. Chem., 33, 584 (1941); 
Wagman, Kilpatrick, Taylor, Pitzer and Rossini, J. Hes. Nat. Bur. Stand., 34, 143 (1945); 
Prosen and Rossini, ibid., 34, 263 (1945); Prosen, Pitzer and Rossini, ibid., 34, 403 (1945); 
Wagman, Kilpatrick, Pitzer and Rossini, ibid., 35, 467 (1945); Kilpatrick, Prosen, Pitzer 
and Nossini, ibid., 36, 559 (1946). For reviews of experimental methods, etc., see Rossini, 
Chem. Rev., 18, 233 (1936), 27, 1 (1940); Roth, Z. Elek., 38, 94 (1932); 45, 335 (1939). 
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information is obtained concerning the actual or absolute heat contents of 
substances, but only with regard to the differences of their heat contents. 
For this reason it is permissible to choose any arbitrary scale of reference 
for heat content; that is, a zero of heat content may be chosen by convention, 
just as the zero of the centigrade temperature scale is arbitrarily chosen as 
the ice point. Differences of temperature are the same, irrespective of 
whether the actual temperatures are recorded on the absolute or centigrade 
scales, provided they are expressed in the same units. A similar situation 
exists in connection with the heat content; the AH value will be the same, 
irrespective of whether the heat contents H are expressed on an absolute 
scale or an arbitrary, conventional scale. The convention usually employed 
in thermochemistry is arbitrarily to take the heat contents of all elements as 
zero in their standard states at all temperatures. The heat of formation of 
a compound is the difference between the heat content of the compound and 
that of its elements, and since the latter are taken as zero, by convention, 
it follows that on the basis of this convention the heat content of a compound 
is equal to its heat of formation. 

Utilizing the heat contents derived in this manner, the standard heat 
change of a reaction can be readily calculated from the known standard 
heat contents, i.e., the standard heats of formation, of the substances con- 
cerned. Consider, for example, the reaction, at 25° C, 


CH. (9) + 20.(g) = CO.(g) + 2H.0()), 
— 17.89 0 — 94.05 — 2 X 68.32 


and writing the standard heat of formation at 25° C of each species below 
the formula, it is seen that the total heat content of the products is — 94.05 
+ (— 2 X 68.32) whereas that of the reactants is — 17.89 +0. The 
standard increase AH’ of heat content in the reaction is thus given by the 
difference of these two quantities, viz., 


AH = [— 94.05 — (2 X 68.32) ] — (— 17.89 + 0) = — 212.80 kcal. 


Instead of using the heats of formation to calculate the heat of reaction, 
the procedure may be reversed, and the heat of formation of a compound 
derived from the heat of reaction, provided the heats of formation of all the 
other substances involved are known. 


Problem: From the result of the problem in § 12c, determine the heat of forma- 
tion of 1 mole of solid naphthalene from graphite and hydrogen gas at 1 atm. 
pressure at 25° C. 


In this case, 


CioHs(8) + 120:(g9) = 10CO.(g) + 4H.0()), AH% = 1, 228.2 Kcal., 
£ 0 — 10 X 94.05 — 4 & 68.32 


* For certain problems dealing with changes of a physical nature, which are based on 
variations of the heat content of a system with temperature, the convention is to take the 
heat content of the system, element or compound, to be zero at 0° C. 
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the standard heat of formation of each species being written below its formula, 
x being that of the naphthalene, which is required. Since AH’ is — 1, 228.2 kcal., 
it follows that 


— 1228.2 = [— (10 X 94.05) — (4 X 68.32) ] — (xz + 0), 
z = 14.4 kcal. 


The standard heat of formation AH’ of naphthalene at 25° C is thus 14.4 kcal. 
(The result is not particularly accurate in this instance, because it represents the 
difference between two large numbers.) 


12g. Heat of Combustion. — Organic compounds containing carbon and 
hydrogen alone, or together with oxygen, can be burnt in oxygen gas to yield 
carbon dioxide and (liquid) water as the sole products. The heat change 
accompanying the complete combustion of 1 mole of a compound, at a given 
temperature and 1 atm. pressure, is called the heat of combustion. From 
the data in the preceding section, it is seen, for example, that the heat of 
combustion of methane at 25° C is — 212.80 kcal. The heats of combustion 
of solids and liquids are usually measured at constant volume in a bomb 
calorimeter”; the results can then be used to calculate AH, as explained 
above. The standard heats of combustion of a number of familiar organic 
compounds are given in Table VI.? The data may be used to calculate 


TABLE VI. HEATS OF COMBUSTION AT 25°C IN KCAL. PER MOLE 


Substance AH Substance AH 
Methane (g), CH, — 212.8 Benzene (l), CeHe — 781.0 
Ethane (g), CoH. — 372.8 Toluene (1), CHs — 934.5 
Propane (g), C:Hs — 530.6 Xylene (l), CsH 10 — 1,088 
n-Butane (g), C. Hi — 688.0 Benzoic acid (s), CeHs;COOH — 771.4 
n-Pentane (l), CsHi2 — 838.7 Phenol (s), CeHsOH — 732.0 
n-Hexane (l), CHI. — 995.0 Naphthalene (s), CioFs — 1,228.2 
Ethylene (g), C.H, — 337.3 Sucrose (s), Ci2H 22011 — 1,348.9 
1,3-Butadiene (g), C. Hs — 607.9 Urea (s), CO(NHa2): — 151.5 
Methanol (1), CH;0H — 173.6 Ethyl acetate (1), CH; COOC: H; — 538.0 
Ethanol (J), Cz HOH — 326.7 Aniline (I), Ce HeNH: — 811.9 


heats of reaction and of formation which cannot be determined directly. 
Examples of such calculations are provided by the problems in §§ 12d, 12f. 

12h. Heat of Hydrogenation.—The change of heat content accompany- 
ing the hydrogenation of 1 mole of an unsaturated compound has been de- 
termined in a number of instances. The results are of interest for certain 
theoretical purposes, but they can also be utilized for the derivation of heats 
of formation and heats of combustion. 


Problem: The standard heat of hydrogenation of gaseous propylene to propane 
is — 29.6 kcal., and the heat of combustion of propane is — 530.6 kcal. at 25° C. 
(Unless otherwise stated, constant pressure is to be understood.) Utilizing the 


3 See ref. 1, also Rossini, Ind. Eng. Chem., 29, 1424 (1937); Prosen and Rossini, J. Res. 
Nat. Bur. Stand., 27, 289 (1941); 33, 255 (1944); 36, 269 (1946); Prosen, Johnson and 
Rossini, ibid., 35, 141 (1945); 36, 455, 463 (1946). 
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known heats of formation of carbon dioxide (— 94.0 kcal.) and of liquid water 
( 68.3 kcal.), determine the heat of combustion and the standard heat of forma- 
tion of propylene. 

The data are as follows: 


(i) CsHe(g) + Ha(g) = CsHa(g), AH’ =— 29.6 kea 
(ii) CsHs(g) + 502(g) = 3CO2(g) + 4H:O (ö)), AH = — 530.6 
(iii) C(s) + O2(g) = COn(g), AH’ =— 94.0 
(iv) H2(g) + 402(9) = H:000, : AH’ =— 68.3 


To obtain the standard heat of formation of propylene, add equations (i) and (ii), 
and then subtract the sum from three times equation (iii) and four times (iv); 
the result is 

3C(s) + 3H2(g) = C3H.(g), AH’ = 5.0 kcal. 


The heat of combustion can either be obtained from this result by reversing it and 
adding three times equations (iii) and (iv), or it may be derived by utilizing (i), 
(ii) and (iv); in any event, it is found that 


C3He(g) + 4902(g) = 3CO2(9) + 3H20()), AH® = - 491.9 kcal. 


12i. Phase Changes.—A phase change, such as vaporization of a liquid, 
fusion or sublimation of a solid, and transition from one crystalline modifica- 
tion to another, is invariably associated with a change of heat content. 
Such heat changes are often referred to as the “latent heat’’ of vaporization, 
fusion, etc., although the tendency at the present time is toward the omission 
of the term latent.“ These quantities represent the difference in the heat 
contents of 1 gram, or 1 mole, of the two phases under consideration at the 
temperature and pressure at which the phase change takes place. Thus, 
the heat content of 1 gram of steam (water vapor) is 539.4 cal. greater than 
that of the same weight of liquid water at 100° C and 1 atm. pressure. The 
heat of vaporization of water at 100° C is thus 539.4 cal. g. and this quan- 
tity of heat must be supplied to 1 g. of liquid water at 100° C to convert it 
into vapor at the same temperature and 1 atm. pressure. Like other heat 
changes, latent heats of various types vary with the temperature; thus at 
25° C, the heat of vaporization of water is 583.6 cal. g.—!, the pressure being 
23.76 mm., or 0.0313 atm. Molar heats of vaporization and fusion are 
frequently employed in thermodynamics, and these are the changes of heat 
content associated with the vaporization or fusion of 1 mole of the substance 
under consideration, at the given temperature and pressure. The results 
may be expressed in the form of equations similar to the thermochemical 
equations represented above; thus, 


HzO (Ss) = H.O()), AHza = 1.438 kcal. 
HzO (I“) = II,.O(g, 1 atm.), AH = 9.717 kcal. 


Heats of vaporization and fusion are utilized in the treatment of phase 
changes (Chapter XI), but for the present they will be employed in connec- 
tion with thermochemical problems. For example, it is sometimes required 
to know the heat of a particular reaction when one (or more) of the sub- 
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stances taking part is in a different physical state than usual; the necessary 
adjustment can be readily made, as the following instance will show. The 
standard heat of formation of liquid water at 25°C is — 68.32 kcal. per 
mole, Le., 

H2(g) + $02(9) = H-0), AH%os = 68.32 kcal. 


Suppose the standard heat of formation of water vapor at 25° C is required; 
use is made of the heat of vaporization of water, which is 583.6 X 18.016 
cal. or 10.514 kcal. mole“, i. e., 


H.0(D) = H:0(9, 0.0313 atm.), AH» = 10.514 kcal. 


For the present purpose it is necessary to know the value of AH for this 
process with water vapor at 1 atm. pressure. If the vapor behaved as an 
ideal gas, the result would be the same as that given above, since AH would 
be independent of the pressure (§ 9e). Although water vapor is not ideal, 
the difference in the heat content at 1 atm. pressure from that at 0.0313 atm. 
has been calculated (cf. § 20e) as only 0.005 kcal. at 25° C, i.e., 


HzO (g, 0.0313 atm.) HzO (g, 1 atm.), AH zes = 0.005 kcal. 
Combination with the preceding equation gives 


HzO (ö) = H:O(9, 1 atm. ), AHoog = 10.52 kcal., 
and hence 


H.(g) + 402(g) = H.O(g), AH 28s = 57.80 kcal. 


with each substance in its standard gaseous state. 

When there is change in the crystalline form of any substance involved 
in a reaction there is a change in the heat content. If the data for a given 
reaction with two separate forms of a particular substance are available, the 
heat of transition of one form to the other can be evaluated. For example, 
the heats of combustion of the two allotropic forms of carbon, viz., diamond 
and graphite, are known to be — 94.50 and — 94.05 kcal. g. atom, re- 
spectively, at 25° C, i. e., 


C (diamond) + O2.(g) = CO), AHzes = 94.50 kcal. 
C(graphite) + O.(g) = CO2(g), AH293 = - 94.05 


By subtracting these two thermochemical equations, it is immediately seen 
that 
C(diamond) = C(graphite), AHzes = 0.45 kcal. 


The transition of 1 g. atom of carbon as diamond to the stable form, i. e., 
graphite, at 25° C is associated with a decrease of 0.45 kcal. in the heat 
content. 

12j. Effect of Temperature on Heat of Reaction: The Kirchhoff Equa- 
tion.—An expression for the variation of the heat of reaction with tempera- 
ture can be derived in a simple manner. If H4 is the total heat content of 


78 THERMOCHEMISTRY 12j 


the reactants and Hs is that of the products, at the same temperature and 
pressure, then, as indicated in & 12a [cf. equation (12.1) J], AH is given by 
AH = Hs — Ha, (12.4) 


all the quantities referring to the same pressure. If this equation is differ- 
entiated with respect to temperature, it is seen that 


O(4H) | _(9Hs\ HAN. 
| oT . ( oT ), ( oT ), (12.5) 
According to equation (9.11), (H/T) is equal to Cp, and hence 
572 = (Cr) (Cp) A, (12.6) 
P 


where (Cy) A and (Cy) are the total heat capacities, at the given (constant) 
pressure, of the reactants and the products, respectively. The right-hand 
side of equation (12.6) is the increase in the heat capacity of the system 
accompanying the chemical reaction, and so it may be represented by AC; 
thus, (12.6) takes the form 


a(AH)] _ 
| Al |, = ace, (12.7) 


which is the expression of what is generally know as the Kirchhoff equation 
(G. R. Kirchhoff, 1858), although a similar result was obtained earlier by 
C. C. Person (1851). The rate of variation of the heat of reaction with tempera- 
ture, at constant pressure, is thus equal to the increase in the heat capacity 
accompanying the reaction. 

The heat capacity is an extensive property, and so the heat capacity of 
the system in its initial state is the sum of the heat capacities of the reactants, 
and that in the final state is the sum of the heat capacities of the products 
of the reaction. For the general chemical reaction 


aA+bB+--- =l1L+mM+-::-, 
the increase of heat capacity AC y is thus given by 
AC = UIC) + m(Cp)m + J- La(Cr)a + (CF) B + J, (12.8) 
where the Cp terms are here the molar heat capacities of the species indi- 
cated. The expression in the first set of brackets in equation (12.8) gives 
the total Leat capacity of the products, and that in the second brackets is 


for the reactants, so that the difference is equal to the increase of heat 
capacity for the reaction. An alternative form of (12.8) is 


ACp = > (nC p)s — > (nC p);, (12.9) 


where n is the number of moles of each substance taking part in the reaction 
and Cy is its molar heat capacity. The subscripts i and f refer to the initial 
state (reactants) and final state (products), respectively, so that the first 
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term on the right-hand side of equation (12.9) is the sum of all the nC p terms 
for the products, whereas the second term is the corresponding sum for the 
reactants. 

The Kirchhoff equation as derived above should be applicable to both 
chemical and physical processes, but one highly important limitation must 
be borne in mind. For a chemical reaction there is no difficulty concerning 
(AH /dT)p, i.e., the variation of AH with temperature, at constant pressure, 
since the reaction can be carried out at two or more temperatures and AH 
determined at the same pressure, e.g., 1 atm., in each case. For a phase 
change, such as fusion or vaporization, however, the ordinary latent heat 
of fusion or vaporization (AH) is the value under equilibrium conditions, 
when a change of temperature is accompanied by a change of pressure. If 
equation (12.7) is to be applied to a phase change the AH’s must refer to 
the same pressure at different temperatures; these are consequently not the 
ordinary latent heats. If the variation of the equilibrium heat of fusion, 
vaporization or transition with temperature is required, equation (12.7) 
must be modified, as will be seen in § 271. 

12k. Application of the Kirchhoff Equation.—The application of the 
Kirchhoff equation to determine the heat of reaction at one temperature if 
that at another is known involves the integration of equation (12.7); thus, 
between the temperature limits of Tı and T, the result is 


T 
AH, oa AH, = f f AC yd T, (12.10) 
Tı 
where AH, and AH; are the heats of reaction at the two temperatures. If, 
in the simplest case, AC may be taken as constant and independent of 
temperature over a small range or, better, if AC is taken as the mean value 
AC in the temperature range from T, to T, it follows from equation 
(12.10) that 


Problem: The mean molar heat capacities, at constant pressure, of hydrogen, 
oxygen and water vapor in the temperature range from 25° C to 100° C are as 
follows: H:(g), 6.92; Oz(9), 7.04; H2O(g), 8.03 cal. deg. 1! mole“. Utilizing the 
heat of reaction at 25° C obtained in § 12i, calculate the standard heat of formation 
of water vapor at 100° C. 


The reaction is 
H2(g) + 10209) = H:0 09), 


AC p = Cp(H.0, g) — LC (H:, g) + 107005, 904 
= 8.03 — (6.92 + 3.52) = — 2.41 cal. deg.— 


In this case, Ti is 25° Cand 7: is 100° C, so that 72 — Ti is 75°; AH, is known from 
$ 12i to be — 57.80 kcal. It is required to find AH; by using equation (12.11), 
and for this purpose the same heat units, e.g., kcal., must be used for the AH's 
and AC p; hence, 


so that, 


AH; + 57.80 = — 2.41 X 102 X 75, 
AH, = 57.98 kcal. mole. 
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In the general case, integration of (12.10) is possible if AC p is known as 
a function of temperature. Since the variation of the heat capacity of many 
substances can be expressed by means of equation (9.24), it follows that 


ACH = Aa + ABT + ATZ + ---, (12.12) 
where, for the general reaction given in § 12), 


Aa = (la, + mom . . ) — (aaa + ban + ) 
AB = (lB, + m8m + ) — (aBa + bbe + ---) (12.13) 
Ay = (IL + mym + ) — (aya + bys T), 


and so on. Inserting equation (12.12) into (12.10), and carrying out the 
integration, it is found that 


AH, — AH, = Aa(T: — Ti) + 3A8(T? — T3) 
+ 3A7(T3 — TÌ T..., (12.14) 


so that the change of heat content at one temperature can be calculated if 
that at another temperature is known, and the a, 6, y, ..., values for all 
the substances concerned are available from Table II. 


Problem: Calculate the standard heat of formation of water vapor at 100° C 
allowing for the variation with temperature of the heat capacitics of the reactants 
and the product, and taking AH® as — 57.80 kcal. mole at 25° C. 


From Table II, 
C (HzO, g) = 7.219 + 2.374 X 10-37 + 0.2670 X 10-572 


Cy (Hz, g) = 6.947 — 0.200 X 10-9 + 0.4808 X 10-2 
C'p(O2, g) = 6.095 + 3.253 X 10-°T — 1.0170 X 10-°T2, 


so that 


ACr = Cp(H20, g) CY (H- 9) + 207002, g)] 
= — 2.776 + 0.947 X 10 + 0.295 X 102 cal. deg. 


Hence, 
Aa = — 2.776, AB = 0.947 X 1073, Ay = 0.295 X 10°, 


and by equation (12.14), since T, is 25° C, i. e., 298° K, and 72 is 100° C, i. e., 373° K, 


AH, — AH, = — 2.776(373 — 298) + 4 X 0.947 X 10 [ (373) — (298)?] 
+ 4 X 0.295 X 10 (373) — (298)3] cal. 
= — 208.2 + 23.8 + 2.5 = — 182 cal. 


Since AH, is — 57.80 kcal., and AH, — AH, is — 0.182 kcal., it follows that AH 
is — 57.98 kcal. mole, as obtained in the preceding problem. 


In some connections it is useful to derive a general expression which will 
give the heat content change at any temperature; this may be done by the 
general integration of equation (12.7), which yields 


AH = AH) + f AC paT, (12.15) 
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where the integration constant AHo may be regarded as the difference in 
the heat contents of products and reactants if the substances could exist at 
the absolute zero, and if the expression for AC were valid down to that 
temperature. Upon inserting the general equation (12.12) into (12.15) and 
carrying out the integration, the result is 


AH = AH, + AaT + 346 T + §AyT® + +. (12.16) 


The values of Aa, Af, Ay, etc., are presumed to be known from heat 
capacity data, and so a knowledge of AH at any one temperature will permit 
the integration constant AHo to be calculated. Insertion of the results in 
(12.16) then gives an equation for the heat of reaction as a power series 
function of temperature. The result will be applicable over the same 
temperature range only as are the empirical heat capacity constants a, 
B, , etc. 


Problem: The standard heat of formation AH’ of ammonia gas is — 11.03 
kcal. mole~! at 25° C; utilizing the data in Table II, derive a general expression 
for the heat of formation applicable in the temperature range from 273° to 1500° K. 


The reaction is 
$N.(g) + $H2(9) NH, (o), 
and hence, 


ACp = Cr (NH,, g) — LAC (N, 9) + $Cr(Hy, g) 1. 
Cpe(NHs) = 6.189 + 7.787 X 10-°T — 0.728 X 10-72 
4Cp(N2) = 3.225 + 0.707 X 10°T — 0.0404 xX 10T? 
3Cp(H:) = 10.421 — 0.300 X 109 + 0.7212 X 10-*T?, 
ACp =— 7.457 + 7.38 X 107 — 1.409 X 10-72 cal. deg. -! 
AH® = AH? — 7.457T + 4 X 7.38 X 10-37? — 4 X 1.41 X 10 cal. 
= AH? — 7.46 X 10-7 + 3.69 X 1072 — 0.47 X 10-＋7 keal. mole-i. 


At 25° C, i.e., 298° K, the value of AH® is — 11.03 kcal., and hence it is found 
from this equation that AHo is — 9.13 kcal., so that 


AH? = 9.13 — 7.46 X 107 + 3.69 X 1072 — 0.47 X 10°T* kcal. mole. 


Although the examples given above have referred to reactions involving 
only gases, the equations derived, e.g., (12.7), (12.14), (12.15), etc., can be 
applied to any chemical reaction. In the evaluation of ACp by equation 
(12.8) or (12.9), the appropriate Cy term must be included for every react- 
ant and product, irrespective of its form. If the variation of the heat ca- 
pacity with temperature of the solids or liquids concerned can be represented 
by an expression of the form of (9.24), then equations such as (12.14) and 
(12.16) can still be employed. Otherwise, the appropriate equations can be 
derived without difficulty. 


Problem: The variation with temperature of the heat capacity of carbon 
(graphite), between 273° and 1373° K, is given by 


Cp = 2.673 + 2.32 x 1037 + 1.17 X 10°T-? cal. deg. g. atom™, 
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Utilizing data already available derive a general expression for the heat of the 
reaction 


C(s) + H:0(g) = CO(g) + H:(g) 


as a function of the temperature, in the range specified above. 
From Table II and the expression given above for the heat capacity of carbon, 


ACH = [Cp(CO, ) + Cr(Hs, g)] — [Cr(C, s) + CY (H:, g)] 
= 3.397 — 3.36 X 107 — 0.066 X 10-°7? — 1.17 X 10% cal. deg. 


Hence, by equation (12.15), after converting AC into kcal. deg.—, 


AH = AH. + f sacrar 


AHo + 3.397 X 10°7 — 1.68 X 10-°T? — 0.022 X 10-97" 
+ 1.17 X 1T Kcal. 


The (standard) heats of formation of H.O(g) and CO(g) at 25° C are — 57.80 and 
— 26.42 kcal. mole~!, respectively, so that AH for the given reaction is 31.38 kcal. 
at 25° C, i.e., 298° K. Inserting these values in the result just obtained, AHo is 
found to be 30.13 kcal., and hence AH can now be calculated at any temperature 


in the specified range. 


121. Heat Changes of Reactions in Solution.—When a reaction takes 
place in solution, or when one or more of the reactants or products are in 
solution instead of the pure state, the heat change is affected just as for a 
phase change. This is because the formation of a solution is almost in- 
variably accompanied by a change of heat content, that is, heat is evolved 
or absorbed. The heat change per mole of solute dissolved, referred to as 
the heat of solution, is not a constant quantity, however, for it depends upon 
the amount of solvent. In other words, the heat of solution at a given tempera- 
ture varies with the concentration of the solution. When a solute, e.g., a solid, 
gradually dissolves in a particular solvent, the composition of the solution 
changes from pure solvent to the final solution. The heat of solution per 
mole at any instant thus varies during the course of the solution process; 
this quantity, known as the “‘differential heat of solution” will be considered 
more fully later (Chapter XVIII). 

At the present time, the matter of interest is the total heat change per 
mole of solute when solution is complete; this is the integral heat of solution. 
Thus, if AH is the total change of heat content when m moles of solute are 
dissolved in a definite quantity, e.g., 1,000 grams, of solvent, the integral 
heat of solution is equal to AH/m. The integral heats of solution for various 
solutions of hydrochloric acid, of different molalities, at 25° C, are given 
below. 


Molality (m) 0.139 0.278 0.555 1.11 


Moles HzO /Moles HCI 400 200 100 50 
AH /m — 17.70 — 17.63 — 17.54 — 17.40 kcal. 
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If the heat changes are extrapolated to infinite dilution the integral heat 
of dilution is found to be — 17.88 kcal. per mole; thus, when 1 mole of 
hydrogen chloride is dissolved in a large quantity of water, so as to form an 
extremely dilute solution, the total heat evolved is 17.88 kcal. at 25° C. 
Results analogous to those quoted above have been obtained with other 
solutes of various kinds, not necessarily gaseous in nature. Because of the 
interaction between hydrogen chloride and water, however, the heats of 
solution are unusually large. Further, as for gases in general, AH /m is 
negative in this case. For solids which do not interact with the solvent, as 
is the case with most hydrated salts in water, the integral heat of solution is 
usually positive.* 

One consequence of the variation of the heat of solution with the compo- 
sition of the solution is that dilution of a solution from one concentration to 
another is also accompanied by a heat change. Consideration of the change 
of heat content per mole at any instant in the course of the dilution process, 
known as the “differential heat of dilution,” will be left to a subsequent 
chapter. The net change per mole of solute associated with the dilution of a 
solution from one concentration to another is the integral heat of dilution. 
For example, using the data for hydrochloric acid given above, it is possible 
to write 


HCl(g) + 400H.O(J) = HCI(400H.0), AH =- 17.70 kcal. 
HCl(g) + 50H.O(l) = HCl(50H.0), AH =— 17.40 


so that by subtraction, 
HC1(50H:0) + 350H.O(2) = HCI(400H;0), AH = — 0.30 kcal. 


The dilution of the HC1(50H.0), i. e., 1.11 molal, to the HCI(400 H:), i. e., 
0.139 molal, solution is thus accompanied by the evolution of a total amount 
of 0.30 kcal. per mole of hydrogen chloride, at 25° C. By utilizing the ex- 
trapolated heat of solution at infinite dilution, the integral heat of dilution 
of any solution to infinite dilution can be calculated in an analogous manner. 
Thus, 
HCl(g) + 50 HzO (‚) = HCI(50H.0O) H = — 17.40 kcal. 
HCI (g) + aq = HCl (ag) AH = -— 17.88 
so that, 
HCl(50H.O) + ag = HCl (ag) AH = — 0.48 kcal. 


As indicated in § 12b, the symbol aq implies a large amount of water, so that 
HCl (ag) refers to an infinitely dilute solution of hydrochloric acid. 

The consequence of heats of solution in connection with the heat changes 
in chemical reactions may be illustrated by reference to the reaction between 
ammonia and hydrogen chloride. If the gaseous reactants are employed and 
the product is solid ammonium chloride, the change may be represented by 


NH. (g) + HCl(g) = NH,Cl(s) AH = — 41.9 kcal. 
* A number of values of heats of solution are given in Table 6 at the end of the book. 
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If the ammonium chloride eventually occurs in an aqueous solution contain- 
ing 1 mole of the salt to 200 moles of water, then use is made of the known 
integral heat of solution, viz., 


NH,Cl(s) + 200H:0 (1) = NH. Cl (200 H: O) AH = 3.9 kcal., 
so that by addition 
NH, (9) + HCl(g) + 200 H: O (0) NH. Cl (200 H: O) AH = — 38.0 kcal. 


Since the integral heat of solution varies to some extent with the concen- 
tration of the ammonium chloride solution, this result is applicable in par- 
ticular to the composition of solution specified. 

If the reaction takes place between aqueous solutions of ammonia and 
hydrochloric acid, the thermochemical equations are as follows: 


HCl(g) + 100H;,0(2) = HCI(100H.0) AH = — 17.5 


which, combined with the result obtained above, gives 
NH;(100H;0) + HCl(100H:0) NH. Cl (200 H: O) AH = 12.0 kcal. 


Direct experimental measurement of the heat change of the reaction between 
aqueous solutions of ammonia and hydrochloric acid has confirmed the 
calculated result. 

When applying the Kirchhoff equation, in order to determine the varia- 
tiou with temperature of the heat content change accompanying a reaction 
in solution, the heat capacity to be employed is a special quantity, called 
the “partial molar heat capacity.“ This quantity will be described in 
Chapter XVIII, in connection with a general discussion of the properties 
of substances in solution. 


13. FLAME AND EXPLOSION TEMPERATURES 


13a. Maximum Reaction Temperatures: Flame Temperatures.—In the 
foregoing treatment of thermochemical changes it has been supposed that 
the reaction takes place at constant temperature, and that the heat liberated 
(or absorbed) is removed (or supplied) by the surroundings. It is this 
quantity of heat which is recorded as the heat of reaction. It is possible, 
however, to conceive the reaction taking place under adiabatic conditions, 
so that no heat enters or leaves the system. For a constant pressure process, 
as is usually postulated, this means that AH will be zero. In a reaction 
performed adiabatically the temperature of the system will change, so that 
the products will be at a different temperature from that of the reactants. 
If AH at constant temperature is positive, i.e., heat is absorbed, the tem- 
perature of the adiabatic system will fall, but if AH is negative, the tempera- 
ture will rise during the course of the reaction. From a knowledge of heats 
of reaction and of the variation with temperature of the heat capacities of 
the reactants and products, it is possible to calculate the final temperature 
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of the system. This temperature is of particular interest in connection with 
the combustion of gaseous hydrocarbons in oxygen or air. In such cases it 
gives the maximum flame temperature, the actual temperature being some- 
what lower because of various disturbing factors. 

Several different procedures, all based on the same fundamental prin- 
ciples, are available for calculating the maximum temperature attainable in 
a given reaction. The simplest is to imagine the reaction taking place at 
ordinary temperature (25° C), assuming this to be the initial temperature 
of the reactants, and then to find to what temperature the products can be 
raised by means of the heat evolved in the reaction. 


Problem: The heat of combustion of methane is — 212.80 kcal. at 25° C; the 
difference in the heat contents of liquid water and vapor at 1 atm. pressure at 
25° C is 10.52 kcal. Using the data in Table II calculate the maximum tempera- 
ture of the flame when methane is burnt in the theoretical amount of air (10: to 
4N:) at 25° C and constant pressure, assuming combustion to be complete. 


Since the water will ultimately be in the form of vapor, at the high tempera- 
ture, the value of AH at ordinary temperatures is required with water vapor as 
the product; thus, 


CH. (g) + 202(9) = CO2(g) + 2H20 (), AH ug = 212.80 kcal. 
2H20(l) = 2H.20(g), AH = 2 X 10.52 
so that 


CHa(g) + 202(g) = CO2(g) + 2H20(g), AHos3 = 191.76 kcal. 


It may now be supposed that this quantity of heat is utilized to raise the tempera- 
ture of the products, consisting of 1 mole COꝛ, 2 moles HzO and 8 moles of N,, 
which were associated in the air with the 2 moles of Oz used in the combustion of 
1 mole of CHI. If T: is the maximum temperature attained in the combustion, 
then the heat required to raise the temperature of the products from 25° C, i. e., 
298° K, to T: must be equal in magnitude to the heat of reaction, but opposite in 
sign. The sum of AH for the temperature increase and AH for the reaction must 
be zero, so that AH for the whole (adiabatic) process is zero, as postulated above. 
If Z(nCy)/ is the total heat capacity of the products, then the heat required to 
raise the temperature from 298° K to 72, i.e., AH (heating), is given by 


AH (heating) = — AH »s(reaction) = f O nC) A7. (13.1) 
In the present case, ™ 

> (nCp); = Cp(COz) + 2 X Cp(H:0, g) + 8 X C (N:), 
and from Table II, 


Cy(COz) = 6.396 + 10.100 X 10°37 — 3.405 X 10, 
2 X Cp(H20, g) = 14.438 + 4.748 X 10°57 + 0.534 X 107 
8 X Cp(N.) = 51.592 + 11.300 X 10 — 0.646 X 100, 


so that 
> (nC p)y = 72.43 + 26.15 X 10-7 — 3.517 X 10-*T? cal. deg. 
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Upon inserting this result into equation (13.1), with AH (heating) equal to 
— AH :ss (reaction), i. e., 191.76 kcal. or 191,760 cal., it follows that 


191,760 = [72.43T + 4 X 26.15 X 10°T? — } X 3.517 X 10 J, 
= 72,43(T's — 298) + 13.08 X 10 LT: — (298) 2 
— 1.172 X 10*[T: — (298)*], 
214,470 72.43 T. + 13.08 X 1071 — 1.172 X 10°73. 


Solving by the method of successive approximations, it is found that 7: is about 
2250° K or 1980° C. 


13b. Calculated and Actual Flame Temperatures.—The calculated maximum 
flame temperature for the combustion of methane in the theoretical amount of 
air is seen to be nearly 2000° C. Similar results, approximately 2000° C, have 
been estimated for several hydrocarbons, and also for carbon monoxide and 
hydrogen. Actual flame temperatures have been determined in a number of cases, 
the values being about 100° below those calculated.’ 

There are several reasons why the results obtained in the manner described 
are higher than the experimental flame temperatures. In the first place, it is 
unlikely that the reaction can be carried out under such conditions that the process 
is adiabatic, and no heat is lost to the surroundings. Further, it is improbable 
that the theoretical quantity of air will be sufficient to cause complete combustion 
of the hydrocarbon. In practice, excess air must be used, and since the tempera- 
ture of the additional oxygen, as well as that of the large amount of accompanying 
nitrogen, must be raised by the heat of the reaction, the temperature attained will 
be lower than if combustion were complete in the theoretical amount of air. The 
effect of any “inert” gas not utilized in the reaction can be readily seen by per- 
forming the calculation in the problem given above on the basis of the assumption 
that the methane is completely burnt in the theoretical amount of pure oxygen. 
The maximum temperature is found to be over 4000° K, so that the presence of 
nitrogen in the air lowers the theoretical maximum by nearly 2000°. By the same 
procedure it is also possible to calculate the maximum flame temperature when 2 
hydrocarbon is burnt in excess of air; the products“ will then include the oxygen 
remaining when the combustion is complete, in addition to the nitrogen and the 
actual reaction products. The value for methane, for example, will be found to 
be less than 2250° K. 

Another reason why observed flame temperatures are lower than the calculated 
values is that at the high temperature attained in a burning hydrocarbon, dissocia- 
tion of the water vapor into hydrogen and oxygen, or hydrogen and hydroxyl, and, 
especially, of the carbon dioxide into carbon monoxide and oxygen is very appreci- 
able. These reactions involve the absorption of considerable amounts of heat, 
allowance for which should be included in the calculation. From a knowledge of 
the equilibrium constants of the dissociation reactions and their variation with 
temperature it is possible, by a series of approximations, to obtain a more accurate 
estimate of the flame temperature. For most common hydrocarbons the results 
derived in this manner, for combustion in air, are of the order of 100° lower than 
those which neglect dissociation. For combustion in oxygen, when the tempera- 
tures are much higher, the discrepancy is greater. 

Finally, it may be mentioned that the combustion of a hydrocarbon is not the 
relatively simple process represented by the usual chemical equation. Various 


3 Jones, Lewis, Friauf and Perrott, J. Am. Chem. Soc., 53, 869 (1931). 
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compounds other than carbon dioxide and water are frequently formed, and so 
the heat of reactien is not equal to the value determined from measurements in an 
explosion bomb, in the presence of a large excess of oxygen, at ordinary temperatures. 

13c. Influence of Preheating Reacting Gases.—Apart from the use of oxygen, 
the temperature of a hydrocarbon flame may be increased by preheating the 
reacting gases. In the calculation of the maximum temperature it is necessary to 
obtain, first, the value of, or an expression for, AH for the reaction at the tempera- 
ture to which the gases are heated; the method described above may then be used. 
An alternative procedure is, however, as follows. The heat of reaction at any 
temperature T, is given by equation (12.15), i. e., 


Ti 
AH (reaction) = AH (reaction) + f AC pdT. (13.2) 
0 


The increase in the heat capacity AC may be represented by 
ACp = > (nC p); a > (nC p);, (13.3) 
as in equation (12.9), so that (13.2) becomes 


Ti Ti 
AH(reaction) = AHo(reaction) + f 2 (nCp);dT — f 2 (nCp):ĮdT. (13.4) 


On the other hand, the expression for AH for the heating of the products, from the 
initial temperature 71 to the final (maximum) temperature T is 


AH (heating) = >, (nC p) dT. (13.5) 


Ti 


Since the sum of the two AH values given by equations (13.4) and (13.5) must be 
zero, it follows that 


T2 Ti 
AH (reaction) + f > (nC p) dT — f $ (nCp):;dT = 0. (13.6) 


The value of AHo(reaction) and the heat capacities of the reactants and products 
may be presumed to be known, and so it is possible to calculate the maximum 
temperature 72 for any given initial temperature 71 of the reactants. 

An alternative treatment makes direct use of AHr(reaction) at any tempera- 
ture T, e.g., 25° C, thus avoiding the necessity of first calculating AH(reaction) ; 
in this case equation (13.4) takes the form 


T T 
AHpr(reaction) = AH (reaction) + f $ (nC ) dT — f >. (nCp):dT, 


and combination with (13.6) gives 
T2 71 
AH r(reaction) + f > (nC p) aT — f >, (nCp) dT = O, (13.7) 
T T 


where, as before, T, is the temperature to which the reactants are preheated, and 
T; is the maximum temperature attainable in the reaction under adiabatic condi- 
tions at constant pressure. It is of interest to note that if T, is made identical 
witb 7, so that the heat of reaction AH r is given at the initial temperature of the 
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reacting gases, equation (13.7) becomes identical with (13.1). Further, if T is 
taken as 0° K, AH r becomes equivalent to AH» and then equation (13.7) reduces 
to (13.6). Hence, equation (13.7) may be taken as the general expression, ap- 
plicable to all cases, which may be modified according to circumstances. 

13d. Maximum Explosion Temperatures and Pressures.—The methods de- 
scribed in the preceding section, e.g., equation (13.7), may be used to calculate the 
maximum temperature, often referred to as the explosion temperature, attained in 
a combustion reaction at constant volume, instead of at constant pressure. The 
only changes necessary are (a) the replacement of the AH value at constant pres- 
sure by AZ at constant volume, and (6) the use of the heat capacities at constant 
volume, i.e., Cy, instead of those for constant pressure. The conversion of AH p 
to AEy, i.e., of Qp to Qy, can be made with sufficient accuracy by means of equa- 
tion (12.3), and failing other information the heat capacity Cy of a gas may be 
taken as 2 cal. deg.~! mole less than the value of Cp at the same temperature 
(cf., however, § 21a). The explosion temperatures calculated in this manner repre- 
sent maximum values, for the reasons given in connection with flame temperatures. 

From the maximum temperature, the pressure attained in an explosion at 
constant volume can be estimated, utilizing the approximation that the gas laws 
are applicable. The additional information required is either the original pressure 
or the volume of the vessel and the quantities of the gasesinvolved. The pressures 
calculated in this manner are, of course, maximum values, and are based on the 
supposition that the system is in a state of thermodynamic equilibrium when the 
rapid combustion is completed. This condition is unlikely to be satisfied by the 
system; nevertheless, the results give a good indication of the maximum pressure 
accompanying an explosive reaction. 

Problem: A mixture of hydrogen gas and the theoretical amount of air, at 
25° C and a total pressure of 1 atm., is exploded in a closed vessel. Estimate the 
maximum explosion temperature and pressure, assuming adiabatic conditions. In 
order to simplify the calculation, the mean heat capacities Cy of nitrogen (8.3 cal. 
deg. 1 mole!) and of water vapor (11.3 cal. deg.-! mole), for the temperature 
range from 25° to 3000° C, may be used; they may be regarded as independent 
of the (moderate) pressure. 


The value of AH for the reaction 
Hz(o) + 402(9) = H.0(g), 


is known to be — 57.8 kcal. at 25° C, and since An is here — 4, it follows from 
equation (12.3) that (or AE) is — 57,500 cal., since RT An is equal to — 300 cal. 
For the present purpose, equation (13.7) or (13.1) takes the form 


T2 
AE + f E (nCy)dT = o, 
298 


and since the mean heat capacities are to be used, 


AE + Y(nCy),(T2 — 298) = 0. 


In the present case >. (nCy), is equal to Cv(H:0, g) + 2 X Cy(N:), since 2 moles 
of nitrogen, associated with the 4 mole of oxygen employed in the combustion of 
the mole of hydrogen, are included in the “products.” Assuming Cy to be less 
than Or by 2 cal. deg.-1 mole-i, it follows from the data, that >. (n(y), is 9.3 + 2 
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X 6.3 = 21.9 cal. deg. 1. Hence, 


— 57,500 + 21.9(7: ~ 298) = 0, 
72 z= 2920° K. 


The maximum explosion temperature is thus about 2900° K, which is considerably 
higher than the corresponding flame temperature; the latter is found to be about 
2400° K. 

The maximum pressure is derived from the ideal gas equation. The original 
gas, at 1 atm. and 298° K, consisted of 1H2, 402and 2N, whereas the final gas at 
2920° K consists of 1H,O and 2N2. Since PV = nRT, with VJ and R constant, 
it is easily shown that the maximum explosion pressure is 

3 2920 
P: = 35 x 298 = 8.4 atm. 

In the foregoing treatment the calculation of the maximum pressure involves 
a knowledge of the heat capacities of the products. This procedure has been 
reversed in a method for determining heat capacities, first used by R. Bunsen 
(1850) and improved by M. Pier (1908). A known amount of a mixture of two 
volumes of hydrogen and one of oxygen and a definite quantity of the gas whose 
heat capacity is to be measured, are placed in a steel bomb. The gases are then 
exploded by a spark, and the maximum pressure attained is measured. From this 
the corresponding temperature can be calculated by using the ideal gaslaw. Since 
the heat capacity of the water vapor is known, the mean heat capacity of the 
experimental gas, which must be inert in character, can be calculated. Data 
extending to very high temperatures have been obtained in this manner. 


14. CALCULATION OF HEAT or REACTION 


14a. Heats of Combustion.—A number of methods have been proposed 
for the calculation of heats of formation and combustion from a knowledge of 
the formula. of the substance concerned. Although the results obtained are 
not always accurate, they are useful when experimental data are not avail- 
able. An examination of the heats of combustion of organic compounds 
shows that isomeric substances have almost the same values, and that in any 
homologous series there is a change of 150 to 160 kcal. per mole for each CH: 
group. These results suggest that each carbon and hydrogen atom that is 
burnt to carbon dioxide and water, respectively, contributes a more or less 
definite amount to the heat of combustion. There is a possibility, therefore, 
of developing approximate rules relating the composition of the given sub- 
stance to its heat of combustion. 

One such rule (W. M. Thornton, 1917) ‘ is that the heat of combustion 
is about — 52.5n kcal. per mole, where n is the number of atoms of oxygen 
required to burn a molecule of the compound. Heats of combustion calcu- 
lated in this manner are in satisfactory agreement with observation for 
hydrocarbons, e.g., octane (CeH:is): calculated, — 1312 kcal., observed, 


‘Thornton, Phil. Mag., 33, 196 (1917); for more exact rules applicable to paraffin 
hydrocarbons, see Rossini, Ind. Eng. Chem., 29, 1424 (1937); Ewell, ibid., 32, 778 (1940); 
Prosen and Rossini, J. Res. Nat. Bur. Stand., 34, 263 (1945). 
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— 1307 kcal.; benzene (C.H¢): calculated, — 787 kcal., observed, — 782 
kcal., but are less satisfactory for compounds containing oxygen, e. g., suc- 
cinic acid (C. HO): calculated, — 367 kcal., observed, — 356 kcal.; sucrose 
(Ci2H22011): calculated, — 1260 kcal., observed, — 1350 kcal. Although 
the results were meant to apply to heats of combustion at constant volume, 
i.e., AE, they are certainly not sufficiently accurate to permit of a distinction 
between AE and AH. Further, no allowance is made for the state, e.g., 
solid, liquid or gaseous, of the compound under consideration, for the errors 
are probably greater than the latent heats. 

In its simplest form, the method proposed by M. S. Kharasch (1929) 5 
is virtually the same as that just described. The molar heat of combustion 
of a liquid compound at constant pressure is equal to — 26.05z kcal., where 
x is the number of valence electrons of carbon not shared with oxygen in the 
original substance, but which are shared with oxygen, i. e., in carbon dioxide, 
when combustion is complete. In general, x is equal to twice the number 
n of oxygen atoms utilized in the combustion of a molecule, so that this rule 
is equivalent to stating that the heat of combustion is — 52.17 kcal. per mole. 
However, Kharasch has realized the necessity for including allowances for 
various types of structure in the compound, and by the use of these correc- 
tion factors results have been obtained which are within one per cent, or less, 
of the experimental heats of combustion. 

It is perhaps unnecessary to mention that from a knowledge of the heat 
of combustion, the heat of formation of the compound from its elements can 
be calculated (§ 12g). The results will not be very accurate for, as indicated 
earlier, they usually involve the difference between two relatively large 
numbers, one of which, namely the estimated heat of combustion, may be 
appreciably in error. 

14b. Bond Energies and Heat of Reaction.—A more fundamental ap- 
proach to the problem of calculating heats of formation and reaction is by 
the use of bond energies. By the bond energy is meant the average amount 
of energy, per mole, required to break a particular bond in a molecule and 
separate the resulting atoms or radicals from one another. Thus, the C—H 
bond energy is one-fourth of the amount of energy required to break up a 
mole of methane molecules into separate, i.e., gaseous, carbon atoms and 
hydrogen atoms. There are good reasons for believing that different ener- 
gies are required to remove the successive hydrogen atoms, one at a time, 
from a methane molecule, but the so-called bond energy is the mean value. 
From a knowledge of heats of dissociation of various molecules into atoms 
and of the standard heats of formation of others, it has been possible to 
derive the mean energies of a number of different bonds. Some of these 
values, as calculated by L. Pauling (1940), are given in Table VII; they 
are based on 125 kcal. per g. atom as the heat of vaporization of carbon. 
For the C=O and CN bonds the energies vary to some extent with the 
nature of the compounds; thus for C=O, it is 142 kcal. in formaldehyde, 


* Kharasch, J. Res. Nat. Bur. Stand., 2, 359 (1929). 
6 L. Pauling, The Nature of the Chemical Bond,” 2nd ed., 1940, pp. 53, 131. 
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149 kcal. in other aldehydes, and 152 kcal. in ketones, acids and esters. The 
energy of the C=N bond is 150 kcal. in most cyanides, but 144 kcal. in 
hydrogen cyanide. 


TABLE VII. BOND ENERGIES IN KCAL. PER MOLE 


Bond Energy Bond Energy 
H—H 103.4 kcal. H—I 71.4 kcal. 
C—C 58.6 C—N 48.6 
Cl—Cl 57.8 C—O 70.0 
Br—Br 46.1 C—Cl 66.5 
1—1 36.2 C—Br 54.0 
C—H 87.3 C—I 45.5 
N—H 83.7 O = O 118 
O—H 110.2 NN 170 
H—Cl 102.7 C=C 100 
H—Br 87.3 C=C 123 


For C=O and C NN, see text. 


By the use of the bond energies in Table VII it is possible to derive satis- 
factory heats of formation and reaction in many cases, provided the sub- 
stances involved do not contain certain double-bonded compounds. When- 
ever wave-mechanical resonance is possible, the energy required to dissociate 
the molecule, as calculated from the results given above, is too small. It is 
necessary in such instances to make allowance for the resonance energy.“ 
Although this varies from one compound to another, its value is approxi- 
mately 38 kcal. mole- for benzene and its simple derivatives, 75 kcal. mole! 
for naphthalene compounds, 28 kcal. per mole for carboxylic acids, and 24 
kcal. mole for esters. 

Suppose it is required to determine the standard heat of formation of 
‘ethane, that is, the heat of the reaction 


2C(s) + 3H2(g) = C2He(y). 


This may be regarded as equivalent to the vaporization of 2 g. atoms of 
solid carbon, requiring 2 X 125 kcal., the breaking of 3 moles of H—H 
bonds, requiring 3 X 103.4 kcal., the resulting atoms are then combined to 
form one C—C bond, yielding 58.6 kcal., and six C—H bonds, yielding 
6 X 87.3 kcal. in ethane. The gain in energy, which may be taken as AH, 
accompanying the formation of ethane at ordinary temperatures is thus 
given by 


AH = [(2 X 125) + (3 X 103.4). ] — [58.6 + (6 X 87.3)] =— 22.2 kcal. 


The value determined experimentally from the heat of combustion is 20.24 
kcal. at 25° C. From the heat of formation, it is possible to calculate the 
heat of combustion, using the known heats of formation of carbon dioxide 
and water. Theoretically, it should be possible to evaluate the heat of 


7 See, for example, L. Pauling, “The Nature of the Chemical Bond,“ 2nd ed., 1940, 
Chap. IV; S. Glasstone, Theoretical Chemistry, 1944, Chap. III. 
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combustion directly, but in doing so allowance should be made for the 
resonance energy of carbon dioxide, 33 kcal. per mole. 


Problem: Utilize bond and resonance energies to evaluate the heat of com- 
bustion of benzoic acid. 


The reaction is 
C.H;COOH + 7402 = 7CO2 + 3H.0, 


and the bond energies are as follows: 


Reactants Products 
Bonds: Bonds: 
4C—C 234.4 kcal. 140 20 2128 kcal. 
3C=C 300 60—H 661 
5C—H 436.5 Resonance: 
=O 152 7CO, 231 
C—O 70 — 
O—H 110.2 3020 kcal. 
740=0 885 
Resonance: 
Benzene ring 38 
Carboxyl 28 
2254 kcal. 


The increase of heat content for the combustion is thus 2254 — 3020 = 766 kcal. 
(The experimental value is — 771 kcal. at 25° C.) 


The bond energies recorded in Table VII are based on data for substances 
in the gaseous state; strictly, therefore, they should be used for reactions 
involving gases only. However, molar heats of fusion and vaporization are 
usually of the order of 1 to 10 kcal.; hence, provided equal numbers of 
molecules of solids and liquids appear on both sides of the chemical equation, 
the conventional bond energies may be employed to yield results of a fair 
degree of accuracy. 


EXERCISES * 


1. The heat of hydrogenation of ethylene (C: H.) to ethane (C: H.) is — 32.6 
kcal at 25° C. Utilizing the heat of combustion data in Table VI, determine the 
change of heat content accompanying the cracking reaction n-butane (CHi) —> 
2C;3H, + H, at 25° C. 

2. The heats of combustion of n-butane and isobutane are — 688.0 and 
— 686.3 kcal., respectively, at 25° C. Calculate the heat of formation of each 
of these isomers from its elements, and also the heat of isomerization, i. e., 
n-butane — isobutane, at 25° C. 

3. Calculate AH and AEFy at 25° C for the reactions 


CH, (g) + 7403 3H, O(0) + 6CO; 
CeHe(‚) + 730: = 3H:0(g) + 6COs, 


* Unless otherwise specified, heat capacity and heat content data will be found in 
Tables II and V, respectively, or at the end of the book. 
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using heat of formation data. The heat of vaporization of benzene is 103 cal. g.— 
and that of water is 583.6 cal. g. at 25° C. 

4. Calculate the change in heat content for the reaction occurring in the lead 
storage battery, vis., 


Pb + PbO: + 2H SO. (in 20% aq. soln.) = 2PbSO, + 2H: O (in 20% HSO, soln.), 


assuming the volume of solution to be so large that its concentration does not 
change appreciably. The integral heat of solution (AH) of sulfuric acid in water 
to form a 20% solution is — 17.3 kcal. mole™ at 25° C. The heat of formation of 
water in the acid solution may be taken as the same as for pure water. 

5. The change of heat content for the reaction 


SO.(ag) + Cli(g) + 2H20(2) = H:SO,(aq) + 2HCl(agq) 


is — 74.1 kcal. at 25° C. The integral heats of solution (AH) at infinite dilution 
of sulfur dioxide, sulfuric acid and hydrochloric acid are — 8.5, — 23.5 and — 17.9 
kcal., respectively. Determine the heat of formation of pure sulfuric acid from 
its elements. 

6. Taking the mean molar heat capacities of gaseous hydrogen, iodine and 
hydrogen iodide as 6.95, 8.02 and 7.14 cal. deg.~', respectively, calculate the heat 
of formation of hydrogen iodide from the gaseous elements at 225° C. The heat 
of sublimation of solid iodine is 58.5 cal. g. at 25° C. 

7. The heat of solution of zinc in very dilute hydrochloric acid solution is 
— 36.17 kcal. per g. atom, but in a solution consisting of HCl. 100 HzO, the heat 
of solution is — 36.19 kcal. The integral heat of solution of 1 mole zinc chloride 
in 200 moles water is — 15.30 kcal., and in an infinite amount of water it is 
— 16.00 kcal. What is the integral heat of infinite dilution of the HCl. 100 H 20 
solution per mole of HCl? 

8. Derive a general expression for the variation with temperature of the change 
of heat content for the reaction 


H:S (9) + 13029) = H20(g) + 8O2(g). 


Calculate the value of AH at 800° K. 
9. Derive a general expression for the variation with temperature of the 
standard heat change of the reaction 


ZnO(s) + C(s) = Zn(s) + CO(g). 


Calculate the value of AH’ at 600° K. 

10. Determine the maximum flame temperature when methane is burnt with 
the theoretical amount of air (102 to 4N2) at 25° C and constant pressure, assuming 
combustion to be 80% complete. Dissociation of the products at high tempera- 
tures may be neglected. 

11. Carbon monoxide is mixed with 25% more than the ainount of air (102 to 
4Nz) required theoretically for complete combustion, and the mixture is preheated 
to 500° C. Determine the maximum flame temperature, assuming the carbon 
monoxide to be completely converted into the dioxide. 

12. A small quantity of liquid ethanol is placed in an explosion bomb together 
with twice the theoretical amount of oxygen at 25° C and 1 atm. pressure. Taking 
the heat of vaporization of the alcohol as 9.5 kcal. mole at 25° C, calculate the 
maximum explosion temperature and the maximum explosion pressure, assuming 
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adiabatic conditions and ideal behavior. The combustion of the ethanol is to be 
taken as complete, with water vapor and carbon dioxide as the sole products. 

13. Compare the maximum flame temperatures for the complete combustion 
of (i) acetylene, (ii) hydrogen gas containing 2% by weight of atomic hydrogen, 
in the theoretical amount of oxygen, originally at 25° C, at 1 atm. pressure. For 
the reaction 2H = H:, the value of AH is — 103.4 kcal. at 25° C; the heat capacity 
of atomic hydrogen may be taken as independent of temperature, with Cp equal 
to 5.0 cal. deg. 1 mole“. 

14. A mixture of equimolecular amounts of hydrogen and carbon monoxide, 
together with the theoretical quantity of air (10: to 4N:) for the combustion, at 
a total pressure of 5 atm. at 25° C, is exploded in a closed vessel. Estimate the 
maximum temperature and pressure that could be attained, assuming combustion 
to be complete. The heat capacity data in Table II may be regarded as being 
applicable in the required pressure range, and the gases may be treated as behaving 
ideally. 

15. Sulfur dioxide at 550° C is mixed with the theoretical amount of air, 
assumed to consist of 21 moles Oz to 79 moles Ne, at 25° C, and the mixture is 
passed into a converter in which the gases react at 450°C. Assuming virtually 
complete conversion, how much over-all heat is liberated for each mole of sulfur 
trioxide formed? 

16. Steam at a temperature of 150° C is passed over coke at 1000° C, so that 
the reaction C(s) + H.O(g) = CO(g) + Ha(g) takes place with an efficiency of 
80%, i.e., 20% of the steam remains unreacted; the gases emerge at 700° C. 
Calculate the amount of heat which must be supplied per kg. of steam passing over 
the coke; the heat capacity of the latter may be taken as equal to that of graphite. 

17. The reaction C(s) + 402(g) = CO(g) is exothermic, whereas C(s) + H:O(g) 
= CO(g) + H:2(g) is endothermic; theoretically, therefore, it should be possible to 
pass a mixture of steam and air (102 to 4Nz) over heated coke so that its tempera- 
ture remains constant. Assuming virtually complete reaction in each case, esti- 
mate the proportion of steam to air, both preheated to 100° C, which should 
maintain the temperature of the coke at 1000° K. 

18. According to Prosen and Rossini (see ref. 4), the heat of formation of a 
gaseous normal paraffin containing more than five carbon atoms at 25° C is given 
by — 10.408 — 4.926n kcal. mole, where n is the number of carbon atoms in 
the molecule. Calculate the heat of formation of gaseous n-hexane (C.H,,4) and 
compare the result with those given by the rules of Thornton and of Kharasch, 
and with the experimental value derived from the heat of combustion. 

19. Estimate from the bond energies the approximate heat changes for the 
following gaseous reactions: (i) Hz + 402 = H.0, (ii) C2H, + Br: = CzH. Bra, 
(iii) CHsI + H-O CH; OH + HI, (iv) 3CH;COCHs (acetone) = CH; (CH:); 
(mesitylene) + 3H.0. 

20. Determine AH for the reaction 


CH;COCH:() + 20.(9) CH; COOH.) + CO2(g) + HzO (o), 


taking the heats of combustion of liquid acetone and acetic acid as — 427 and 
— 209 kcal., respectively. Compare the result with that derived from bond 
energies allowing for the resonance energy in carbon dioxide and acetic acid. 


CHAPTER VI 
CALCULATION OF ENERGY AND HEAT CAPACITY 


15. CLASSICAL THEORY 


15a. The Kinetic Theory of Gases.—The treatment of heat capacities 
given in the preceding chapters has been based partly on the use of thermo- 
dynamic relationships, and partly on experimental data relating to the actual 
heat capacities and their variation with temperature. The results and con- 
clusions are, therefore, independent of any theories concerning the existence 
and behavior of molecules. However, by means of such theories valuable 
information has been obtained of a practical character, having a definite 
bearing on thermodynamic problems. For this reason, consideration will 
be given to certain theories of heat capacity, especially as some of the prin- 
ciples involved will be required in another connection at a later stage. 

If it is postulated that an ideal gas consists of rapidly moving, perfectly 
elastic particles, i.e., the molecules, which do not attract each other, and 
which have dimensions negligible in comparison with the total volume of 
the gas, it is possible by the application of the laws of classical mechanics 
to derive an expression for the gas pressure. This approach to the study of 
gases, known as the kinetic theory of gases, leads to the result 


PV = 4Nme, (15.1) 


where P is the pressure of the gas, V is the volume containing N molecules 
of mass m, and c is the mean square of the velocities of the molecules at the 
experimental temperature. If this result is combined with the equation of 
state for 1 mole of an ideal gas, viz., PV = RT, is found that 


41Nmc = RT, 
IN me: = RT, (15.2) 


where N is now the Avogadro number, i.e., the number of individual mole- 
culesin one mole. Since the mean kinetic energy of translation per molecule 
is $mc?, it follows that 4Nmc? is equal to the total translational energy of the 
mole of gas; if this is represented by E., equation (15.2) gives 


Ew. = IRT. (15.3) 


15b. Kinetic Theory and Heat Capacity of Monatomic Gases.—If the 
energy of a molecule is supposed to be entirely translational,* then Esr. as 
* Monatomic molecules undoubtedly possess other forms of energy, e.g., electronic and 


nuclear, but these may be regarded as being independent of temperature. It will be seen 
from equations (9.9) and (9.11) that only energy which varies with temperature can affect 
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given by equation (15.3) may be identified with the energy content E of 1 
mole of gas, so that by equation (9.9) the molar heat capacity at constant 
volume is * 


6 (57), k. (15.4) 


The molar heat capacity of an ideal gas, whose energy is that of translational 
motion only, should thus have a constant value, independent of temperature 
as well as of pressure (§ ge), namely 3H. Since R is 1.987 cal. deg.~! mole, 
it follows that 

Cy = 2.980 cal. deg.—! mole“. 


It was seen in § 9g that for an ideal gas Cp — Cy = R, so that for the gas 
under consideration, 
Ce=Cy +R = A 


= 4.967 cal. deg.—' mole. (15.5) 


The ratio of the heat capacities of the gas at constant pressure and volume, 
respectively, is given by equations (15.4) and (15.5) as 


= 1.667. (15.6) 


For certain monatomic gases, such as helium, neon, argon, and mercury 
and sodium vapors, the ratio of the heat capacities at moderate temperatures 
has been found to be very close to 1.67, as required by equation (15.6). The 
values of the individual heat capacities at constant pressure and constant 
volume are 5.0 and 3.0 cal. deg.~' mole“, respectively, in agreement with 
equations (15.5) and (15.4). It appears, therefore, that for a number of 
monatomic gases the energy of the molecules, at least that part which varies 
with temperature and so affects the heat capacity, is entirely, or almost 
entirely, translational in character (see, however, § 16f). 

15c. Polyatomic Molecules: Rotational and Vibrational Energy.—For 
gases consisting of molecules containing two or more atoms, the ratio of the 
heat capacities is less than 1.67, under ordinary conditions, and the values 
of Cy and Cy are larger than those given above. The only exceptions are 
the diatomic molecules hydrogen and deuterium, for which equations (15.4) 
and (15.5) have been found to apply at very low temperatures, about 50° K. 
However, the values are not constant, as they often are for monatomic 
molecules, and at ordinary temperatures Cy and Cy have increased to ap- 
proximately 6.9 and 4.9 cal. deg.-' mole, respectively; the ratio is then 
about 1.4, as it is for most other diatomic gases, e.g., nitrogen, oxygen, 
carbon monoxide, hydrogen chloride, etc., (§ 10e). In each case, further 


the heat capacity, and so these other forms of energy can be neglected for the present. 
Polyatomic molecules also possess rotational and vibrational energy; these vary with tem- 
perature and so contribute to the heat capacity (§ 15c). 

* Since E.. is independent of the volume, the partial differential notation in equation 
(15.4) is unnecessary, but it is retained here and subsequently for the sake of consistency. 
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rise of temperature causes the heat capacities to increase, although the differ- 
ence between Cy and Cy always remains equal to about 2 cal. deg.— mole, 
provided the pressure is not greatly in excess of atmospheric. 

The reason why the heat capacities of polyatomic molecules are larger 
than the values given by equations (15.4) and (15.5) is that molecules of this 
type possess rotational energy and vibrational energy, in addition to the 
energy of translation. The rotational energy of a polyatomic molecule is 
due to the rotation of the molecule as a whole about three (or two) axes at 
right angles to one another, and vibrational energy is associated with the 
oscillations of the atoms within the molecule. The inclusion of these ener- 
gies in the energy content of the molecule, and their increase with rising 
temperature, accounts for the discrepancy between the actual behavior of 
polyatomic molecules and the theoretical behavior described in § 15b. At 
sufficiently low temperatures the effect of the rotational energy and, espe- 
cially, of the vibrational energy becomes inappreciable; this explains why 
hydrogen and deuterium behave like monatomic gases in the vicinity of 
50° K, i.e., — 220°C. Other polyatomic gases would, no doubt, exhibit a 
similar behavior, but they liquefy before the rotational energy contribution 
to the heat capacity has become negligible. The decrease of Cy and Cy to 
5 and 3 cal. deg. mole“, respectively, although theoretically possible, can 
thus not be observed. 

15d. Principle of Equipartition of Energy.—The contributions of the 
vibrational and rotational motions to the energy and heat capacity of a 
molecule can be calculated by classical methods, and although the results 
are not correct, except at sufficiently high temperatures, for reasons to be 
explained later, the procedure is, nevertheless, instructive. According to 
the principle of the equipartition of energy, each kind of energy of a molecule 
that can be expressed in the general form daz, referred to as a square term“ 
or “quadratic term, where x is a coordinate or a momentum, contributes 
an amount HR to the average energy of 1 mole. The translational (kinetic) 
energy of a molecule is equal to 4m(a* + y? + 2), where æ, y and z represent 
the components of its velocity in three directions at right angles. The 
momentum p., for example, is equal to mz, and so the energy is given by 
(p? + pi + p:)/2m, thus consisting of three quadratic terms. By the prin- 
ciple of the equipartition of energy, therefore, the translational energy should 
be 3 X 4RT, i.e., 3RT, in agreement with equation (15.3). 

The rotational energy of a molecule, assumed to be of constant dimen- 
sions, is proportional to the square of the angular momentum, so that each 
type of rotation is represented by one square term, and thus should con- 
tribute RET per mole to the energy content. A diatomic molecule, or any 
linear molecule, exhibits rotation about two axes perpendicular to the line 
joining the nuclei. The rotational energy of a diatomic, or any linear, 


1R. C. Tolman, “The Principles of Statistical Mechanics,“ 1938, pp. 93 et seg.; R. H. 
Fowler and E. A. Guggenheim, “Statistical Thermodynamics,” 1939, pp. 121 et geg.; J. E. 
Mayer and M.. G. Mayer, “Statistical Mechanics,” 1940, pp. 144 et geg.; S. Glasstone, 
Theoretical Chemistry, 1944, pp. 300 et seg. 
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molecule should thus be 2 X IRT, i. e., RT, per mole. A nonlinear molecule, 
on the other hand, can rotate about three axes, so that the rotation should 
contribute 3 X RT, i.e., RT, per mole to the energy of the system. 

The energy of a harmonic oscillator is given by the sum of two quadratic 
terms, one representing the kinetic energy and the other the potential energy 
of the vibration. By the equipartition principle, the energy is thus expected 
to be 2 X 4RT, i. e., RT, per mole for each possible mode of vibration. In 
general, a nonlinear molecule containing n atoms possesses 3n — 6 modes of 
vibration, so that the vibrational energy contribution should be (8n — 6)RT 
per mole. Diatomic and linear molecules, however, have 3n — 5 vibrational 
modes, and the vibrational energy is expected to be (8n — 5)RT per mole. 

15e. Classical Calculation of Heat Capacities.—For a diatomic molecule 
two types of rotation are possible, as seen above, contributing RT per mole 
to the energy. Since there are two atoms in the molecule, i. e., n is 2, there 
is only one mode of vibration, and the vibrational energy should be RT per 
mole. If the diatomic molecules rotate, but the atoms do not vibrate, the 
total energy content E will be the sum of the translational and rotational 
energies, i.e., RT + RT = $RT, per mole; hence, 

— ðE a. Š 

Cy(tr. + rot.) (57). $k, 

so that the heat capacity at constant volume should be about 5 cal. deg.—1 
mole. The same result would be obtained if there is vibration of the 
atoms in the diatomic molecule, but no rotational motion. If, however, the 
molecule rotates and the atoms also vibrate, the energy content should be 
3RT + RT + RT i. e., RT, per mole; then 

( ðE ) 

Cy(tr. + rot. + vib.) -[ — ) = GR, 
aT Jy 

that is, about 7 cal. deg.~! mole. 

The heat capacities of the diatomic gases, hydrogen, oxygen, carbon 
monoxide and hydrogen chloride, are all very close to 5 cal. deg.—-1 mole! 
at ordinary temperatures. It appears, therefore, that in these diatomic 
molecules there is either vibration or rotation, but not both, the rotational 
motion being the more probable. According to the classical equipartition 
principle, the value of Cy should remain at 5 cal. deg.—! mole with increas- 
ing temperature, until the other type of energy, i.e., rotation or vibration, 
respectively, becomes excited; the heat capacity at constant volume should 
then increase sharply to 7 cal. deg. mole- i. This is, however, quite con- 
trary to experience: the heat capacity increases gradually, and not suddenly, 
as the temperature is raised. Even at 2000° C, the heat capacities Cy of 
hydrogen, nitrogen, oxygen and carbon monoxide are only 6.3, although that 
of hydrogen chloride is 6.9 cal. deg.—! mole. For chlorine gas the value of 
Cy is already 6.0 at ordinary temperatures, and becomes equal to 7.0 cal. 
deg — mole at about 500° C; it then increases, very slowly, to 7.2 cal. deg.— 
mole at 2000° C. 
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16. QUANTUM STATISTICAL THEORY oF HEAT CAPACITY 


16a. Quantum Theory of Energy.—It is clear that as far as diatomic 
molecules are concerned the experimental heat capacities and their variation 
with temperature are not entirely consistent with the equipartition principle; 
the same is found to be true for other polyatomic molecules. In every case, 
however, the theoretical heat capacity is approached, or slightly exceeded, 
as the temperature is raised. Nevertheless, the approach is gradual, whereas 
the classical treatment would imply a sudden change from one value to 
another. An attempt to overcome this discrepancy was made by suggesting 
that the development of a new type of motion, with increasing temperature, 
did not occur with all the molecules at the same time. Thus, at any tem- 
perature a gas might consist of a mixture of molecules, some of which were 
rotating and not vibrating, but others were rotating as well as vibrating. 
However, no adequate theoretical treatment could be developed to account 
quantitatively for the experimental facts. 

A much more satisfactory and complete interpretation of the observa- 
tions is provided by the quantum theory, according to which a molecule 
acquires its energy in the form of definite amounts or quanta. As far as trans- 
lational energy is concerned, the quanta are so small that the energy is taken 
up in a virtually continuous manner. As a result, the behavior corresponds 
to that required by the classical theory. Rotational quanta are also small, 
although considerably larger than those of translational energy; hence, at 
ordinary temperatures nearly all the molecules possess appreciable amounts 
(quanta) of rotational energy. The energy contribution is again in good 
agreement with that required by the equipartition principle, i. e., NT per 
mole, for each type of rotation. 

The vibrational quanta, on the other hand, are much larger, and at 
ordinary temperatures the vibrational energy of most molecules is that of 
the lowest quantum level. In this event, the vibrational energy does not 
affect the heat capacity, as is the case for the majority of diatomic molecules. 
As the temperature is raised the molecules acquire increasing numbers of 
quanta of vibrational energy, with the result that the contribution to the 
heat capacity increases toward the classical value of R, i.e., about 2 cal. 
deg. mole, for each mode of vibration. This accounts for the steady 
increase of the heat capacities at constant volume of several diatomic mole- 
cules from 5 at ordinary temperatures to 7 cal. deg.—! mole as the tempera- 
ture is raised. With chlorine, the vibrational energy quanta are not too 
large, because the binding energy of two chlorine atoms is smaller than that 
for most other diatomic molecules (cf. Table VII). Consequently, the num- 
ber of molecules possessing one or more quanta of vibrational energy in- 
creases with temperature, even at normal temperatures; hence, the molar 
heat capacity Cy of chlorine already exceeds R at 0° C, and reaches R at 
about 500° C. The quantum theory thus permits of a qualitative explana- 
tion of the heat capacity observations for diatomic molecules, and also of 
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other molecules. It will now be shown that a quantitative interpretation 
is also possible. 

16b. The Partition Function.—The molecules of a gas do not all have the 
same energy ; in fact any value of the energy, consistent with the requirement 
that it shall be made up of whole numbers of the various quanta, e.g., of 
translational, rotational and vibrational energy, is possible. However, it 
can be shown by the methods of statistical mechanics that at each tempera- 
ture there is a particular distribution of the total energy of a gas among 
its constituent molecules which is much more probable than any other 
distribution.? 

Consider a system, such as an ideal gas, consisting of a total number of 
N molecules which do not attract or repel each other. According to the quan- 
tum theory, the energy of each molecule at any instant must have a definite 
value involving a specific number of quanta. Let e; represent the energy, 
in excess of the lowest possible value, of one of these permitted states of the 
molecules. It has been shown by the methods of wave mechanics that even 
at the absolute zero a molecule would still possess a definite amount of 
energy, particularly vibrational energy; this quantity, referred to as the 
zero-point energy of the molecule, is the lowest value which acts as the refer- 
ence level postulated above. Suppose No is the number of molecules in this 
lowest energy state, and N. is the number in the level in which the energy is 
e. The most probable energy distribution among the molecules, contained 
in a vessel of constant volume, at the absolute temperature 7, is then given 


by statistical mechanics as 
N. = Noe /f, (16.1) 


where k, known as the Boltz mann constant, is equal to the molar gas constant 
R divided by the Avogadro number.“ The foregoing result is an expression 
of the Maxwell- Boltzmann law of the distribution of energy. Although the 
law was derived from classical mechanics, it has been found that, at all tem- 
peratures above the lowest, quantum considerations lead to a result which 
is almost identical with that given by equation (16.1). One modification is, 
however, necessary: this is the introduction of a statistical weight factor g. 
representing the number of possible quantum states having the same, or 
almost the same, energy e:. The appropriate form of the energy distribution 
law is then 


N; = ~e 99 9 ⁰, (16.2) 
0 


where go is the statistical weight of the lowest energy level. 
If the various energy values, represented by the general term «, are eo, 
ei, ez, etc., and the numbers of molecules possessing these energies are No, 


2 For a fuller treatment of this subject and of other matters considered in this chapter, 
see the works mentioned in ref. 1 

*The Boltzmann constant ‘is usually expressed in ergs deg.—-; thus R is 8.814 10° 
ergs deg.—! mole~! and the Avogadro number is 6.023 X 10 mole=, so that k is 8.314 Xx 107%é 
6.023 X 10% = 1.380, X 10-'* erg deg. l. 


16c QUANTUM BTATISTICAL THEORY OF HEAT CAPACITY 101 


Ni, Na, etc., or N., in general, then the total number of molecules N is equal 
to the sum of these individual numbers; that is, 


N = Not Nit Note TN. 


— =e (oe / -+ gie T 4 . 7 ger + -- -), 
0 

where go, 91, 92, etc., are the statistical weights of the respective levels. This 
result may be put in the form 

N = Ne S gear, (16.3) 

Jo imo 

where the summation is taken over all integral values of :, from zero to 
infinity, corresponding to all possible energy states of the molecules. The 
summation term in equation (16.3) is known as the partition function of the 
molecule, and is represented by the symbol Q *; thus, 


2 — goe +- gie / + gie 2/7 SY ete + ge etl er + eee 


= ge (16.4) 
10 
It follows, therefore, from equations (16.3) and (16.4) that No/go = N/Q; 
substituting this result in (16.2) it is seen that the distribution law may be 
written in the form 


N. = Goc (16.5) 


16c. Energy, Heat Capacity and the Partition Function.—Since, in 
general, M. molecules each possess energy e, the total energy content, in 
excess of the zero-level value, of the molecules in the th level is N,«;; the 
total energy, in excess of the zero level, of the whole system of N molecules 
is then given by the sum of all such terms. If E is the actual energy content 
of the N molecules and Eo is the total energy when they are all in the lowest 
possible level, then 


E — Eo = Noo + Nii + Maze: + ++: + Nee , (16.6) 
and hence, by equation (16.5) 


E — EO = 90 (goco / + guere /K T ... . p giet T 4+ ---). (16.7) 


Upon differentiating equation (16.4), which defines the partition func- 
tion, with respect to temperature, the volume being constant, as postulated 
above, and multiplying the result by x T2, it is found that 


kT? (57) = goeoe / -+- giele Ol FT + TEN 4- gee *T + — 
V 


* This should not be confused with the heat quantity for which the same symbol is used. 
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It is evident, therefore, that equation (16.7) may be written as 


_ E = NL (Y (2 T8), 
2 — E. 0 (57). wer (257 l 


If the system under consideration consists of 1 mole of gas, N is the Avogadro 
number and Nk is equal to E, the molar gas constant; the expression for the 
energy content per mole is then 


ð In Q 
E — Ey HTT 16.8 

° ( ôT ), re) 
Finally, differentiation of equation (16.8) with respect to temperature, at 
constant volume, remembering that Eo is constant, gives 


e- (2), Ls (ee) l. e 


for the molar heat capacity of an ideal gas system at constant volume. The 
value of Cp can then be obtained by the addition of R, in accordance with 
equation (9.29). The result expressed by equation (16.9) is applicable to any 
gas, provided the forces between the molecules are small, that is to say, pro- 
vided the gas is almost ideal. Corrections for deviations from ideal behavior 
can be made if necessary (§ 21d). 

In order to simplify the computation of heat capacities from partition 
functions it is often convenient to utilize the fact that equation (16.9) can 
be converted into the form 


A [e . J + 
ae a — 


where 
€, 


1 2 
Q’ 2 — 5 13 and Q” — 5 ($) 9. / kT, 


By means of the equations derived above it should be possible to calcu- 
late the heat capacity of a gas at any temperature provided information 
concerning the partition function is available. The problem is thus reduced 
to a study of the evaluation of this property of a molecular species. 

16d. Separation of Energy Contributions.—The energy values eo, ei, , 
ki, . . ., used in the definition of the partition function [equation (16.4) ] 
refer to the total energy of a single molecule, including the translational, 
rotational and vibrational contributions; allowance must also frequently be 
made for the electronic energy because the molecules are not necessarily all 
in a single electronic energy level. This is the case, for example, for a 
number of monatomic substances, such as atomic oxygen and the halogens, 
which have multiplet electronic levels at ordinary temperatures, and excited 
electronic states for which allowance must be made at higher temperatures. 


It should be noted that Q' = 0Q/0(1/T) and Q” = #Q/a(1/T). 
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For most common polyatomic molecules, with the exception of oxygen and 
nitric oxide, the electronic contribution to the partition function is virtually 
a factor of unity at ordinary temperatures, so that it can be ignored. At 
high temperatures, however, it becomes important and must be taken into 
consideration. There is also a nuclear effect on the partition function, but 
this may be neglected for the present (cf., § 243). 

If the various forms of energy of a molecule may be regarded as com- 
pletely separable from one another, which is probably justifiable, at least as 
far as electronic, translational and combined rotational and vibrational 
energies are concerned, it is possible to write 


E = ee ＋ etete 
or 
8 rf 2 eeelkT X ew eelkT x e erlx&T * „ (16.11) 


where e is the total energy per molecule, and ee, es, e, and e, represent the 
separate electronic, translational, rotational and vibrational contributions, 
respectively. It is evident from equation (16.11) that each exponential 
term in (16.4), which defines the partition function, may be taken as the 
product of a number of terms of the same type, one for each kind of energy. 
Further, the statistical weight factor g is equal also to the product of the 
separate factors for the various forms of energy. As a result, the complete 
partition function Q may be divided into a number of factors,“ viz., 


Q = Q. * . * Q, * e, (16.12) 


where Q., Q:, Q, and Q, are called the electronic, translational, rotational 
and vibrational partition functions, respectively. Each of these is defined 
by an expression identical in form with equation (16.4), but in which g and 
e refer to the particular type of energy under consideration. The subdivision 
of the total partition function into a number of products, each characteristic 
of one type of energy, greatly simplifies its evaluation. 

It will be observed from equations (16.8) and (16.9) that the energy and 
heat capacity of a gas depend on the logarithm of the complete partition 
function. Since the latter is equal to the product of the factors for the 
several forms of energy, the total energy content and heat capacity of the 
molecules will be equal to the sum of the contributions obtained by inserting 
the appropriate partition functions in the aforementioned equations. Thus, 
from equation (16.12), 


In Q = In . + In O;. , 
so that 
n e = n . , din 
oT oT oT 


* This result follows from the mathematical fact that the product of sums is equal to 
the sum of the products. 
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Consequently, by equation (16.8), 
ô ln Q. dln . 
— 2 2 —— ETRE e 00 
E - By = RT ( 278. ) + Kr. aT ) ses, 


V 
and similarly for the heat capacity. This result is the basis of the procedure 
which will now be adopted for the derivation of expressions for the energy 
and heat capacity of various types of molecules. It may be mentioned, in 
anticipation, that the only partition function factor which is dependent on 
the volume is the translational contribution; hence, in all other cases the 
partial differential notation, with the constant volume restriction, need not 
be used. 

16e. Translational Partition Function.— Since all molecules, monatomic 
or polyatomic, possess translational energy, the corresponding contribution 
to the partition function will be considered first. This is determined by 
utilizing the expression 
n*h? 
ED = oe? 


for the component in one direction of the translational energy of a molecule, 
derived by means of wave mechanics; n is a quantum number which may 
have any integral (or zero) value, m is the mass of the molecule which is 
confined in a box of length / in the direction parallel to the given energy com- 
ponent, and h is the Planck (quantum theory) constant, i.e., 6.624 X 10-27 
erg sec. The statistical weight of each translational level is unity, and so 
the partition function for translational motion in one direction is given by 
equation (16.4), after inserting the energy expression from (16.13), as 


(16.13) 


Qe = >, π t f = > nen, (16.14) 


n=O 


the summation being carried over all values of the quantum numbers from 
zero to infinity. Since translational levels are very closely spaced,* the 
variation of energy may be regarded as being virtually continuous, instead 
of stepwise, as it actually is. The summation in equation (16.14) may thus 
be replaced by integration, so that 


2 
22 amt 
Qia =f ena e dn 
0 


M (2rmk T) 
h 


* This can be shown by inserting the value for m, for any molecular species, in equation 
(16.13), together with the Planck constant; taking l as 1 cm., for example, the energy 
separation of successive quantum levels can then be found by setting n = 1, 2, ete. The 
result may thus be compared with B&T, the average translational energy of a single molecule 
in one direction. The latter will be found to be of the order of 1017 times the former, at 
ordinary temperatures, showing that the translational quantum levels must be closely 
spaced, 


1/2 
— . (16.15) 
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The contribution of each of the components of the translational energy, 
in three directions at right angles, is represented by equation (16.15), and 
the complete translational partition function is obtained by multiplication 
of the three identical expressions; thus, 


SamkT)3!2 
. = Grn y, 


where !* has been replaced by V, the volume of the gas. 


(16.16) 


Problem: Calculate the translational partition function for 1 mole of oxygen 
at 1 atm. pressure at 25° C, assuming the gas to behave ideally. 


Since the pressure is given, it is convenient to replace V in equation (16.16) 
by RT/P, so that 
Q: = (2amkT)*? HRT 
3 P 
It can be readily shown that Q, is dimensionless, so that all that is necessary is to 
see that numerator and denominator are expressed in the same units. In this 
case, m, k and h are known in c.g.s. units, P is 1 atm., so that R should be in 
cc.-atm. deg.~! mole~!._ The mass m of the oxygen molecule is equal to the mo- 
lecular weight 32.00 divided by the Avogadro number, i. e., 5.313 X 10-3 g. The 
temperature T is 298.2°; hence, 


(2 X 3.1416 X 5.313 X 10 X 1.380 X 10 X 298.2)? 82.06 X 298.2 


Q: = (6.624 X 10727)? 1.000 


4.28 X 10”. 


If the expression for the translational partition function is inserted into 
equation (16.8), it is readily found, since r, m, k, h and V are all constant, 
that the translational contribution ZE. to the energy, in excess of the zero- 
point value, is equal to 3RT per mole, which is precisely the classical value. 
The corresponding molar heat capacity at constant volume is thus 2K. As 
stated earlier, therefore, translational energy may be treated as essentially 
classical in behavior, since the quantum theory leads to the same results as 
does the classical treatment. Nevertheless, the partition function derived 
above [equation (16. 16) ] is of the greatest importance in connection with 
other thermodynamic properties, as will be seen in Chapter IX. 


16f. Electronic States: Monatomic Gases.—Many monatomic substances, 
as well as a few polyatomic molecules, e.g., oxygen, nitric oxide and nitrogen 
dioxide, have multiplet electronic ground states. That is to say, in their normal 
states there are two or more different electronic levels with energies so close to- 
gether that they may be considered as a single level with a statistical weight factor 
greater than unity. In addition to this possibility, there may be excited electronic 
states, whose energy is appreciably greater than that of the normal (ground) states. 
Such excited states become increasingly occupied as the temperature is raised. 
In cases of this kind the electronic partition function is greater than unity and 
varies with temperature; its value must be determined for the calculation of 
energies and heat capacities. 
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The statistical weight factor of each electronic level, normal or excited, is 
equal to 27 + 1, where j is the so-called “resultant” quantum number of the atom 
in the given state. The expression for the electronic factor in the partition func- 


tion is then given by 
Q. (2 + le r, (16.17) 


where e, is the energy of the electronic state in excess of the lowest state, i. e., the 
ground state. In the ground state, the energy e., is zero, so that the exponential 
factor 7 is unity. The contribution of this state to the electronic partition 
function is thus 2j + 1. For helium, neon, etc., and mercury, the value of 7 in 
the lowest energy state is found to be zero, from the spectra of these atoms; hence, 
2j + 1 is unity, and since no higher (excited) level need be considered, the elec- 
tronic partition function factor is also unity, and so can be disregarded. Even if 
2j + 1 were not unity, the effect on the energy and heat capacity would still be 
zero, for these quantities are dependent on derivatives of the logarithm of the 
partition function with respect to temperature [cf. equations (16.8) and (16.9) J. 
Provided the ground state of the atom is the only state which need be considered, 
Q. is 27 + 1, where j refers to the ground state, and hence it is an integer which 
is independent of temperature; the contribution to E and Cy will consequently 
be zero. 

It appears from spectroscopic studies that helium, neon, argon and mercury 
atoms are almost exclusively in a single (ground) state and that higher (excited) 
electronic energy states are not occupied to any appreciable extent, except at very 
high temperatures. These gases, therefore, behave in the manner required by the 
classical treatment. The heat capacities of these monatomic substances are thus 
equal to the translational value, i. e., 3 R, at all reasonable temperatures. If ac- 
curate observations could be made at high temperatures, however, a small in- 
crease would be observed, because of the occupation of higher electronic levels. 

For some atoms one or more electronic states above the ground state are ap- 
preciably occupied even at moderate temperatures, and hence the appropriate 
terms must be included in the partition function. For example, in the lowest state 
of the chlorine atom, i.e., when e, is zero, the value of j is 3; not very far above 
this is another state in which 7 is $. The electronic partition function for atomic 
chlorine at ordinary temperatures is therefore given by equation (16.17) as 


O. = (2X 2+ I)er + (2 X } + Lew = 
e (16.18) 


where ei is the electronic energy of the upper level, in excess of the value in the 
ground state. At higher temperatures other terms would have to be included for 
electronic states of higher energy, but these may be neglected here. The value of 
the energy ei is found from the spectrum of atomic chlorine; it is derived from the 
separation of two lines whose frequencies, in wave numbers,“ differ by 881 cm. 1. 
According to the quantum theory, the energy é corresponding to a frequency of 


cem. 1 is represented by 
e = vie, (16.19) 


where h is the Planck constant and c is the velocity of light. Upon inserting the 
values of h, c and k (see Table 1, Appendix), it is found that hc/k is 1.4385 em. 


The frequency in “wave numbers,” or em. units, is equal to the frequency expressed 
in vibrations per second, i. e., sec.~! units, divided by the velocity of light, 2.9977 X 10” 
cm. sec. 4. 
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so that from equations (16.18) and (16.19) the electronic partition function for 
atomic chlorine is found to be 


. = 4 + Qe ~ssUclkT = 4 +4 De-1268/T (16.20) 


Hence the electronic contribution to the energy content and the heat capacity at 
any (moderate) temperature can be determined by means of equations (16.8) and 
(16.9), respectively. 

Problem: Calculate the electronic contribution to the heat capacity of atomic 
chlorine at (i) 300° K, (ii) 500° K. 

The calculation is most conveniently made by means of equation (16.10). 

(i) At 300° K, 

Q. = 4 + 2e 1268/00 = 4.029. 
„ as defined in connection with equation (16.10), contains one term only, since 

elt is zero for the lowest level; hence, 


Q; = 1268 X 2e 1268/00 = — 37.02, 


since €/k is 1268 for the higher level, as seen in equation (16.20). Q” also consists 
of one term; thus, 
Q? = (1268)? X 2e 1268 / = 4,695 X 104. 


Hence, by equation (16.10), 
C= R 4.695 X 10. / 37.02 \? 
7 (300)? 4.029 4,029 
= 0.128R = 0.254 cal. deg. g. atom. 


(ii) At 500° K, 

Q. — 4 +- 26e 1265 / 500 = 4.158 
Q; = 1268 X 2e—268/500 = — 200.8 
(1268)? X 2e—1268/500 — 2,546 X 105 
H 2 * 105 200.8 ) 
~ (500)? 4.158 (245 
= 0. 236K = 0.469 cal. deg.—! g. atom“. 


The normai heat capacity of atomic chlorine, due to translational energy only, is 
2 R, i.e., 2.98 cal. deg.-! g. atom™!, and so the electronic contribution would be 


appreciable even at 300° K. 


C. 


In general, an energy level, electronic or otherwise, can contribute to 
the partition function if the exponential term e /r has an appreciable 
magnitude. As a very rough rule, it may be stated that if for any level / 
is greater than about 57, then the contribution of that particular level may 
be neglected at the temperature T. As seen above, / is 1268 deg. for the 
first excited level of atomic chlorine, and so this will affect the energy and 
heat capacity at temperatures exceeding 1268/5, i. e., about 250° K. The 
results in the problem given above show that at 300° K the electronic con- 
tribution to the molar heat capacity of atomic chlorine is 0.128R, which is 
quite appreciable. Since e /r increases rapidly with increasing tempera- 
ture, the effect. on the energy and heat capacity also becomes much more 


apparent. 
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The foregoing calculations show how the classical treatment, which does 
not take into account the possibility of electronic states, would fail if applied 
to atomic chlorine at temperatures exceeding about 250° K. The higher 
the temperature the greater the discrepancy. It was perhaps fortunate that 
the original prediction, based on the kinetic theory, that the molar heat 
capacity of a monatomic gas should be $F at constant volume, independent 
of the temperature, was confirmed first by measurements with mercury 
vapor (A. Kundt and E. Warburg, 1876), and later with sodium vapor and 
the inert gases of the atmosphere. Spectroscopic measurements indicate 
that for the atoms of all these elements the energy difference between the 
lowest and next electronic level is so great that temperatures of several 
thousand degrees would be required for the second level to make an ap- 
preciable contribution to the energy and heat capacity. If, like atomic 
chlorine and, more particularly, atomic oxygen, the aforementioned sub- 
stances had possessed low-lying electronic levels, discrepancies would have 
been observed which would have proved inexplicable until the modern 
development of the quantum theory. 

16g. Diatomic Molecules: Electronic Partition Function.— In general, 
for diatomic molecules the effect of electronic levels above the ground state 
can be neglected, since the energy of the next state is usually so high as to 
be of little practical interest. The energy separation between the lowest 
and the next (excited) electronic level of the oxygen molecule is probably one 
of the smallest for any diatomic substance, yet this excited level begins to 
make a detectable contribution only at temperatures exceeding 2000° K. 
For other molecules, therefore, still higher temperatures are necessary before 
electronic states above the ground level have any noticeable effect on the 
partition function. Consequently, it is evident that, for all ordinary pur- 
poses, it is not necessary to consider any state other than the ground state 
of a diatomic molecule. Nearly all such stable molecules, with the notable 
exceptions of oxygen and nitric oxide, occur in a single electronic level, 1.e., 
in a singlet state, and so the electronic partition function at all reasonable 
temperatures is unity. In molecular oxygen, however, there are three very 
closely spaced levels, i.e., a triplet state, and the electronic partition function 
is 3.0. Similarly, nitric oxide has two such levels, i.e., a doublet state, and 
so the electronic factor is virtually 2.0.“ In neither case, however, is there 
any detectable variation with temperature in the vicinity of 300° K, because 
the energies of the excited electronic levels are so much higher than that of 
the normal state. Hence, at temperatures below at least 2000° K the elec- 
tronic contribution to the energy content or heat capacity is negligible for all 
diatomic molecules. As mentioned earlier, the actual value of the electronic 
partition function is important in another thermodynamic connection to be 
discussed in a subsequent chapter. 


In nitric oxide, which is an exception among stable diatomic molecules, each level 
has a multiplicity of two (A-type doubling), so that the electronic partition function is 
actually 4.0. 
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16h. Diatomic Molecules: Rotational Partition Function.—The value of 
the energy of a molecule in any rotational level can be expressed in terms of 
an integral (or zero) quantum number J, so that the rotational energy of 
the Jth level may be represented by ez. The corresponding statistical 
weight is 2J + 1, and the rotational factor in the partition function, apart 
from nuclear spin effects, is given by 


Q, = L (2J + 1) ee. (16.21) 


The rotational energies ey can be derived from a study of the spectrum of the 
molecule, and the value of each (2J + I)er term can be calculated as J 
takes on a series of integral values. It may seem, at first sight, that it would 
be necessary to include a very large number of terms in the summation of 
equation (16.21). However, this is not the case, for as J increases ey also 
increases, and hence the exponential factor /r decreases even more 
rapidly. The number of terms which contribute appreciably to the summa- 
tion is therefore not so large as would at first appear. 

For a diatomic molecule having two different nuclei, e.g., NO, HCl, OH, 
ICI, and even HD, where the nuclei are of different isotopes, the rotational 
quantum number J in equation (16.21) can have the successive values of 
O, 1, 2, 3, etc., but for molecules possessing two identical atomic nuclei, e. g., 
Hz, De, Oz and Cl, this is not strictly true. In principle, all molecules of 
the latter type can exist in “ortho” and “para” states, the statistical weights, 
(i + 1)(2¢ + 1) and 7(22 + 1), respectively, depending on the spin quantum 
number d of the nucleus. If this quantum number is zero, the para states 
have a statistical weight of zero, and hence have no actual existence; such 
is the case, for example, with the most abundant isotopic form of molecular 
oxygen, in which both nuclei have a mass number of 16. In one of the states, 
either ortho or para, depending on various circumstances, the rotational 
quantum number J can have even values only, 1.e., 0, 2, 4, etc., and in the 
other state it can be odd only, i. e., 1, 3, 5, etc. In order to obtain the com- 
plete rotational partition function, it is necessary, therefore, to use the cor- 
rect nuclear spin statistical weight and the proper rotational quantum num- 
bers for each state when making the summation indicated in equation 
(16.21). It may be pointed out that a nuclear spin factor should also be 
included for molecules with dissimilar nuclei, but this has the same value for 
all rotational levels, viz., (21 + 1)(2:’ + 1), where : and : are the spin 
quantum numbers of the two nuclei. 

For all diatomic molecules, with the exception of hydrogen below 300° K 
and of deuterium below 200° K, a considerable simplification is possible for 
temperatures above the very lowest. In the first place, the nuclear spin 
factor may be ignored for the present (see, however, § 24j), since it is inde- 
pendent of temperature and makes no contribution to the heat capacity. 
The consequence of the nuclei being identical is then allowed for by intro- 
ducing a symmetry number o, giving the number of equivalent spatial orienta- 
tions that a molecule can occupy as a result of simple rotation. The value of 
ø is 2 for symmetrical diatomic molecules, and for unsymmetrical molecules 
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it is unity. The rotational partition function is then given by 


Q, = 1 È (2J he-, (16.22) 


O J—0, 1,2, 3. 


where J can have all integral values from zero to infinity. Since the sym- 
metry number is constant for any given molecule, it does not actually affect 
the heat capacity, but it is inserted here for the sake of completeness (see, 
however, § 24k). 

At temperatures at which the modification described above is permissible, 
a further simplification is possible. The rotational energy of a rigid diatomic 
molecule, i.e., one of fixed length, in any level of quantum number J, is 
given by the expression 

h? 
ey = J(J + 1) 337? (16.23) 

where h is Planck’s constant, and J is the moment of inertia * of the molecule. 
In the lowest energy level J is zero, so that ey is zero; hence ey as given by 
equation (16.23) represents the rotational energy, in the Jth level, in excess 
of the lowest, i.e., zero-point, value. This is the quantity, therefore, which 
is to be used in the determination of the partition function. Inserting the 
expression for ey given by equation (16.23) in (16.22), it is seen that 


Q, am 1 x (2J + Len I (J+DAT8r?IkT, 


O Jun, 1,2,°°° 


Provided the moment of inertia is moderately large and the temperature 
not too low, 1.e., for diatomic molecules, other than hydrogen and deuterium, 
virtually all temperatures at which they are gaseous, the summation may 
be replaced by integration and, after neglecting certain small quantities, it 
is found that 


8 INT 
r == s 16.24 
3 ( ) 
TABLE VIII. MOMENTS OF INERTIA OF DIATOMIC MOLECULES 
Molecule I g. em. Molecule I g. em. 
H: 0.459 X 10°“ N: 13.9 X 10-9 
HD 0.612 CO 14.5 
D: 0.920 NO 16.4 
HF 1.34 O2 19.3 
OH 1.48 Cl: 114.6 
HCl 2.66 ICI 245 
Br 3.31 Bra 345 
HI 4.31 I, 743 


*The moment of inertia of a diatomic molecule AB, consisting of two atoms whose 
actual masses are ma and mp, is given by [mamp/(ma + mp) Ir, where r is the distance 
between the centers of the atoms. 
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The moment of inertia can be derived from spectroscopic data or it can be 
calculated from the dimensions of the molecule, so that the rotational par- 
tition function can be determined. The values of the moments of inertia 
of a number of diatomic molecules in their ground states are given in 
Table VIII.“ 

Problem: Calculate the rotational partition function of (i) hydrogen gas, 
(ii) iodine chloride gas, at 300° K. 

(i) From Table VIII, the moment of inertia of molecular hydrogen is 0.459 
X 10 g. om. 2, and its symmetry number o is 2; hence utilizing the known values 
of k and h, it is seen from equation (16.24) that at 300° K, 

Q, = 8 X (3.14)? X 0.459 X 10-4 X 1.38 X 10716 X 300 
i 2 X (6.624 X 1027)? 

1.71. 


(ii) For iodine chloride, J is 245 X 10 g. cm.?, and since the symmetry 
number is unity, 


0. = 8X (3-14)? X 245 X 10" X 1.38 X 10- X 300 
1 (6.624 X 10-27)? 
1820. 


A consideration of the units will show that Q, is dimensionless. 


For the present purpose, it is not necessary to know the actual partition 
function, but only its variation with temperature. For a rigid molecule J 
is constant, and since r, k and h are also constant, it is readily seen from 
equation (16.24), using equations (16.8) and (16.9), that 


d In Q, 
— 2 = 
E, = RT 77 RT 


dE 
C. = -) =R. 
( oT ), 
These results are identical with those obtained from the equipartition prin- 
ciple (§ 15d), so that, as a good approximation, classical methods can be 
used for the evaluation of the rotational energy and heat capacity of diatomic 


gases, except hydrogen and deuterium, at all temperatures above the very 
lowest. 


16i. Rotational Heat Capacity of Molecular Hydrogen.—The spin quantum 
number of the hydrogen (H) nucleus is }, and at ordinary (and higher) tempera- 
tures molecular hydrogen, in which the ortho and para forms have attained equi- 
librium, consists of (1 + 1) (27 + 1), i.e., three, parts of the former to (21 + 1), 
i.e., one, part of the latter. If the gas is cooled in the absence of a catalyst, the 
relative amounts of ortho and para molecules remain unchanged. The so-called 


3 Data mainly-adapted from G. Herzberg, Molecular Spectra and Molecular Structure: 
Diatomic Molecules, 1939. 


and 
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“normal” hydrogen, which is the gas commonly used in experimental work, may 
thus be regarded as consisting of a mixture of three parts of orthohydrogen and 
one part of parahydrogen.* In order to determine the heat capacity of this gas 
at any temperature it is necessary to evaluate the separate partition functions of 
the ortho and para forms, and then to calculate the corresponding heat capacities; 
the rotational heat capacity of “normal” hydrogen is then 2C,(ortho) + }C,(para), 
for the given temperature. The rotational partition function of orthohydrogen is 


Qortho) = (i + NA+) È A beer, 
21,3, 5. . 


since only odd values of the rotational quantum number are associated with the 
ortho states, and that of the para form is 


O. para) = i021 + 1) L (2J + he-, 
J 20, 2,4, 


even values only of the rotational quantum number being permitted; the nuclear 
spin factor has been included in each case. 

It can be seen from equation (16.23) that the energy separation between suc- 
cessive rotational levels is related in an inverse manner to the moment of inertia 
of the molecule. For all gases, except Hz, Dz and HD, the rotational energy 
separations are small enough for a large proportion of the molecules to occupy the 
higher levels even at low temperatures. The behavior in respect to rotational 
energy is therefore virtually classical under all reasonable conditions. With 
hydrogen, however, the moment of inertia is so small (Table VIII), and the 
separation between successive rotational energy levels so large, that a temperature 
of about 300° K has to be reached before the gas can be treated in a classical 
manner. In the vicinity of 50° K virtually all the molecules of hydrogen are in 
their lowest possible rotational states; the quantum number J is then unity for 
the ortho and zero for the para molecules. The respective partition functions 


are Now 
Q(ortho) = (i + 1) (21 + le TPT and , ara) = (21 + 1), 


using the values of ey given by equation (16.23). It is evident from the appropri- 
ate form of equation (16.9) that C,(ortho) and C, (para) will both be zero, and 
hence the rotational heat capacity of “normal” hydrogen will also be zero at 
temperatures of 50° K and below. As the temperature is raised additional terms 
contribute to the rotational partition function, and the heat capacity increases. 
By utilizing the ey values derived from the spectrum of molecular hydrogen, the 
rotational partition functions of the ortho and para forms have been determined 
at a number of temperatures by summing the appropriate ge /f terms in each 
case. From these results the heat capacities of normal“ hydrogen have been 
calculated, and the values have been found to be in good agreement with measure- 
ments made from 80° to 300° K. In fact, the heat capacities obtained from the 
partition functions, after making allowance for departure from ideal behavior, are 
probably more accurate than those derived from experiments at low temperatures. 

* If ortho-para equilibrium is attained at every temperature, the proportion of the para 
form will increase as the temperature is lowered from about 300° K. The system is then 
ra as “equilibrium” hydrogen. At 20° K it consists of almost 100 per cent para- 

y drogen. 
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At temperatures of about 300° K and above, a sufficient number of 
rotational energy levels contribute to the partition functions for the hydro- 
gen gas to be treated in a classical manner. The rotational partition func- 
tion will then be given by equation (16.24), and the corresponding heat 
capacity will thus be R, as for other diatomic gases. Since deuterium has 
a higher moment of inertia than ordinary hydrogen, a somewhat lower tem- 
perature, namely, about 200° K, is sufficient for virtually classical behavior 
to be attained.‘ 

16j. Diatomic Molecules: Vibrational Partition Function.—The vibra- 
tional factor in the partition function may be evaluated by using vibrational 
energy values e, derived from spectroscopic measurements. The statistical 
weight of each vibrational level is unity, and so the partition function is 
merely equal to the sum of the e / terms. Except at high temperatures 
the number of such terms having appreciable magnitudes is not large, and 
the summation can be made without difficulty, if required. However, for 
most purposes a simpler procedure is possible. The values of the energy 
in the various quantum levels of a harmonic oscillator are given by the 
éxpression 

er = (v + Z) hc, (16.25) 


where v is the vibrational quantum number which can be zero or integral; 
h and c are, as usual, the Planck constant and the velocity of light, respec- 
tively, and w cm.— is the vibration frequency, in wave numbers, of the given 
oscillator. In the lowest energy level v is zero, and the vibrational energy, 
i.e., the zero-point energy, is then given by equation (16.25) as $hew. The 
vibrational energy of any level referred to the lowest energy state, which is 
the value required for the partition function, is thus 


en = (w + d)hew — thew = vhew. (16.26) 


The vibrational partition function is then determined by 


Q, = Leier = eve kT, (16.27) 


p=) 


The exponential factor is of the form ee, where x is hcw/kT, so that 


Q, z Sg = 1 +- e7? ez 4+ e3 + PE 
v= O 
= (1 — enn, (16.28) 
where 


* = d 1.499% 


iT 7 (16.29) 


and consequently, 
D. = (1 ane e-) = (1 is 1.4/7) —1. (16.30) 


Dennison, Proc. Roy. Soc., A115, 483 (1927); Giauque, J. Am. Chem. Soc., 52, 4816 
(1930); Davis and Johnston, ibid., 56, 1045 (1934); A. Farkas, Orthohydrogen, Para- 
hydrogen, etc., 1935. 
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This expression may be used for the vibrational partition function of a 
diatomic molecule at all temperatures; the only approximation involved is 
that the oscillations are supposed to be harmonic in nature. The anhar- 
monicity correction must be made for precision calculations, but its effect 
is not large. The only property of the molecule required for the evaluation 
of Q. by equation (16.30) is the vibration frequency, which can be obtained 
from a study of its spectrum. The values of this frequency for a number 
of diatomic molecules are given in Table IX.5 


TABLE IX. VIBRATION FREQUENCIES OF DIATOMIC MOLECULES 


Molecule w cm. 1 Molecule w em. 1 
H: 4405 N: 2360 
HD 3817 CO 2168 
D: 3119 NO 1907 
HF 4141 O2 1580 
OH 3728 Cl: 565 
HCl 2989 ICI 384 
HBr 2650 Bre 323 
HI 2309 I: 214 


Problem: Calculate the vibrational partition function of (i) molecular hy- 
drogen, (ii) molecular chlorine, at 300° K, assuming them to be harmonic oscillators. 
(i) For hydrogen, w is 4405 cm.~!, and since hcw/kT is equal to 1.439w/T, 
it follows that 
Q, = (1 — e 1.39456 / 300 =L 
= (1 - e7-83)~71 = 1,000 (to several significant figures). 


(ii) For chlorine, w is 565 C m., and hence 
Qe (1 — 1. 565/00) —1 
(1 — e = 1.072. 


The vibrational contribution E, to the energy content, in excess of the 
zero-level value, is obtained by inserting Q, as represented by equation 
(16.30) into (16.8); the result, omitting the partial differential notation 
which is here unnecessary (§ 16d), is 


F RT 5 (16.31) 
where, as defined by (16.29), x is equal to hcw/kT. Differentiation f 
equation (16.31) with respect to temperature then gives the vibrational 
heat capacity; thus,* 
_ ELIET hew \? _ erg: 
C= N F 750 17 K (16.32) 


b See ref. 3. 
* The symbol C, for the vibrational contribution to the heat capacity should not be 
confused with Cy which is the total heat capacity at constant volume. 
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The evaluation of the quantities in equations (16.31) and (16.32), referred 
to as Einstein functions (cf. § 17b), is simplified by tables which give E. 
and C, directly from 2, i.e., from hcw/kT.® 

At moderate temperatures hew/kT is relatively large for many diatomic 
molecules; the vibrational partition function is then close to unity, and E, 
and C, are very small. This means that virtually all the molecules are in 
their lowest, i.e., v = O, vibrational level, and the vibrational contribution 
to the energy and heat capacity will be zero. Such is found to be the case 
for hydrogen, oxygen, nitrogen and carbon monoxide up to about 370° K, 
as indicated earlier (§ 15e). As the temperature is raised hcw/kT decreases, 
and the partition function increases accordingly. This means that increas- 
ing numbers of molecules now occupy the higher, i. e., v = 1, 2, ete., vibra- 
tional energy levels. The vibrational contributions to the energy and heat 
capacity of the gas increase at the same time. At sufficiently high tempera- 
tures hcw/kT becomes small enough for e %%? — 1 to be virtually equal to 
hew/kT.* Upon making this substitution in equation (16.31) it is seen that 


E. = RT, 
and hence 
Cy = R. (16.33) 


The energy and heat capacity at high temperatures should consequently be 
identical, as a first approximation, with the values given by the classical 
equipartition principle. 

The temperature at which hcw/kT becomes small enough for the behavior 
to be classical depends on the vibration frequency w, which varies from one 
molecular species to another (Table IX). There is, of course, no exact 
temperature at which this condition arises, for the approach to classical 
behavior, i.e., the transition from equation (16.32) to (16.33), must be 
gradual. However, there is a rough temperature at which the vibrational 
contributions to the energy and heat capacity become equal to the classical 
values to a certain degree of accuracy, e.g., three significant figures. For 
molecular hydrogen, w is large, viz., 4405 em., and the vibrational heat 
capacity does not attain the classical value of & per mole until a temperature 
of about 3500° K. The vibration frequencies of nitrogen, oxygen and car- 
bon monoxide are somewhat less than for hydrogen, but their behavior is 
nevertheless not completely classical below 3000° K. With molecular chlor- 
ine, on the other hand, the situation is changed, for the vibration frequency 
is only 565 em., and the vibrational contribution to the heat capacity 
becomes H per mole at about 1000° K; it is, in fact, quite considerable, more 
than 1 cal. deg.—! mole, even at 300° K, thus accounting for the heat 
capacity of chlorine being greater than for other diatomic molecules (§ 15e). 


6 Sherman and Ewell, J. Phys. Chem., 46, 641 (1942); see also, Wilson, Chem. Rev., 27, 
17 (1940); Stull and Mayfield, Ind. Eng. Chem., 35, 639 (1943); H. S. Taylor and S. Glasstone, 
“Treatise on Physical Chemistry,” 3rd ed., 1942, Chapter IV (J. G. Aston), Appendix I. 

In the exponential expansion = 1 + x + 27/2! T., all terms beyond the second 
may be neglected when æ is small, so that e ~ 1 + x, and hence e — 1 = zx. 
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Problem: Calculate the vibrational contribution to the molar heat capacity of 
chlorine gas at 300° K, taking the vibration frequency as 565 m. 1. Estimate 
the total Cy for chlorine gas at 300° K. 


In this case, since hc/k is 1.439 cm. deg., 


he 1.439 X 565 
Either by insertion of this value in equation (16.32), or by the use of the tables of 
Einstein functions, it is found that 


„ = 0.56 f = 1.12 cal. deg.-! mole“. 


At 300° K, the translational and rotational contributions to the heat capacity will 
be classical, i.e., 2K and R, respectively, making a total of 4R or 4.97 cal. deg.— 
mole- 1. If the vibrational contribution 1.12 is added, the total is 6.09 cal. deg.— 
mole- 1. (The experimental value which is not very accurate, is close to this 
result; some difference is to be expected, in any case, because the calculations given 
above are based on ideal behavior of the gas. The necessary corrections can be 
made by means of a suitable equation of state, § 21d.) 


16k. Diatomic Molecules: Combined Partition Functions.—The treat- 
ment of the preceding sections has béen based on the assumption that vibra- 
tional and rotational energies are independent; in other words, the approxi- 
mation has been made of taking the molecules to be rigid, in spite of the 
fact that the atoms vibrate. In addition, the vibration has been treated 
as perfectly harmonic in nature. For the accurate evaluation of partition 
functions, especially at moderate and high temperatures, it 1s necessary to 
take into account the interaction of the vibrational and rotational motions 
of the molecule, and to allow for the anharmonicity of the atomic oscilla- 
tions. It is sufficient to state here that the information required for this 
purpose can be obtained from spectroscopic measurements, although the 
treatment of the data is not simple. Nevertheless, the calculations have 
been carried out in a number of cases and the results are recorded in the 
literature. 

161. Polyatomic Molecules.—The general principles involved in the 
evaluation of the partition function, and hence the energy and heat capacity, 
of a molecule containing more than two atoms are quite similar to those 
described for diatomic molecules. Unless there is definite evidence to the 
contrary, as there is for nitrogen dioxide, which has an odd number of elec- 
trons, it is supposed that the ground state of the molecule consists of a single 
electronic level, and that excited states make no contribution to the total 
partition function. The electronic contribution to the energy in excess of 
the lowest level, and to the heat capacity may thus be taken as zero. Fur- 
ther, as with monatomic and diatomic molecules, the translational energy 
may be treated as classical at all feasible temperatures, so that the transla- 
tional motion contributes }RT per mole to the energy content and $F per 
mole to the heat capacity. 
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At all reasonable temperatures the rotational levels of a molecule con- 
taining more than two atoms, like those of diatomic molecules, are occupied 
sufficiently for the behavior to be virtually classical in character. Assuming 
that the molecule can be represented as a rigid rotator, the rotational parti- 
tion function, excluding the nuclear spin factor, for a nonlinear molecule is 
given by 
87 (823A BC) U (kT)? 

gh? : 


where A, B and C are the moments of inertia of the molecule with respect 
to three perpendicular axes, and ¢ is the symmetry number (§ 16h). For 
some molecules, e.g., NH3, PCls, CHCl; and CH;Cl, two of the three mo- 
ments of inertia, e.g., A and B, are equal, so that the product of inertia ABC 
becomes A?C. For spherically symmetrical molecules, such as CH, and 
CCl, A, B and C are equal, so that the product is A*. If the nonlinear 
molecule is planar, e.g., benzene and water, the sum of two of the moments 
of inertia is equal to the third, i.e., A + B = C. The symmetry numbers of 
some polyatomic molecules are as follows: CO}, HzO, SO2(2); NH3(3); CH., 
CHs (12). For HCN, N:2O (i.e., NNO), COS, etc., o is unity. 

A linear molecule containing more than two atoms is analogous to a 
diatomic molecule. It has two identical moments of inertia, and the rota- 
tional partition function is given by the same equation (16.24) as for a 
diatomic molecule. 

The moments of inertia of a molecule can be derived from spectroscopic 
data, or they may be calculated from the interatomic distances obtained by 
electron diffraction methods. The values for a number of simple molecules 
are given in Table X.“ 


Q, * (16.34) 


TABLE X. MOMENTS OF INERTIA OF POLYATOMIC MOLECULES 


Molecule Moment of Inertia Molecule Moments of Inertia 
HCN* 18.9 X 10 g. em. H: O 1.02, 1.92, 2.94 X 10% 
N;0O* 66.9 HS 2.68, 3.08, 5.76 
Co,* 71.9 SO; 12.3, 73.2, 85.5 
C;H;* 23.8 NH. 2.78, 2.78, 4.33 
CH. 5.27 CH, Cl 5.46, 61.4, 61.4 
CCht 520 CH, Br 5.36, 85.3, 85.3 


Linear molecules. 
t Spherically symmetrical molecules. 


By differentiation with respect to temperature of Q,, as given by equation 
(16.34), remembering that all the quantities except T are constant, it is 
readily found that E. is 1K T and C, is R. These are the results to be ex- 
pected from the equipartition principle for energy expressible in three square 
terms, as would be the case for a nonlinear molecule containing more than 


Data mainly 5 from Landolt-Börnstein, Physikalisch-Chemische Tabellen, 
Sth ed., 3rd Supplement; G. Herzberg. “Infra-Red and Raman Spectra of Polyatomic 
Molecules,” 1945. 


118 CALCULATION OF ENERGY AND HEAT CAPACITY 161 


two atoms. Just as with diatomic molecules, excepting hydrogen and 
deuterium, the rotational contributions to the energy and heat capacity may 
be taken as the classical values at all temperatures. 

As seen in § 15d, a molecule containing n atoms has 3n — 6 modes of 
vibration if nonlinear, and 3n — 5 modes if linear. Each of these modes of 
vibration contributes a factor of exactly the same form as equation (16.30) 
to the over-all vibrational partition function; the latter is thus the product 
of 3n — 6 (or 3n — 5) factors, each of the form (1 — ). The values 
of the 3n — 6 (or 3n — 5) vibration frequencies are obtained from a study 
of the various spectra of the molecule or by a comparison with the results 
for related compounds. The vibration frequencies of some familiar mole- 
cules containing more than two atoms are recorded in Table XI. On ac- 
count of molecular symmetry, two or more vibrations may have the same 
frequency; this is indicated by the numbers in parentheses in Table XI. 


TABLE XI. VIBRATION FREQUENCIES OF POLYATOMIC MOLECULES 


Molecule Frequencies (cm.~!) Molecule Frequencies (em.) 
HCN 729(2), 2001, 3451 HzO 1654, 3825, 3935 
Nz0 596(2), 1300, 2276 Hs 1290, 2611, 2684 
CO, 667(2), 1340, 2349 802 519, 1151, 1361 
C-H: 612(2), 729(2), 1974, NH, 950, 1627(2), 3334, 

3287, 3374 3414(2) 
CH, 1358(3), 1390(2), CH;Cl 732, 1020(2), 1355, 
3030,  3157(3) 1460(2), 2900,  3047(2) 
CCL 218(2), 314(3), CHBr 610, 957(2), 1305, 
461, 776(8) 1450(2), 2900, 3061 (2) 


For the determination of the vibrational contribution to the energy 
content or heat capacity it is not necessary actually to evaluate the product 
of the 3n — 6 (or 3n — 5) factors in the partition function. The expressions 
for the energy and heat content [equations (16.8) and (16.9) ] involve the 
logarithm of the partition function, which is equal to the swm of the log- 
arithms of the component factors. Thus, it is usually simpler to determine 
the contributions of each of the 3n — 6 (or 3n — 5) modes of vibration 
separately by means of equations (16.31) and (16.32), and then to add the 
results to obtain the total value for the molecule. 


Problem: Calculate the heat capacity Cy of water vapor at (i) 500° K, (ii) 
1000° K, assuming ideal behavior. 


The translational and rotational contributions may be taken as classical, each 
being $2, so that the total is 3R per mole, i. e., 5.96 cal. deg.-! mole-i, at each 
temperature. 

(i) At 500° K, the values of hcw/kT corresponding to the frequencies of (a) 
1654, (b) 3825, (e) 3935 cm. 1 are 4.77, 11.0 and 11.35, respectively. Setting 
these values of z into equation (16.32), the results for C, are 


(a) 0.392, (6) 0.004, and (e) 0.003 cal. deg. 1 mole~!, 
8 See ref. 7. 
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the total vibrational contribution being the sum of these quantities, viz., 0.399 
æ 0.40 cal. The total heat capacity at constant volume is thus 5.96 + 0.40 = 6.36 
cal. deg.—1 mole. 

(ii) At 1000 K, the values of hcw/kT are 2.38, 5.50 and 5.67 respectively, so 
that the contributions to C, are 


(a) 1.265, (b) 0.247, and (c) 0.225 cal. deg.-! mole, 


the sum being 1.74 cal. The total heat capacity of water vapor at constant 
volume at 1000° K should thus be 5.96 + 1.74 = 7.70 cal. deg. 1 mole, 

The increase of the heat capacity of water vapor with temperature is in 
agreement with experiment. 


The procedure described above, as for diatomic molecules, is based on 
the approximation that rotational and vibrational energies are separable, 
and that the oscillations are simple harmonic in character. The allowance 
for interaction, etc., has been made in a number of cases by utilizing actual 
energy levels derived from spectroscopic measurements. The results are, 
however, not greatly different from those obtained by the approximate 
method that has been given here. 


16m. Internal Rotation.—There are certain molecules for which the foregoing 
procedure for calculating partition functions, and related properties, is not com- 
pletely satisfactory; these are molecules containing groups which are apparently 
capable of free rotation about a single bond. One of the simplest examples is 
ethane, in which the two — CHs groups might be expected to rotate with respect 
to each other. Most aliphatic hydrocarbons and alkyl derivatives of benzene, 
water, hydrogen sulfide, ammonia and formaldehyde fall into the same category. 
For every type of internal rotation of a group within the molecule, the molecule 
as a whole possesses one less vibrational mode; the total number of internal rota- 
tions and vibrations is thus 3n — 6 for a nonlinear molecule. If the internal rota- 
tion is completely unrestricted and classical in behavior, the energy can be repre- 
sented by one quadratic term, so that the corresponding contributions to the energy 
content and heat capacity are 4RT and 3 per mole, respectively. Provided the 
vibration frequencies of the molecule are available from spectroscopic measure- 
ments, the evaluation of the energy content and the heat capacity would not be 
a difficult matter. 

A comparison of thermodynamic properties obtained experimentally with those 
derived from the partition functions has revealed the fact that in many molecules, 
such as those mentioned above, in which free internal rotation might have been 
expected, the rotation is actually restricted. The contributions to the energy 
content, etc., are then appreciably different from those calculated on the assump- 
tion of free internal rotation. The results indicate that before one group can rotate 
freely past another, as in ethane, the molecules must acquire a certain amount of 
the appropriate energy. If this amount were very small, the internal rotation 
would be virtually free and unrestricted, but such appears not to be the case. 
Various lines of evidence show that the necessary energy is appreciable, and this 
results in a restriction of the rotation. If the magnitude of the required energy 
were known it would be possible to calculate, with a fair degree of accuracy, the 
contribution of the restricted internal rotation to the partition function and the 
properties derived from it. However, no satisfactory independent method is yet 
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available, and the procedure adopted is to estimate the value of the energy by 
utilizing an accurate experimental thermodynamic quantity. Once this restricting 
energy is known, other properties can be calculated by making appropriate allow- 
ances. The details of the treatment are not simple, and as they lie outside the 
scope of this book it is not necessary to consider them further.“ 


17. Hear CAPACITY or SOLIDS 


17a. Atomic Heat Capacity: Classical Theory.—An ideal elementary 
solid may be regarded as consisting of a space lattice of independent atoms 
vibrating about their respective equilibrium positions, but not interacting 
with each other in any way. If the vibrations are simple harmonic in 
character, the energy can be expressed as the sum of two quadratic terms; 
hence, according to the principle of the equipartition of energy, the contri- 
bution to the energy content will be RT per g. atom for each vibrational 
mode. Since the atoms would be free to oscillate in all directions in space, 
each atom may be supposed to have three independent modes of vibration. 
The energy content E of the ideal solid element should thus be 3RT per g. 
atom, and hence the heat capacity at constant volume should be 3R, i. e., 
5.96 cal. deg. g. atom. This theoretical conclusion is in general agree- 
ment with the familiar empirical rule of Dulong and Petit, which states that 
the atomic heat capacities of most solid elements, with the exception of 
carbon, boron, beryllium and silicon, measured at atmospheric pressure is 
about 6.4 cal. deg.— at ordinary temperatures. The theoretical atomic heat 
capacity of 3R should apply to constant volume conditions, and by correcting 
the observed, i.e., constant pressure, measurements by means of equation 
(21.9), G. N. Lewis (1907) obtained the results given in Table XII.!“ It is 


TABLE XII. HEAT CAPACITIES OF ELEMENTS AT CONSTANT VOLUME 
IN CAL. DEG. 1 d. ATOM! 


Element Cy Element Cy Element Cy 
Aluminum 5.7 Iodine 6.0 Platinum 5.9 
Antimony 5.9 Iron 5.9 Silver 5.8 
Cadmium 5.9 Lead 5.9 Thallium 6.1 
Copper 5.6 Nickel 5.9 Tin 6.1 
Gold 5.9 Palladium 5.9 Zinc 5.6 


seen that at ordinary temperatures (about 20° C) the values of Cy are 
approximately constant, the mean being 5.9, with a variation of + 0.2, cal. 
deg.— g. atom=!. 


For empirical and semiempirical rules for calculating the heat capacities of hydro- 
carbons and other organic compounds, see Bennewitz and Rossner, Z. phys. Chem., B39, 126 
(1938); Fugassi and Rudy, Ind. Eng. Chem., 30, 1029 (1938); Edmister, ibid., 30, 352 (1938); 
Dobratz, ibid., 33, 759 (1941); Glockler and Edgell, ibid., 34, 582 (1942); Stull and Mayfield, 
1855 15 555 1303 (1943); Pitzer, J. Am. Chem. Soc., 63. 2413 (1941); Spencer, ibid., 67, 
1 1945). 

z Lewis, J. Am. Chem. Soc., 29, 1165, 1516 (1907); Lewis and Gibson, ibid., 39, 2554 
(1917). 
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In spite of the apparent agreement between the experimental data and 
the theoretical prediction based on the equipartition principle, there are 
nevertheless significant discrepancies. In the first place, the heat capacity 
of carbon, e.g., diamond, is only 1.45 cal. deg.—! g. atom=! at 293°K, and it 
increases with increasing temperature, attaining a value of 5.14 cal. deg.—! 
g. atom at 1080˙ K. Somewhat similar results have been obtained with 
boron, beryllium and silicon. Further, although the atomic heat capacities of 
most solid elements are about 6 cal. deg. g. atom at ordinary temperatures, 
and do not increase markedly as the temperature is raised, a striking decrease 
is always observed at sufficiently low temperatures. In fact, it appears that 
the heat capacities of all solids approach zero at 0° K. Such a variation of 
the heat capacity of a solid with temperature is not compatible with the 
simple equipartition principle, and so other interpretations have been 
proposed. l 

17b. The Einstein Heat Capacity Equation.— The first step in the im- 
provement of the theory of the heat capacity of solid elements was made by 
A. Einstein (1907), who applied the quantum theory in place of the classical 
equipartition principle to calculate the energy of the atomic oscillators. 
The expression obtained for the atomic heat capacity of a solid at constant 
volume may be written in the form 


che x T hew \? 


where w is the oscillation frequency, in wave numbers, of the atoms in the 
crystal lattice. Comparison of this result with the contribution made by a 
single oscillator to the heat capacity, as given by equation (16.32), shows 
that the former differs from the latter by a factor of three, as is to be expected. 

According to equation (17.1), the atomic heat capacity of a solid element 
should approach zero at very low temperatures, but at high temperatures, 
when hew/kT is small in comparison with unity, the expression reduces to 
3R, in agreement with the result of the classical treatment. This is in 
general accord with the experimental behavior. The physical significance 
of the variation of the heat capacity of a solid with temperature is then 
similar to that given in connection with the vibrational contribution to the 
heat capacity of a gas (§ 16j). At very low temperatures, all the atoms in 
the solid are in the lowest vibrational level, and they then contribute nothing 
to the heat capacity. With increasing temperature the energy of the crystal 
increases and the higher levels are increasingly occupied; hence the heat 
capacity becomes appreciable. At sufficiently high temperatures a con- 
siderable number of atoms possess fairly large numbers of quanta of vibra- 
tional energy, and the behavior can then be expressed with reasonable ac- 
curacy by the classical treatment. In spite of the fact that the Einstein 
equation represents qualitatively, at least, the variation of heat capacities 
with temperature, it does not completely solve the problem of the heat 


11 See the wotks mentioned in ref, 1. 
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capacities of solid elements, for at low temperatures the calculated values 
fall off more rapidly than do the experimental heat capacities. 

17c. The Debye Heat Capacity Equation.—There is little doubt that in 
its essentials the Einstein theory of the heat capacity of solid elements is 
correct, but it requires some modification in detail. Owing to the proximity 
of the atoms in a crystal, it is very improbable that they will act as inde- 
pendent units oscillating with a uniform frequency. As a result of interac- 
tions, the stoms will execu e complex motions, but these may be regarded 
as being made up of a series of “imple harmonic vibrations with various 
frequencies. A solid containing N atoms will thus behave as a system of 
3N coupled oscillators, and there will be a total of 3N independent fre- 
quencies. The lowest frequency will be zero, but there is a definite limit 
to the highest frequency; this maximum, designated by wm, arises when the 
wave length of the oscillations is of the same order as the interatomic dis- 
tances. In order to determine the distribution of frequencies, P. Debye 
(1912) disregarded the atomic structure of the solid, and treated it as a 
homogeneous, elastic medium. The vibrations of the atoms could then be 
considered as equivalent to elastic waves, similar to sound waves, propagated 
through this continuous medium. In this way an expression for Cy contain- 
ing a complicated integral was obtained; the integral can, however, be 
evaluated in two special cases, (a) moderate and high temperatures, and 
(b) very low temperatures. In the former case, the atomic heat capacity 
equation becomes 


170 * 170 
cy a1 (7) 860 (7) |, (17.2) 
where 6, known as the characteristic temperature of the element, is defined by 


0 = "en = 1.4390 deg. (17.3)* 


At sufficiently high temperatures 6/T becomes small enough for all the terms 
in the brackets of equation (17.2), other than the first, to be neglected; 
Cy then becomes equal to the classical value 32. 

It will be seen from the Debye equation (17.2) that Cy is a function of 
6/T only, and hence the plot of Cy against 7/0 (or log 7/0) should yield a 
curve that is the same for all solid elements. f The nature of the curve is 
shown in Fig. 9, and it is an experimental fact that the heat capacities of 
many elements, and even of a few simple compounds, e.g., ionic crystals such 


Since hehe has the dimensions of energy and k is energy per degree, 0 has the 


dimensions of a temperature. 
t The same is true for the Einstein equation (17.1) which may be written as 


ehr / 7 ( oz.) 
Cy = 3R (77 — iy F ? 
The Einstein characteristic temperature ox, equal to hcw/k, where w is the mean frequency, 
is smaller than the Debye o which involves the maximum frequency. 
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as sodium and potassium chlorides, which crystallize in the cubic system, 
have been found to fall on or very close to this universal curve. The slight 
discrepancies that have been observed are probably to be attributed to the 
approximation of treating a crystalline solid as a continuous medium in the 
determination of the distribution of 
the vibration frequencies. 


It is evident from Fig. 9 that the 7. 5 
heat capacity of an element attains § 
its classical value of 3R when 7% is 34 
approximately unity (see problem 7 3 
given below). If the characteristic 3 
temperature of an element is rela- 32 
tively small, e. g., less than about 300, 8 


the value of 7/0 will be equal to unity 
at temperatures below 300° K. For 
such elements the law of Dulong and ve 080-6 779 1.0 1.2 1.4 
Petit will evidently hold at ordinary 

temperatures. This is the case for Fic. 9. Debye atomic heat capacity curve 
the majority of the solid elements. 

On the other hand, if @ is large, as it is for carbon and some other light 
elements, a temperature of 300° K will coincide with the rising portion 
of the Debye curve. The atomic heat capacity will thus be well below 
3R, and it will increase rapidly with temperature, the limiting value being 
reached only at high temperatures. By giving 6 a value of 1860, the 
variation of the heat capacity of diamond with temperature can be ex- 
pressed with considerable accuracy by the Debye heat capacity equation. 
According to equation (17.3) the characteristic temperature 6 will be large 
if the frequency wm is large; this frequency is a rough measure of the binding 
energy between the atoms in the crystal. ‘The internal structures and high 
melting points of carbon, boron and silicon are compatible with exception- 
ally high values of the binding energy, and hence with the large values of 
the characteristic temperature of these elements. 


Problem: Calculate the value of Cy for any element when its temperature is 
equal to the Debye characteristic temperature 6. 

For such a temperature @/T is unity, and hence by equation (17.2) 
1 1 
20 560 
= 5.68 cal. deg. 1 g. atom™. 


Cy = 3R | 1 — — ++. | = 2856x 


Hence, when the temperature is equal to the characteristic temperature, i.e., when 
T/6 is unity, the heat capacity is just less than the classical value 3R. 


If the characteristic temperature of any solid element is known, the 
complete variation of the heat capacity at all moderate and reasonably high 
temperatures can be obtained from the Debye equation (17.2) or the equiva- 
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lent curve (Fig. 9). The value of 0 can be derived from a single experimental 
determination of the heat capacity, preferably made somewhere just above 
the middle of the rising part of the curve, that is, when Cy is about 3 cal. 
deg.—! g. atom i. The measurement should not be made in the region where 
Cy approaches 3R, because of the flatness of the curve, nor at too low tem- 
peratures, for then equation (17.2) does not hold. Some values of the char- 
acteristic temperatures of a number of elements are quoted in Table XIII.” 


TABLE XIII. DEBYE CHARACTERISTIC TEMPERATURES OF ELEMENTS 


Element 0 Element 0 Element 0 
Aluminum 390 Copper 315 Nickel 375 
Antimony 140 Gold 170 Potassium 100 
Bismuth 104 Iron 450 Platinum 225 
Calcium 225 Lead 90 Sodium 150 
Carbon (Diamond) 1860 Magnesium 290 Silver 212 
Cobalt 385 Manganese 350 Zinc 210 


Problem: Calculate the heat capacity of diamond at 1080° K. 
From Table XIII, the characteristic temperature 0 is 1860; hence, by equa- 


tion (17.2), 
1 / 1860 \? 1 / 1860 \‘ 
ae E - 35 (1030) + sam (1050 — sel 
= 3R X 0.8673 = 5.17 cal. deg. ~! g. atom™. 


(The experimental value, given earlier, is 5.14 cal. deg. 1 g. atom.) 


It may be mentioned that the Debye characteristic temperature can be 
derived from other properties of the element, particularly from the compressi- 
bility and Poisson’s (elasticity) ratio. Where such data are available it is 
thus possible to obtain reasonably accurate heat capacities, at moderate and 
high temperatures, from elasticity measurements. 

17d. The Debye Equation at Low Temperatures.—At low temperatures 
the solution of the complete Debye equation leads to the result 


Cy -3r| ()) - — 


= 464.4 (5) — --- cal. deg.-! g. atom™!. (17.4) 


The important conclusions, therefore, to be drawn from the Debye theory 
are that at low temperatures the atomic heat capacity of an element should 
be proportional to T’, and that it should become zero at the absolute zero 
of temperature. In order for equation (17.4) to hold, it is necessary that 
the temperature should be less than about 6/10; this means that for most 


122 Data adapted from various sources, e.g., R. H. Fowler and E. A. Guggenheim, 
Statistical Thermodynamics,” 1939; F. Seitz, The Modern Theory of Solids,” 1940; 
J. C. Slater, “Introduction to Chemical Physics, 1939. 
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substances the temperature must be below 30° K. Heat capacity measure- 
ments made at sufficiently low temperatures have served to confirm the 
reliability of the T? relationship for a number of elements, and even for some 
simple compounds. The proportionality of heat capacity to the third power 
of the absolute temperature has been found to be of great value for the 
purpose of extrapolating heat capacities to the absolute zero. Such ex- 
trapolations are necessary in connection with the determination of an im- 
portant thermodynamic property (Chapter IX). 

Since Cy is equal to 464.4 (7/0)? at very low temperatures, one heat 
capacity value under these conditions can be used to derive the characteristic 
temperature. With this known, the variation of Cy with temperature at 
higher temperatures can be obtained from equation (17.2). Alternatively, 
if 6 is found, as described in § 17c, from heat capacity measurements at 
moderate temperatures, the values at low temperatures, i.e., less than 6/10, 
can be estimated from equation (17.4). However, where the characteristic 
temperature 0 has been determined by two methods, that is, from low tem- 
perature and high temperature measurements, the agreement is not exact, 
showing, as is to be expected, that the Debye theory is not perfect. 


Problem: The atomic heat capacity of copper is 0.1155 cal. deg.— at 20.20° K; 
calculate the value at 223° K. 


From equation (17.4) 


3 
0.1155 = 464.4 (777) 
0 = 321. 
Upon inserting this value into equation (17.2) it is found that at 223° K, 
1 / 321 \? 1 / 321 N 
aan 3R | 1 —25 (223) + aga (228 j — 


= 3k X 0.904 = 5.39 cal. deg. 1 g. atom. 


(The experimental result is about 5.5.) 


17e. Heat Capacities at High Temperatures.—Although the theoretical treat- 
ment of heat capacities requires the limiting high temperature value to be 3R, 
i.e., 5.96 cal. deg.-! g. atom™, experimental determinations have shown that with 
increasing temperature Cy increases still further. The increase is, however, 
gradual; for example, the heat capacity of silver is 5.85 cal. deg. 1 g. atom at 
300° K and about 6.5 cal. deg. 1 g. atom at 1300° K. This increase is attributed 
mainly to the relatively free electrons of the metal behaving as an electron gas.“ 
By the use of the special form of quantum statistics, viz., Fermi-Dirac statistics, 
applicable to electrons, the relationship 


Ca. = aT, 


where a is a constant for each element, has been derived for the contribution of the 
electron gas to the heat capacity. For most metals a lies between 10— and 
2.5 X 10 in calorie units, and so the electron heat capacity is 0.03 to 0.075 at 
300° K and 0.13 to 0.32 cal. deg. 1 g. atom at 1300 K. The influence of the free 
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electrons is thus not large, although it becomes appreciable as the temperature 
is raised.* : 

17f. Heat Capacities of Compounds.—-As indicated above, the Debye 
equation represents the variation with temperature of the heat capacities, 
at constant volume, of a number of simple compounds. In these cases 
equation (17.2) gives the heat capacity per gram atom, so that it must be 
multiplied by the number of atoms in the molecule to obtain the molar heat 
capacity. The compounds are, in general, substances crystallizing in the 
cubic system, to which the Debye treatment is particularly applicable. 
Among these, mention may be made of sodium and potassium chloride, 
potassium bromide, calcium fluoride and magnesium oxide. For certain 
other compounds, especially metallic halides, and also for some elements 
which do not form cubic crystals, e.g., rhombic sulfur, graphite and iodine, 
the heat capacity per g. atom is given by a Debye function, as in equation 
(17.2), but with (7/0) in place of 7/0. The value of n is usually less than 
unity, and it must be determined empirically; thus the heat capacities must 
be known at two temperatures in order that 0 and n may be obtained. Once 
these are available, the variation of heat capacity over a range of tempera- 
tures can be represented.“ 

If the Debye function in some form were applicable to all compounds it 
would mean that at sufficiently high temperatures the molar heat capacity 
at constant volume would be equal to 3k X n, where n is the number of 
atoms in the molecule; thus Cy should be approximately 6n cal. deg.—! mole. 
This conclusion is analogous to the rule proposed by H. Kopp (1865), who 
suggested that the molar heat capacity of a compound is approximately 
equal to the sum of the atomic heat capacities of its constituent elements. 
For most elements, particularly those of higher atomic weight, the heat 
capacity at ordinary temperatures may be taken as about 6 cal. deg. , but 
for the lighter elements Kopp suggested somewhat smaller values, as follows: 
carbon (1.8), hydrogen (2.3), boron (2.7), silicon (3.8), oxygen (4.0), fluorine 
(5.0), phosphorus (5.4), and sulfur (5.4). The results given by Kopp’s rule 
are very approximate, but they may be useful when experimental data are 
not available. 

EXERCISES 

1. Assuming classical behavior, and no internal rotation, what would be the 
maximum value of Cy for (i) a linear molecule, (ii) a nonlinear molecule, containing 
n atoms? 

2. Show that the partition function for 1 mole must be a dimensionless quan- 
tity. Verify by reference to the expressions for the translational and rotational 
(diatomic) partition functions. 

3. Show that the translational partition function for 1 mole of an ideal gas is 
given by Q: = 1.879 X 102°M*?2732)V, where M is the molecular (or atomic) 
weight and V is the molar (or atomic) volume in ce. 

*The effect described here is quite distinct from that duc to the occupation of the 
higher electronic levels (§ 16f); the contribution of the clectron gas will apply even if all the 


atoms are in their lowest electronic states. 
23 Lewis and Gibson, J. Am. Chem. Soc., 39, 2554 (1917). 
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4. Calculate the translational partition function for 1 mole of oxygen at 1 atm. 
pressure and 25° C, assuming ideal behavior. 

5. The normal state of atomic oxygen is an “inverted triplet” consisting of 
three levels with J values of 2, 1 and 0. The frequency separation between the 
jJ = 2 (lowest) and the j = 1 (second) levels is 157.4 em. 1 and that between the 
j = 2 and the j = 0 (third) levels is 226 m. 1. Calculate the electronic partition 
function of atomic oxygen at 300° K and the corresponding contribution to the 
atomic heat capacity. 

6. The frequency separation of the first excited electronic level of atomic 
oxygen from the lowest level is 15807 em. i; at what temperature might the excited 
level be expected to affect the heat capacity? 

7. Derive the value of the universal constant a in the expression Q, = ao IT 
for the rotational partition function of any diatomic (or any linear) molecule; J is 
the moment of inertia in c.g.s. units and T is the absolute temperature. Calculate 
the rotational partition function of carbon dioxide (a linear symmetrical molecule) 
at 25° C. 

8. Evaluate the universal constant b in the expression Q, = bo—!(A BO) T??? 
for the rotational partition of a nonlinear polyatomic molecule; A, B and C are 
the three moments of inertia of the molecule in c.g.s. units. Determine the 
rotational partition function of the water molecule at 25° C. 

9. Calculate the value of e / T when /* is equal to 5T. Justify the state- 
ment in the text that if for any energy level / > 57, the contribution of that 
level to the partition function, and consequently to the heat capacity, is negligible. 

10. Determine the vibrational partition function of carbon dioxide at 25° C. 

11. Calculate the molar heat capacity at constant pressure of carbon dioxide 
at (i) 300° K, (ii) 500° K, (iii) 1000° K, assuming ideal behavior. 

12. Caleulate the molar heat capacity at constant pressure of methane at 
(i) 300° K, (ii) 500° K, (iii) 1000° K, assuming ideal behavior. 

13. Plot the Debye curve, according to equation (17.2), for Cy against 7/0, 
using values of 0.2, 0.4, 0.6, ---, 1.2 for the latter. 

14. Using the Debye curve obtained in the preceding exercise, and the values 
of Cy for aluminum given below, determine the (mean) Debye characteristic 
temperature for this element. 


T 84.0° 112.4° 141.0° K 
Cy 2.45 3.50 4.18 cal. deg. g. atom. 


Calculate the value of Cy at 25° C. 

15. Plot the following values of Cy for aluminum, obtained at low tempera- 
tures, against T’, and hence determine the (mean) Debye temperature; compare 
the result with that obtained in Exercise 14. 


T 19.1° 23.6° 27.2° 32.4° 35.1° K 
Cy 0.066 0.110 0.162 0.301 0.330 cal. deg. 1 g. atom”. 


16. The Debye characteristic temperature of silver is 212. Calculate the 
atomic heat capacity Cy of this metal at 20.0° K and 300° K. 

17. For the heat capacities of gaseous paraffins and olefins, with more than 
three carbon atoms, Edmister (see ref. 9) suggested the empirical formula 


Cp = 2.56 + 0.51n + 10°7(1.3n? + 4.4n — 0.65mn 
+ 4.95m — 5.7) cal. deg. ! mole, 


128 CALCULATION OF ENERGY AND HEAT CAPACITY 


where n is the number of carbon atoms and m the number of hydrogen atoms in 
the hydrocarbon molecule; T is the absolute temperature. 
For paraffins, Pitzer (see ref. 9) proposed the formula 


Cp = 5.65n — 0.62 + 1071.11 + 1.58) cal. deg.—! mole, 


where n is the number of carbon atoms; ¢ is the centigrade temperature. Compare 
the molar heat capacities of n-butane gas (C4Hio) at 500° K, as given by the two 
expressions. According to Spencer LJ. Am. Chem. Soc., 67, 1859 (1945) J, the 
heat capacity of this gas is given by 
Cp =— 0.012 + 92.506 X 10°7' — 47.998 X 10 f 

+ 9.706 X 107 cal. deg. 1 mole“. 
Calculate the value at 500° K. 


CHAPTER VII 
THE SECOND LAW OF THERMODYNAMICS 


18. CONVERSION oF HEAT INTO WORK 


18a. Scope of First and Second Laws.—To the chemist the essential 
interest of the second law of thermodynamics lies in the fact that it provides 
a means of predicting whether a particular reaction can occur under specified 
conditions. The first law of thermodynamics merely indicates that in any 
process there is an exact equivalence between the various forms of energy 
involved, but it provides no information concerning the feasibility of the 
process. In general, however, the second law supplies an answer to the 
question of whether a specified thermodynamic process is or is not possible. 
For example, the first law does not indicate whether water can spontaneously 
run uphill or not; all it states is that f water does run uphill, unless heat is 
supplied from outside, there will be a fall of temperature, the resulting 
decrease of energy content being equivalent to the work done against gravity. 
Similarly, there is nothing in the first law of thermodynamics to indicate 
whether a bar of metal of uniform temperature can spontaneously become 
warmer at one end and cooler at the other. All that the law can state is 
that if this process occurred, the heat energy gained by one end would be 
exactly equal to that lost by the other. It is the second Jaw of the thermo- 
dynamics which provides the criterion as to the possibility, or rather the 
probability, of various processes. 

Another important aspect of the second law, which is really fundamental 
to the problem enunciated above, deals with the conversion into work of 
energy absorbed as heat. The first law states that when heat is converted 
into work, the work obtained is equivalent to the heat absorbed, but it 
gives no information concerning the conditions under which the conversion 
is possible. It will be seen shortly that the heat absorbed at any one tem- 
perature cannot be completely transformed into work without leaving some 
change in the system or its surroundings; this fact is embodied in the second 
law of thermodynamics, and its consequences are of great significance. 

18b. Spontaneous and Irreversible Processes.—In order to understand 
something of the conditions which determine whether a particular process 
will occur or not, it is of interest to examine certain processes which are 
known to be spontaneous, that is, processes which take place without ex- 
ternal intervention of any kind. The expansion of a gas into an evacuated 
space, or from any region of higher into one of lower pressure, takes place 
spontaneously, until the pressure distribution is uniform throughout. 
Similarly, one gas will diffuse spontaneously into another until the mixing is 
complete and the system has the same composition in all parts. Diffusion 
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of a solute from a concentrated solution into pure solvent, or into a dilute 
solution, will similarly take place without external intervention. Finally, 
reference may be made to the spontaneous conduction of heat along a bar 
of metal which is hot at one end and cold at the other, and to the spontaneous 
transfer of heat by radiation from a hotter to a colder body. These proc- 
esses will continue until the temperature of the bar is uniform, in the former 
case, and until the two bodies attain the same temperature, in the latter 
instance. It will be observed that in every case the spontaneous process 
represents a tendency for the system to approach a state of thermodynamic 
equilibrium (§ 4c). 

A fundamental characteristic of the processes described, and in fact of 
all spontaneous processes, is that they have never been observed to reverse 
themselves without the intervention of an external agency. A system which 
is in equilibrium under a given set of conditions will undergo no detectable 
change if the conditions are not altered. In other words, spontaneous 
processes are not thermodynamically reversible (cf. & 8a).* This fact, founded 
upon experience, is the basis of the second law of thermodynamics. Such 
processes as the spontaneous concentration of a gas at one end of a vessel, 
leaving a lower pressure at the other end, the spontaneous unmixing of a 
uniform gas mixture, or a bar of metal becoming spontaneously hot at one 
end and cold at the other end, have never been observed. It may be re- 
marked, incidentally, that it is not altogether justifiable to say that these 
processes are impossible. It is possible for a gas to concentrate spontane- 
ously in one part of a vessel, but the probability of this occurring, to judge 
from actual experience, is extremely small. 

18c. Reversal of Spontaneous Processes.—By the use of an external 
agency, it is possible to bring about the reversal of a spontaneous process. 
For example, by introducing a piston into the vessel, the gas which has ex- 
panded into a vacuum could be restored to its original volume by compres- 
sion. Work would have to be done on the gas, and at the same time an 
equivalent amount of heat would be produced, and the temperature of the 
gas would rise. If this heat could be completely reconverted into work by 
means of a hypothetical machine, then the original state of the gas would 
have been restored, and there would be no change in external bodies. It is 
a fundamental fact of experience, however, that the complete conversion of 
heat into work is impossible, without leaving some effect elsewhere. This result 
is in accord with the statement made above that spontaneous processes are 
not reversible in the thermodynamic sense. 

Before stating the second law, other attempts to reverse spontaneous 
processes will be considered. When a bar of metal, which was originally 
hotter at one end, has attained a uniform temperature, the initial state 


* [n order to avoid the possibility of misunderstanding, it may be pointed out here that 
many changes which occur spontancously in nature, e g., expansion of a gas, evaporation 
of a liquid and even chemical reactions, can be carried out reversibly, at least in principle, 
as described in §8a However, when they do occur spontaneously, without external 
intervention. they are thermodynamically irreversible. 
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might conceivably be restored in the following manner. Heat is withdrawn 
from one end of the bar, completely converted into work, and then the work 
could be utilized to heat the other end of the bar, e.g., electrically or by 
friction. Actually, it is impossible to carry out this series of processes with- 
out leaving some changes for, as already stated, the complete conversion of 
heat into work without such changes is impossible. 

It is evident that certain spontaneous physical processes could be re- 
versed if the complete conversion of heat into work could be achieved; it will 
now be shown that similar considerations apply to chemical reactions. A 
piece of zinc, for example, will dissolve spontaneously in an aqueous solution 
of copper sulfate, according to the equation 


Zn + CuSO, = ZnSO, + Cu, 


with the evolution of a definite amount of heat. This reaction could be 
reversed by passing an electric current between the metallic copper and the 
solution of zinc sulfate in an appropriate manner, thus regenerating metallic 
zinc and copper sulfate. In order that the reversal might not leave changes 
elsewhere, it would be necessary for the heat evolved in the original reaction 
to be completely converted into electrical work. Once again, experience 
shows that a complete conversion of this kind, without producing other 
changes, is not possible. It is seen, therefore, that the spontaneous chemical 
process, like the physical changes considered above, is not thermodynamic- 
ally reversible. 

18d. The Second Law of Thermodynamics.—The second law of thermo- 
dynamics has been stated in various forms, one of which, concerning the 
irreversibility of spontaneous processes, has been already given. For subse- 
quent purposes, however, a more useful form is that based on the inability 
to convert heat completely into work; thus, it is impossible to construct a 
machine, operating in cycles, which will produce no effect other than the absorp- 
tion of heat from a reservoir and its conversion into an equivalent amount of 
work. The term operating in cycles“ is introduced to indicate that the 
machine must return to its initial state at regular stages (cf. § 7c), so that 
it can function continuously. 

It will be recalled from the statements in § 9d that in an isothermal, re- 
versible expansion of an ideal gas the work done is exactly equal to the 
heat absorbed by the system. In other words, in this process the heat is 
completely converted into work. However, it is important to observe that 
this conversion is accompanied by an increase in the volume of the gas, so 
that the system has undergone a change. If the gas is to be restored to its 
original volume by reversible compression, work will have to be done on the 
system, and an equivalent amount of heat will be liberated. The work and 
heat quantities involved in the process are exactly the same as those con- 
cerned in the original expansion. Hence, the net result of the isothermal 
expansion and compression is that the system is restored to its original state, 
but there is no net absorption of heat and no work is done. The foregoing 
is an illustration of the universal experience, that it is not possible to convert 


132 THE SECOND LAW OF THERMODYNAMICS 18e 


heat into work by means of an isothermal, i.e., constant temperature, cycle. 
This may be regarded as another aspect of the second law of thermodynamics. 

A consequence of the impossibility of converting heat isothermally into 
work in a continuous manner is the impracticability of what is called per- 
petual motion of the second kind, that is, the utilization of the vast stores 
of energy in the ocean and in the earth. There is nothing contrary to the 
first law of thermodynamics in this concept, but the fact that it has not 
been found feasible provides support for the second law. The ocean, for 
example, may be regarded as a heat reservoir of constant temperature,* and 
the law states that it is not possible to convert the heat continuously into 
work without producing changes elsewhere. 

18e. Macroscopic Nature of the Second Law.—An insight into the 
fundamental basis of the second law of thermodynamics may be obtained by 
utilizing the concepts of the kinetic theory of matter. According to this 
theory an increase of temperature, resulting from the absorption of heat by 
a body, represents an increase in the kinetic energy of the random motion 
of the molecules. Hence, when the energy of a moving body is converted 
into heat by friction, the directed motion of the body as a whole is trans- 
formed into the chaotic motion of individual molecules. The reversal of 
the process, that is, the spontaneous conversion of heat into work, would 
require that all the molecules should spontaneously acquire a component of 
motion in one preferred direction. The probability of this occurring in a 
system consisting of a large number of molecules is very small. As indicated 
earlier, it cannot be stated that it is impossible for a spontaneous process 
to reverse itself spontaneously; there is merely a very great probability 
against it. 

If it were possible to deal with systems involving only a few molecules, 
spontaneous processes could be reversed. Imagine a system consisting of 
five molecules possessing random motion. It is not improbable that at some 
instant all five molecules will have a preferred component of motion in one 
direction. The system as a whole will then have directed motion at that 
instant. The chaotic movement of the molecules, i.e., heat, will thus have 
been converted into directed motion, i.e., work. 

Similarly, if a vessel contained only five or six molecules uniformly dis- 
tributed, there would be a considerable probability that at some instant 
there will be a larger number of molecules at one end of the vessel than at 
the other. That is to say, a pressure difference would arise spontaneously 
within the vessel, provided it is permissible to speak of pressures when a few 
molecules are concerned. If the vessel contained a large number of mole- 
cules, it is highly improbable that any appreciable unequal distribution 
would arise spontaneously (cf. § 24a). The second law of thermodynamics 
is then to be regarded as applicable to macroscopic systems, and since it is 


* Where there are temperature differences in the ocean, e.g., at different levels, the 
(partial) conversion of the heat of the ocean into work is possible; this is not contrary to the 
second law of thermodynamics. ; 
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systems of this type which are the basis of human observation and experi- 
ence, no exception to the law has yet been observed. 

It has long been realized that the impossibility, or rather the improb- 
ability, of reversing spontaneous processes is based on the inability to deal 
with individual molecules or small groups of molecules. If a device were 
available which could distinguish between fast- (“hot”) and slow-moving 
(“cold”) molecules, it would be possible to produce spontaneously a tem- 
perature gradient in a gas. Similarly, if a device could discriminate between 
two different types of gas molecules, a partial unmixing, which is the reverse 
of diffusion, could be achieved. However, the fact that no such devices 
are known is in accordance with the second law of thermodynamics. 

18f. Conversion of Heat into Work. In order for any form of energy to 
be available for the performance of work, it must be associated with a 
difference of potential or, in other words, with a directive influence. The 
work that can be done by falling water, for example, is due to the difference 
in potential energy at the upper and lower levels; similarly, electrical work 
is associated with a difference of electrical potential, generally known as an 
electromotive force. In a heat reservoir at constant temperature there is 
no directive influence, but two such reservoirs, at different temperatures, pro- 
vide the difference of energy potential that is necessary for the conversion 
of heat into work. In order to carry out this conversion, heat is absorbed 
from the reservoir at the higher temperature, often referred to as the 
“source”; part of this heat is converted into work, and the remainder is 
returned to the heat reservoir at the lower temperature, referred to as the 
“sink”. It is seen, therefore, that a portion only of the heat taken in from the 
reservoir at the higher temperature can be converted into work. The fraction of 
the heat absorbed by a machine that it can transform into work is called 
the efficiency of the machine; thus, if heat Q is taken up from the source, 
and W is the work done, the efficiency is equal to W/Q. Experience shows, 
in agreement with the statement of the second law of thermodynamics, that 
W is invariably less than Q in a continuous conversion process. The effi- 
ciency of a machine for the continuous conversion of heat into work is thus 
always less than unity. It will be understood, of course, that the first law 
of thermodynamics will still be applicable, for the energy difference between 
Q and W is returned to the lower temperature reservoir. 

18g. The Carnot Theorem.—A highly important discovery in connection 
with the problem of the efficiency of heat engines, i.e., machines for the 
conversion of heat into work, was made by S. Carnot (1824). The principle 
he enunciated, which is derived from the second law of thermodynamics, 

uay be stated in the following form: All reversible heat engines operating 
del been two given temperatures have the same efficiency. In other words, pro- 
vided the machines function in a thermodynamically reversible manner, the 
efficiency is independent of the working substance, or substances, or mode 
of operation; it depends only on the temperatures of the source and sink. 
Incidentally, it will be shown that this particular efficiency, namely that of a 
reversible engine, is the maximum possible for the given temperatures. 
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In order to prove the Carnot theorem, it will be assumed that there exist 
two reversible heat engines I and II, working between the same two tem- 
peratures, but having different efficiencies. Suppose that in each cycle the 
machine I takes in heat Q: from the source at T, converts an amount W 
into work, and gives up the remainder Q: — W = ei to the sink at 71. The 
machine II, on the other hand, is supposed to convert a smaller amount W’ 
of the heat Q: taken in at T2 into work, returning a quantity Q: — W’ = Qi, 
which is greater than Oi, to the sink at Tı. Let the machines be coupled 
together so that I operates in a direct 
manner, i. e., taking up heat at T», 
doing work and giving up the re- 
mainder at Tı, whereas II functions 
in the reverse manner, i. e., taking in 
heat at Tı, having work done upon 
it, and giving up heat at 72.* This 
is permissible since the machines 
are assumed to be reversible. The 
various heat and work changes in 
each complete cycle of the combined 
machines are then as indicated in 

Cold Reservoir T, Fig. 10 and represented below. In 

Fic. 10. Proof of the Carnot theorem accordance with the convention 

earlier (§ 7b), heat absorbed by the 

system is taken as positive and heat liberated as negative; similarly, work 
done by the system is positive and that done on the system is negative. 


Hot Reservoir T, 


I II 
Heat transfer at 72 = Qe Heat transfer at T: = — Q: 
Work done = W Work done =— HN 
Heat transfer at Tı = — Qı Heat transfer at T, = Qi. 


The net result of the complete cycle by the two reversible engines, 
bringing them both back to their initial states, without producing any 
external changes, is given by 


Heat transfer at Tı = Qi — Q, 
Work done = W— Ww’. 


Since Q, is equal to Q: — W, and Qi is equal to Q. — W’ it follows that 
Qi Ei is equal to W — W’, so that the heat absorbed at T, is equal to the 
work done by the engine. That is to say, the combined hypothetical, re- 
versible machine, functioning in cycles, is able to convert completely into 
work the whole of the heat taken up from a reservoir at the temperature 7), 
without leaving changes elsewhere. This is contrary to the second law of 
thermodynamics, and so it must be concluded that the two reversible ma- 
chines I and II cannot Fave different efficiencies. The Carnot principle 


In other words, machine II functions as a refrigerator (see § 18)). 
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of the equality of efficiency for all reversible cycles working between the 
same two temperatures is thus a direct consequence of the second law of 
thermodynamics. 

18h. The Carnot Cycle.—Since all reversible heat engines operating be- 
tween the same two temperatures have equal efficiencies, it is sufficient to 
consider any convenient machine of this type, for all others will have the 
same efficiency. The one which lends itself to simple thermodynamic treat- 
ment makes use of the cycle described by S. Carnot (1824). In this hypo- 
thetical heat engine the working substance is 1 mole of an ideal gas; it is 
contained in a cylinder fitted with a weightless and frictionless piston, thus 
permitting reversible processes to be performed. It is supposed that there 
are available two large heat reservoirs which remain at constant tempera- 
tures, viz., T (upper) and Tı (lower), respectively. Further, it is assumed 
that completely adiabatic processes can be 
carried out when required, by surrounding 
the cylinder with a perfect nonconducting 
jacket so that no heat enters or leaves the 
system (§ 10a). The Carnot cycle consists 
of four stages which can be represented on a 
pressure-volume diagram, sometimes referred 
to as an indicator diagram,“ as in Fig. 11. 

I. The cylinder containing the mole of 
ideal gas, occupying a volume V,, is placed in 
theyheat reservoir at the higher tempera- ! 
ture. The external pressure is adjusted so Va, V Vv, V, 


Pressure 


i 


that it is always infinitesimally less than the Volume 
gas pressure, and the temperature of the gas eq). EE AT 
is infinitesimally less than that of the reser- changes in Carnot cycle 


voir. In this manner, the gas is expanded 
isothermally and reversibly until its volume has increased to Vs. The path 
of the process is represented by the isothermal curve AB in Fig. 11. Since 
the gas is ideal, the work done Wy is given by equation (8.4); thus, for 1 
mole of gas, 
`. 7 
Wi = RT, In 53° (18.1) 
The heat Q: taken up from the reservoir must be equal to the work done 
(cf. § 9d), and hence by equation (9.21), 
. 
Q: = RT: In =. (18.2) 


II. The cylinder of gas is removed from the reservoir at T» and is sur- 
rounded by the nonconducting jacket, so that the gas can be expanded 
reversibly, i.e., infinitesimally slowly, and adiabatically. Work is done in 
the expansion, but since no heat enters or leaves the system, the temperature 
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must fall (§ 10a). The reversible expansion is continued until the tempera- 
ture has fallen to 71, which is that of the lower temperature heat reservoir. 
The path is indicated by the adiabatic curve BC, the final volume being V.. 
The work done is given by equation (10.8); thus, 


Wu =— Cy(T1 — Tə) 
= Cy(72 a Tı), (18.3) 


where Cy is the heat capacity of the ideal gas, assumed constant in the given 
temperature range. If the heat capacity were not constant, Cy would 
represent the mean value. 

III. The nonconducting jacket is now removed and the cylinder is placed 
in the heat reservoir at Tı. The gas is compressed isothermally and re- 
versibly, the external pressure being maintained infinitesimally greater than 
the gas pressure, and the temperature of the gas infinitesimally greater than 
that of the reservoir. The process is represented by the isothermal path CD 
in Fig. 11, the final volume being Va. The work done is given by 


Va 
Wm = RT,1n 7 
Since V. is greater than Va, the value of Wir will be negative; this is, of 
course, because work is done on the gas in the compression. At the same 
time the quantity of heat Qi, exactly equivalent to Win, will be returned to 
the heat reservoir at Tı. 

IV. The cylinder is removed from the heat reservoir and the non- 
conducting jacket is replaced. The gas is then compressed adiabatically 
and reversibly along DA until the initial state A is regained, the temperature 
of the gas rising from 71 to 72. The state D in stage III is deliberately 
chosen so that it lies on the same adiabatic as A. The work done is given by 


Wi = Cy(Tı aoe Ta), (18.5) 


where Cv has the same value as in equation (18.3), since for an ideal gas it 
must be independent of the volume or pressure. 

As à result of the four stages just described the system has returned to 
its original state, so that a reversible cycle has been completed. The total 
work done W is the sum of the four work terms WI, Wir, Win and Wry, but 
since Wn and Wry are seen, by equations (18.3) and (18.5), to be equal but 
of opposite sign, it follows that 


(18.4) 


W=Wit Wm = RT: in = + RT In a. (18.6) 


Since A and D lie in one adiabativ curve, while C and B lie on another, it 
follows from equation (10.5) that 


vy . *. _ 
(7) 71 ana (N) es 
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and consequently 


d . b c 
Ve Ve F. Va 
Upon substitution of this result into equation (18.6) it is found that 
* * 
W RT in , — RT: In . 


= R(T: — Ti) n=. 


— (18.7) 
By definition, the efficiency of a heat engine is equal to the ratio of the 
total work W done in the cycle to the heat Q: taken in at the upper tempera- 
ture; hence, by equations (18.2) and (18.7), the efficiency of the hypothetical 
Carnot engine is 
72 — 71 
Q; T, (18.8) 
In accordance with the Carnot theorem (§ 18g), this ezpression gives the 
efficiency of any reversible heat engine operating between the temperatures 71 
and 72. As is to be expected, the efficiency is determined only by the tem- 
peratures of the two heat reservoirs acting as source (Tz) and sink (71), and 
is independent of the nature of the working substance. ‘The lower the tem- 
perature of the sink, for a given temperature of the source, the greater will 
be the efficiency of the machine. Similarly, for a given temperature of the 
sink, the efficiency will be increased by using a high temperature source. In 
practice it is not convenient for the sink to be below atmospheric tempera- 
ture, and so it is desirable that the upper temperature should be high. This 
fact underlies the use of high pressure steam or of mercury in boilers for 
power production. 


Problem: The boiling point of water at a pressure of 50 atm. is 265° C. Com- 
pare the theoretical efficiencies of a steam engine operating between the boiling 
point of water at (i) 1 atm., (ii) 50 atm., assuming the temperature of the sink to 
be 35° C in each case. 


(i) At 1 atm. pressure, the boiling point of water is 100° C, i.e., 373° K, and 
this represents the upper temperature Tz; the lower temperature Tı is 35° C, 
j.e., 308° K, so that 


Efficiency = — 7. = a = 0.174. 
2 


(ii) At 50 atm. pressure, Tz is 265° C, i.e., 538° K, and 71 is 308° K as in (i); 
lence 
72 — Tı 538 — 308 


Effi ci JJC ²˙ TTT 
ficiency T, 538 0.428. 


The possible increase of efficiency is very marked. 
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Two special cases of equation (18.8) are of interest. First, if the effi- 
ciency of the reversible heat engine is to be unity, Tı must be zero. Hence, 
the whole of the heat taken in at the higher temperature can be converted 
into work in a cycle, only if the lower temperature is the absolute zero. The 
second case is that in which Ti and 72 are equal, that is to say, the cycle is 
an isothermal one; in this event equation (18.8) shows the efficiency to be 
zero. This is in agreement with the conclusion reached earlier (§ 18d) that 
there can be no conversion of heat into work in an isothermal cycle. 

18i. Maximum Efficiency of Heat Engine.— One of the essential proper- 
ties of a reversible cycle is that ct has the maximum efficiency of any cycle 
operating between the same two temperatures. ‘That this is the case may be 
understood from a consideration of the Carnot engine in § 18h. Since the 
work terms in the adiabatic stages II and IV cancel one another, the work 
done in the cycle is that involved in the isothermal stages. It was seen 
earlier (§ 8c) that in a given isothermal expansion the work done by the 
system is a maximum when the expansion is carried out reversibly; similarly, 
the work done on the system in an isothermal compressien is a minimum 
when performed reversibly. It follows, therefore, that in the Carnot re- 
versible cycle the work done by the system at T is the maximum possible 
for given expansion from A to B (Fig. 11), whereas the work done on the 
system at T, is a minimum for the compression from C to D. It is evident, 
therefore, that the total work done by the system is the maximum for the 
specified conditions. Since all reversible engines have the same efficiency 
as the Carnot cycle, it follows that the efficiency of a reversible heat engine 
operating between two given temperatures is the maximum possible for those 
temperatures. 


18j. Refrigeration Engine.—In the foregoing treatment the Carnot cycle has 
been used as a heat engine, taking up heat at a higher temperature, giving some 
out at a lower temperature, and doing work in the process. Since the cycle is 
reversible, it is possible to operate it in the reverse direction, so that by doing 
work on the machine it can be made to take in heat at the lower temperature and 
give out heat at the upper temperature. In other words, the machine is function- 
ing as a refrigeration engine, for by continually absorbing heat from the vessel at 
the lower temperature its temperature can be maintained at this low level, or 
lowered further. The work done on the refrigeration engine, using a Carnot cycle, 
must be equal, but of opposite sign, to the work done by the heat engine. The 
work done on the refrigeration engine is given by equation (18.7) with the sign 
reversed, and this may be written in the form 


* 


— W = R(T: — Ti) In e = R(T, — Ti) In E. (18.9) 
Va Va 


The heat Q, taken in at the lower temperature 71 is equal, but opposite in sign, 
to that involved in stage III of the Carnot engine; hence, by equation (18.4), 


~~ = RT, |ln—- (18.10) 
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The ratio of the work done on the machine to the heat absorbed at the lower 
temperature, that is, the coefficient of performance of the refrigeration engine, 
is given by 


Ww 72 = Tı 
and consequently, 
172 — T 
-W= sae a Q:. (18.12) 
1 


Just as the Carnot (reversible) cycle gives the maximum proportion of work which 
cun be obtained by a machine operating between two given temperatures, so 
equation (18.12) represents the minimum amount of work necessary for removing 
a quantity of heat Q, from a reservoir at Ti and transferring it to a reservoir at 
the higher temperature 72. If any stage of a refrigeration cycle were irreversible, 
more work than that represented by equation (18.12) would have to be done to 
transfer the given amount of heat between the same two temperatures. 


Problem: Calculate the minimum amount of work in ergs required to freeze 
1 g. of water at 0° C by means of a refrigeration engine which operates in surround- 
ings at 25° C. How much heat, in calories, is given up to the surroundings? 


The heat of fusion of ice is 79.8 cal. g. 1 at 0° C, and so this quantity of heat 
must be transferred from 0° C, i.e., 273° K (= Ti), to 25° C, i.e., 298° K (= T3); 
hence, by equation (18.12), 

298 — 273 


-W = 273 X 79.8 = 7.30 cal. 


To convert into ergs it is necessary to multiply by 4.18 X 107, so that the work 
required is 
7.30 X 4.18 X 107 = 3.05 X 108 ergs. 


The heat given up at the higher temperature is the sum of the heat absorbed 
at the lower temperature, i.e., 79.8 cal., and of the work done on the engine, i. e., 
7.30 cal.; the total is 87.1 cal. 


The maximum work obtainable from a heat engine increases as the lower tem- 
perature is decreased, or the upper increased; similarly, it can be seen from equa- 
tion (18.12) that the minimum amount of work which must be done in a given 
refrigeration process increases as the refrigeration temperature 71 is lowered. 
Since 72 — 7 increases at the same time as T, is decreased, the ratio (72 — 71) Ti, 
in equation (18.12), increases rapidly as the temperature T, is diminished. If the 
latter temperature were to be the absolute zero, it is evident from equation (18.12) 
that an infinite amount of work would be necessary to transfer heat to an upper 
temperature even if this is only very slightly above 0° K. It follows, therefore, 
that as the temperature of a system is lowered the amount of work required to lower 
the temperature further increases rapidly, and approaches infinity as the absolute 
zero 1s attained. This fact has sometimes been expressed in the phrase the 
unattainability of the absolute zero of temperature“. 


18k. The Thermodynamic (Kelvin) Temperature Scale.—The possibility 
of utilizing the efficiency of a reversible engine as the basis of a temperature 
scale was suggested by William Thomson (Lord Kelvin) in 1848. Suppose 
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a reversible machine operates between two given temperature reservoirs; 
the temperature of each reservoir on the thermodynamic (Kelvin) scale is 
then defined as proportional to the quantity of heat transferred to or from it in 
a reversible cycle. Disregarding for the moment the signs of the heat quan- 
tities, if Q: is the heat transfer for the reservoir at the higher temperature 
and i is the amount of heat transferred at the lower temperature, then the 
respective temperatures on the thermodynamic (Kelvin) scale are 02 and 01, 
given by 

92 _ Qs. (18.13) 


In this way the ratio of the two temperatures is defined in a manner inde- 
pendent of any particular thermometric substance (cf. § 2b). 
By inverting each side of equation (18.13) and subtracting the result from 
unity, it follows that, 
2 — Qı 62 — 61 
Se — 18.14 
Q: 65 N 
When referred to a heat engine, Q» is the heat taken up at the higher tem- 
perature and i is the amount returned at the lower temperature; hence 
Q: — Qı is the quantity of heat converted into work, i. e., W, so that equation 
(18.14) may be written as 
N 92 paced 91 
— 2 —— 18.15 
Q: 92 l ) 
This expression defines the efficiency of the reversible heat engine in terms 
of the Kelvin temperatures. 
The condition for the zero of the Kelvin scale may be derived by setting 
0, in equation (18.15) equal to zero, the result is seen to be 


Q; = 1 (for 6, = 0), 
so that the zero of the thermodynamic scale is the lower temperature of a 
reversible cycle with an efficiency of unity, that is, one capable of converting 
heat completely into work. As seen in § 18h, this result is only possible if 
the lower temperature is the absolute zero on the ideal gas scale of tempera- 
ture. From this fact, and the identity of equations (18.15) and (18.8), it 
follows that the Kelvin scale and the ideal gas scale are really the same. In 
order that temperatures on the two scales may coincide exactly it is only 
necessary to define the size of the degree so as to be the same on both scales, 
that is, one hundredth part of the range between the ice point and the steam 
point at 1 atm. pressure (§ 2b). In view of the identity of the ideal gas scale 
and the thermodynamic scale defined in this manner, temperatures on the 
former scale, like those on the latter, may be regarded as absolute, and inde- 
pendent of the thermometric substance. This is the justification for the 
use of the symbol “° K” (degrees Kelvin) for the so-called absolute tempera- 
tures based on the hypothetical ideal gas thermometer (§ 2c). 
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19. ENTROPY 


19a. Combination of Carnot Cycles.—Although in § 18k, for convenience 
in deriving the Kelvin scale of temperature, the numerical values only of 
Qı and Q: were considered, it should be recalled that by convention (§ 7b) 
is the heat taken up by the system. Ina Carnot cycle, therefore, the total 
heat absorbed is Q: + Qı, where Q: has a positive value and Q, has a negative 
value, since the former is taken up at the higher temperature and the latter 
is given out at the lower. The work W done in the cycle must be equal to 
the total heat absorbed (§ 7c), so that 


W = Qz + Qı. 
If this expression for W is substituted in equation (18.8), it is seen that 


2 +Q: 72 — 71 


02 * Ts ? (19.1) 
and consequently, 

O Qi _ 

7. 7. 0. (19.2) 


Any reversible cycle may be regarded as being made up of a number of 
Carnot cycles. Consider, for example, the cycle represented in Fig. 12 by 
the closed curve ABA; imagine a series of isothermal and adiabatic curves 
drawn across the diagram, so that a 
number of Carnot cycles are indicated. 
Starting from A, and following all the 
cycles down successively to B, and back 
again to A, it can be seen that all the 
paths inside the area enclosed by the 
curves ABA cancel each other, leaving 
only the path indicated by the zigzag 
outline. The larger the number of 
cycles taken in this manner the closer 
will the resultant path correspond to 
ABA, which represents the reversible 
cycle under consideration. The latter 
may thus be regarded as equivalent to B 
the contribution of an infinite number Volume 
of small Carnot cycles. For each of Pd. 12. Cyclic process as succession 
these cycles equation (19.2) shows that of Carnot cycles 
the sum of the two / terms involved 
is zero; hence, for all the Carnot cycles equivalent to the general revers- 
ible cycle ABA, it follows that 


A 


Pressure 


Qrev. 
= = 0, 19.3 
2. 7 (19.3) 
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where the summation includes two terms for each of the individual Carnot 
cycles. Since an infinite number of small Carnot cycles are required to 
duplicate the process ABA, it is convenient to write equation (19.3) in 
the form 
rev. oe 
2 7 0, (19.4) 

where rev. represents the infinitesimally small quantity of heat absorbed at 
the temperature T in each of the small isothermal, reversible changes which 
make up the reversible cycle ABA.* 

19b. Definition of Entropy.— The summation in equation (19.4), appli- 
cable to the complete (reversible) cycle ABA, may be divided into two parts, 
one for the path from A to B, and the other back from B to A; thus, 


Trev. ee rev. drev. REN 

2 T 2 T s x, T ve (19:5) 
It may be possible to go from A to B by a number of different reversible 
paths, always returning to A by the same reversible path BA. In every 
case the result represented by equation (19.5) must hold, and since the second 
summation on the right of this equation will always be the same, since the 
path B — A is the same, it follows that the value of the first summation 
must be independent of the path from A to B, provided only that it is 
reversible. In general, therefore, it can be seen that the summation of the 
qrev./T terms between A and B, or of the corresponding summation from 
B to A, must be independent of the reversible path. The values of these 
summations are thus determined by the states A and B, that is, by the 
pressure, volume and temperature, and are independent of the manner in 
which the system was brought to these states. It is thus possible to express 
the value of each summation in terms of a function S, which depends only 
on the state of the system; thus, 


L S = Se — Sa = AS, (19.6) 

A—B T 
where Sz, is the value of the function in the state A, and Sz in the state B. 
The increase of the function S accompanying the change in state from 
A to B is AS, and its value, as seen by equation (19.6), is given by the sum 
of the rev. / T terms between A and B, where grev. is the heat absorbed by 
the system in an infinitesimal, reversible, isothermal stage occurring at the 
temperature 7. For each of these small stages it is therefore possible to 

write 

dS = a (19.7) 
where dS represents the accompanying increase of the function S. This 
function or property of the system is called its entropy (Greek: change) in 


* Since the paths within the area ABA cancel, the grev. values are effectively those for 
the isothermal stages of the path ABA itself. 
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the given state; the entropy is not easily defined directly, and so it is best 
described in terms of the entropy increase accompanying a particular process. 
In an infinitesimal stage of an appreciable process the entropy increase dS 
is given by equation (19.7) as the heat rev. taken up isothermally and re- 
versibly divided by the absolute temperature T at which it is absorbed, i. e., Grey. /T’. 
For an appreciable change the entropy increase is defined by equation (19.6) 
as the (algebraic) sum of all the q,.v./7 terms between the initial and final 
states of the system. ‘The only condition applicable to the path is that it 
shall be reversible. 

Since the entropy in any state depends only on that state, it may be 
regarded as a thermodynamic property in the sense considered in § 4d. 
Hence, the increase of entropy of the system accompanying the change from 
state A to state B has the definite value Ss — Sa, and this quantity is 
completely independent of the path from A to B; it may be reversible or 
irreversible. However, it is important to remember that if a system changes 
from A to B in an irreversible manner, the increase of entropy is given by 
the summation of the grevy./T terms between A and B, where the @rey.’s refer 
to the succession of isothermal changes when the process is performed re- 
versibly. The sum of the q/T terms for an irreversible process is an indefi- 
nite quantity, depending on the path taken from A to B, and having no 
special thermodynamic significance as far as the system is concerned. 

Because the entropy, like the energy, is a single-valued function of the 
state of the system, dS, like dE, is a complete differential. This fact adds 
considerably to the thermodynamic usefulness of the entropy function. 
The entropy of a system, like the energy, is an extensive property, de- 
pendent upon the amount of matter in the system. For example, if the 
amount of matter is doubled, the heat quantities required for the same 
change of state will also be doubled, and the entropy will clearly increase in 
the same proportion. Another consequence of the entropy being an ex- 
tensive property is that when a system consists of several parts, the total 
entropy change is the sum of the entropy changes of the individual portions. 


19c. Entropy Change and Unavailable Heat.—There is a simple relationship 
between entropy change and the heat which is rejected at the lower temperature 
in a heat engine that is of practical significance. It can be readily seen from equa- 
tion (19.2) that for a reversible cycle 


— Qı = Tı Qs (19.8) 


where — Q, is the heat returned to the reservoir at the lower temperature Tı, 
and hence is not available for conversion into work. Since the heat is taken up 
reversibly, / T2 is the increase of entropy of the system in the heat absorption 
stage, i.e., ASz. It follows, therefore, from equation (19.8) that 


— Qı = TAS. (19.9) 


Incidentally, since — / Ti is equal to :/ T, by equation (19.2) or (19.8), the 
entropy decrease — AS, at the lower temperature is equal to AS,, so that Q, may 
equally be represented by T ,ASı. Either of these relationships gives the quantity 
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of heat that is returned to the reservoir at the lower temperature in a reversible 
cycle in terms of the entropy change. For a nonreversible cycle the proportion 
of heat that is unavailable for work is, of course, greater since the efficiency is less. 

In actual practice, the heat absorbed by the working substance, e.g., water, 
is not all taken up at the one temperature 72 but over a range of temperatures, 
e.g., from T: to T;; the appropriate form of equation (19.2) is then 


Qrev. Qı 
Te T, 
T—T3 T 71 


the heat Q, being rejected at the (approximately) constant temperature 7. In 
this case, 


— Qı = 71 >. Tor: = TAS., (19.10) 
T,—T 3 
where AS is now the increase of entropy accompanying the reversible absorption 
of heat in the temperature range from T: to 72, instead of at T: alone, as in 
equation (19.9). Incidentally, provided 71 is constant, the alternative form 
Qı = TAS, could be used, as in the previous case. 


19d. Entropy Change in Reversible Process.—In a complete cycle the 
total entropy change of a system must be zero, since it has returned exactly 
to its original thermodynamic state; hence, as expressed by equation (19.4), 


drev. 
=0 
. 7 


for the system. This result refers only to the substance or substances in- 
cluded in the system, sometimes called the working substance, and it is 
necessary now to consider the surroundings.“ In a reversible process, the 
heat quantity grev. taken up by the system at any stage is supplied reversibly 
by the heat reservoir, i. e., the surroundings, the temperature of which differs 
only infinitesimally from that of the system. Hence, at every stage, the 
change in entropy of the surroundings will be equal to the entropy change 
of the system, but of opposite sign, since the latter takes in heat when the 
former gives it out, and vice versa. In every reversible process, therefore, 
the sum of the entropy changes of the system and its surroundings will be 
zero. In a complete reversible cycle, therefore, neither will undergo any 
resultant change of entropy. 

19e. Entropy Change in Irreversible Process.—It has been shown in 
§ 181 that the efficiency of a reversible engine is a maximum for the given 
working temperatures. Hence, the efficiency of a cycle involving an irre- 
versible stage must be less than that of a Carnot cycle. Suppose, for ex- 
ample, that the higher temperature (T) stage, in which the heat Qacirr.) is 
absorbed, takes place in an irreversible manner. The remainder of the cycle 
may be supposed to be the same as for a Carnot cycle, the heat Qicev.) being 
given out reversibly. The work done is given by Qarr.) + Qicev.), and 
since the efficiency is less than for a completely reversible cycle, it follows 
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that [cf. equation (19.1) | 


Qocirr.) + Qicrev.) 72 N 71 
— — — K — — 19.11 
Quinn T, UR 
and hence, 
Qocirr.) Qicrev.) 
7. F 7. < 0. (19.12) 


In general, therefore, for a cycle which is not completely reversible, the sum, 
over the whole cycle, of all the Q/T terms, or the q/T terms for a series of 
infinitesimal stages, would be less than zero. 

Consider a perfectly general cycle ABA made up of a path A — B, which 
involves one or more irreversible stages, and the completely reversible path 
B — A; according to the arguments presented above, therefore, 


Firr. Fre v. 
a — < 0. 19.13 
„ N 
Since the heat is absorbed in an irreversible manner, the first summation in 
equation (19.13) will not be definite, but will depend on the particular path 
taken. By the definition of the entropy change of the system [cf. equation 
(19.6) J, it is seen that 


2 = — Sa =a Sz, 
BoA 1 


where grev. is taken up reversibly, and hence equation (19.13) becomes 


— Te + Sa — Se <0, 


A—B 
or, reversing the signs throughout, 
8 on Ee 0. (19.14) 


AB T 
In an irreversible process A — B, therefore, the summation of the gur. / T 
terms is actually less than the increase of entropy of the system. 

The entropy change of the surroundings in the irreversible stage A — B 
must now be considered. This can best be ascertained from the change of 
entropy when the surroundings are restored to their original state; the re- 
quired entropy change must then be equal in magnitude to this quantity 
but of opposite sign. The initial state of the surroundings can be restored 
by adding the various amounts of heat involved in the gir. terms at the 
appropriate temperatures. In order to obtain the entropy change, these 
heat quantities are added reversibly (cf. § 19b), irrespective of the fact that 
they were not supplied reversibly to the system during the stage A — B. 
The increase .of entropy when the surroundings are brought back to their 
original state, after the process A — B, is the sum of the girr./T terms, and 
hence the entropy change during this process is equal to — L Jur. / T. 

A=B 
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The total entropy change of the system and its surroundings in the 
irreversible process A — B may thus be summarized as follows: 


Increase of entropy of system = Ss — Sa 
Increase of entropy of surroundings = = 
A—B 


Net increase of entropy of system 
irr. | 


and surroundings (ASnet) = Ss — Sa — È 5 
4 7 


As seen by equation (19. 14), this quantity is greater than zero, and hence 
it follows that in any irreversible process there is a net gain of entropy of the 
system and its surroundings. If the cycle ABA is completed by the re- 
versible path B A, as suggested above, the net entropy change in this 
process is zero, and hence the whole cycle must be accompanied by a gain of 
entropy. It follows, therefore, that an irreversible process, or a cycle of which 
any part is trreversible, 1s accompanied by a gain of entropy of the combined 
system and its surroundings. 

Since natural, or spontaneously occurring, processes are irreversible 
(§ 18b), it must be concluded that all such processes are associated with a 
net increase of entropy.* From some points of view this is one of the most 
important consequences of the second law of thermodynamics; the law may 
in fact be stated in the form that all processes occurring in nature are associated 
with a gain of entropy of the system and its surroundings.t 

It should be remembered that the net gain of entropy accompanying an 
irreversible process refers to the combination of the system and its surround- 
ings, that is to say, to an isolated system of constant energy (ef. § 6d). It will 
be seen later that if the energy (and volume) of the system remained constant 
in an irreversible process, its entropy would increase, quite apart from that 
of its surroundings. It often happens that the entropy of the system, i.e., 
the working substance, actually decreases in a spontaneous, irreversible 
process because of the associated energy change, e.g., in the solidification of 
a supercooled liquid, but the entropy of the surroundings simultaneously 
increases by a greater amount, so that there is a net increase of entropy, as 
required by the second law of thermodynamics. 


19f. Irreversible Processes and Degradation of Energy.—In a complete cycle, 
reversible or irreversible, the system returns to its original state, and hence it 
undergoes no resultant change of entropy. Any net increase in the entropy of the 
system and its surroundings, as in an irreversible cycle, will then be an increase 


* Many changes which are naturally spontaneous ,e.g., expansion of a gas, solution of 
zinc in copper sulfate, etc., can be carried out, actually or in principle, in a reversible manner. 
It should be clearly understood that in the latter event the total entropy of the system 
and its surroundings remains unchanged. There is an increase of entropy only when the 
change occurs spontaneously and hence irreversibly. 

t It is sometimes stated that the entropy of the universe“ is increasing; this, however, 
implies a knowledge of processes occurring outside the earth and so cannot be justified. 


19g ENTROPY 147 


in the entropy of the surroundings; thus, in a complete cycle, 
ASnet = ASsurr. 


For a reversible cycle, ASnet, and hence AS, urr., is zero (§ 19d), whereas for an 
irreversible process it is positive, as seen above. It follows, therefore, that in an 
irreversible cycle an amount of heat Q.x. has been returned to the surroundings in 
excess of that which is transferred in a reversible cycle, where es. is defined by 


2 Se ASgurr. = ASnet, 


that is, 
Qex. = TASnet, (19.15) 


the temperature T being that of the surroundings, i.e., the sink. This result gives 
a fundamental significance to the net entropy increase ASnet Of the constant energy 
system: the product of ASnet and the temperature at which heat is rejected is equal 
to the quantity of heat that is “wasted” or “degraded” in an irreversible cycle. 
It represents heat taken in at the higher temperature which would have been 
available for work if the process had been carried out reversibly. As a result of 
the irreversible nature of the process, however, it has been transferred or de- 
graded” to a lower temperature where its availability for work is diminished. If, 
in any reversible cycle, a quantity of heat 2 is taken into the system at the tem- 
perature 72, and Oi is rejected at the lower temperature Tı, then in an irreversible 
cycle the heat rejected, for the same quantity Q: of heat absorbed at 72, is equal 
to Oi + TAS net. For a given absorption of heat, therefore, the work done in 
the irreversible cycle is T:ASnet less than that done in a reversible cycle operating 
between the same temperatures. This result gives something of a physical sig- 
nificance to the net entropy increase as a measure of the irreversibility of any 
process.! 


19g. Temperature-Entropy Diagrams.—A convenient form of diagram 
for representing thermodynamic changes in state, often used in engineering 
problems, is one in which the two axes indi- 
cate the temperature and entropy, respec- 
tively. On such a diagram an isothermal 
path is obviously a straight line parallei to 
the S-axis. Further, since in an adiabatic 
process no heat enters or leaves the system, 
the entropy change accompanying any such 
reversible process must be zero. A reversible, 
adiabatic change is, therefore, represented by 
a straight line parallel to the T-axis. It is Entropy 
because of the constancy of the entropy in 
a reversible, adiabatic process, the entropy 
change being zero, that the term isentropic 
(Greek: same entropy) is often used when referring to a process of this 
nature. 


1 Cf. B. F. Dodge, “Chemical Engineering Thermodynamics,” 1944, p. 71. 


Temperature 


Fic. 13. Temperature- entropy 
diagram of Carnot cycle 
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A Carnot cycle is very simply represented by a rectangle on a tem- 
perature-entropy diagram, as in Fig. 13; the isothermal stages at Tz and T'i, 
are indicated by I and III, respectively, and the adiabatic paths are II and 
IV. The stages I, II, III and IV correspond exactly to those described in 
§ 18h. It is at once obvious from the diagram that the entropy change 
Q:/T: in stage I, where Q: is the heat transferred reversibly at the tempera- 
ture 72, is exactly equal to the entropy change — / Ti, in stage III, where 
— ei is the heat transferred at Tı; thus, 


22 21 Q Qi _ 
7. Ti er T. Ti ® 


as found earlier Jef. equation (19.2) J. From this result the efficiency of the 
Carnot cycle can be readily derived, since the work done is equal to Q: + Oi. 
It can be seen, therefore, that if entropy had been arbitrarily defined as 
rev. / T, or as the sum of the rev. / T terms, it would be a simple matter to 
derive the efficiency of a Carnot cycle. This procedure is sometimes 
adopted, but it has not been used here because in the treatment of §§ 19a, 19b 
the quantity Qrov./T, or grev./ T, appears as a logical development of the 
second law of thermodynamics, instead of being an apparently arbitrary 
function. 

. Dh. Entropy Change and Phase Change.—In this and the following 
section the entropy changes accompanying certain simple processes will be 
evaluated. One case of interest for which the calculation can be made very 
readily is the increase of entropy associated with a phase change, e.g., solid 
to liquid (fusion), liquid to vapor (vaporization), or transition from one 
crystalline form to another. These changes can be carried out reversibly 
at a definite temperature, the system remaining in equilibrium throughout 
(ef. § 8a). The heat supplied under these conditions is the so-called latent 
heat” accompanying the phase change. In the case of fusion, for example, 
Qrev. is equivalent to AH, the heat of fusion, and if the process has been 
carried out at the temperature T, the entropy increase, referred to as the 
entropy of fusion, is simply AH;/T. The entropy of vaporization can 
be determined in a similar manner. For example, the heat of vaporiza- 
tion of 1 mole of water at 25° C, in equilibrium with its vapor at a pres- 
sure of 0.0313 atm., is 10,514 cal. mole™!. Since the temperature is 
273.16 + 25.0 = 298.16° K, the entropy of vaporization of water at 
25° C is 10,514/298.16 = 35.26 cal. deg.—! mole 1. It will be seen that the 
dimensions of entropy are heat/temperature, and hence it is usually ex- 
pressed in terms of calories per degree, i.e., cal. deg.-!. However, since the 
entropy is an extensive property the quantity of material constituting the 
system under consideration must be stated; consequently, the entropy of 
vaporization determined above was given as 35.26 cal. deg.—! mole™. 
_>1I9i. Entropy Changes of Ideal Gas.— For an infinitesimal, isothermal 
process, the urst law equation (7.5) may be written as 


q = dE + w. (19.16) 
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If the process is reversible, and the work is restricted to work of expansion, as 
is almost invariably the case for processes considered in chemical thermo- 
dynamics, w may be replaced by PdV, where P is the pressure of the system, 
so that 

drev. = dE + PdV. (19.17) 


Further, since the quantity of heat grev. is transferred reversibly, at a con- 
stant temperature 7, it follows that grev./ T is equal to the entropy change 
dS accompanying the given infinitesimal change in state; hence, from equa- 
tion (19.17), it is evident that 


_ dE + Pav. 
T 


For the special case of 1 mole of an ideal gas, dE may be replaced by 
Cyd T [cf. equation (9.22) J, where Cy is the molar heat capacity at constant 
volume, and P may be replaced by RT/V; equation (19.18) thus becomes 

dT dV 
dS = Cy 75 +R 5 (19.19) 
Making the assumption that Cy is independent of temperature (ef. § 9e), 
general integration of equation (19.19) gives an expression for the entropy 
of 1 mole of an ideal gas; thus, 


S = Cy ln T ＋ R in V +s, (19.20) 


where so is the integration constant. The value of this constant cannot be 
derived by purely thermodynamic methods, although it is possible to deter- 
mine it by means of statistical mechanics, as will be explained in Chapter IX. 

For an appreciable change with 1 mole of an ideal gas, between an initial 
thermodynamic state, indicated by the subscript 1, and the final state, 
indicated by the subscript 2, it follows from equation (19.20) that 

AS eS Spey la Rin (19.21) 
Ty Vi 

From this expression the entropy increase accompanying any given change 
in state of an ideal gas may be calculated. 

An alternative form of (19.20) may be obtained by replacing V by RT/P, 
and utilizing the fact that for 1 mole of an ideal gas Cp — Cy is equal to R; 
it is readily found that 


S=CplnT —RiInP + s, (19.22) 


where so is equal to so + E In R. For a change in thermodynamic state, 
therefore, 


dS (19.18) 


AS = S, Si = Ce ln 2 — R In 2, (19.23) 
T, P, 


which is analogous to equation (19.21). 
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For a change of temperature ai constant volume, the entropy increase of 
an ideal gas is seen from equation (19.21) to be 


ASy = Cy ln , (19.24) 

71 
whereas. for the same temperature change at constant pressure, (19.23) gives 
ASp = Cp In = (19.25) 

1 


It should be noted that although the foregoing equations are ultimately 
based on (19.18), which applies to a reversible process, the results are appli- 
cable to any change in thermodynamic state, irrespective of whether it is carried 
out reversibly or not. This is because the entropy change depends only on 
the initial and final states, and not on the path between them. 

For an isothermal process, Ti and 72 are identical, so that equations 
(19.21) and (19.23) reduce to 


Va Pı 

ASr = Rin V, R ln P, (19.26) 
The same result could have been derived directly from equation (9.21), which 
gives the heat absorbed in an isothermal, reversible process. If this quan- 
tity is divided by the constant temperature T, an expression for the entropy 
change, identical with equation (19.26), is obtained. It must not be for- 
gotten, however, that this equation, like the others for entropy change de- 
rived in this section, is independent of the manner in which the process is 
carried out. 

In the isothermal expansion of a gas, the final volume Vz is greater than 
the initial volume Vi and, consequently, by equation (19.26), AS is positive; 
that is to say, the expansion is accompanied by an increase of entropy of the 
system. Incidentally, when an ideal gas expands (irreversibly) into a 
vacuum, no heat is taken up from the surroundings (§ 9d), and so the entropy 
of the latter remains unchanged. In this case the net entropy increase is 
equal to the increase in entropy of the system, i.e., of the gas, alone. 

In a reversible, adiabatic, i.e., isentropic, process, the entropy remains 
constant, and hence AS should be zero; the condition for a reversible, adiabatic 
process can thus be obtained by setting equation (19.21) equal to zero. The 
result is 

72 V 
Cy ln T, Rin 5 
which is identical with equation (10.3). The characteristic equations for a re- 
versible, adiabatic process, e.g., (10.5), (10.6) and (10.7), can thus be derived 
from entropy considerations. 


19j. Entropy of Mixing.—Consider a number of ideal gases, incapable of inter- 
acting with one another in any way, placed in a vessel in which they are separated 
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by partitions. If n; is, in general, the number of moles of any gas, and v; is the 
volume it occupies, the total entropy Si of the system, which is the sum of the 
entropies of the gases in the separate compartments, is given by equation (19.20) as 


Sı = Don (Cy ln T + Rin v; + 80), (19.27) 
the temperature being the same throughout. Suppose that all the partitions are 


removed, so that the gases become mixed. Each gas now occupies the total 
volume V of the system, and the entropy S: is then represented by 


S2 n. (Cv ln T + EIn + 8). (19.28) 


If the separate gases were each at the same pressure before mixing,“ the ratio of 
the initial volume v; of any gas to the total volume V is equal to n;/n, where n; 
is the number of moles of that gas and n is the total number of moles in the 
system; thus, 

Vi Ni 

y n * Ni, (19.29) 
where N; is the mole fraction (§ 5b) of the given gas in the mixture. Replacing 
v; in (19.27) by N., /, in accordance with equation (19.29), the result is 


Sı = Din.(Cy ln T + R ln N. + Rin V + 8,). (19.30) 


The increase of entropy resulting from the removal of the partitions and the mixing 
of the gases, known as the entropy of mixing AS,, is equal to Sı — Sı; hence, by 
equations (19.28) and (19.30), 


AS, = — R Ons In Ny. (19.31) 


The entropy of mixing for a total of 1 mole of the mixture of ideal gases is obtained 
upon dividing equation (19.31) by the total number of moles n; the result is 


AS, =- R =i Inn; = R ON. In N., (19.32) 


assuming no change of temperature or total volume upon mixing. 


It is of interest to note that since the mole fraction N; of any gas in a 
mixture must be less than unity, its logarithm is negative; hence AS, as 
defined by equation (19.32) is always positive. In other words, the mixing 
of two or more gases, e.g., by diffusion, is accompanied by an increase of 
entropy. Although equation (19.32) has been derived here for a mixture of 
ideal gases, it can be shown that it applies equally to an ideal mixture of 
liquids or an ideal solid solution. 


Problem: Molecular hydrogen normally consists of three parts of orthohydro- 
gen and one part of parahydrogen; at low temperatures the molecules of the former 
occupy nine closely spaced rotational levels, while the latter occupy only one. 
Calculate the entropy of mixing of the ten different kinds of hydrogen molecules. 


There are nine kinds of ortho molecules, and since the total constitutes three- 
fourths of the hydrogen, each kind is present to the extent of 4 X 1 = yy. The 
mole fraction of each of the nine forms of orthohydrogen is thus r. Since there 


* Under these conditions, the total pressure of the mixture of ideal gases will be the 
same as that of the individual gases before mixing. 
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is only one kind of parahydrogen, its mole fraction is just 4}. The entropy of 
mixing is obtained from equation (19.32), there being ten terms in the summation; 
for the nine identical ortho terms the mole fraction is Pr, and for the one para 


term it is }, viz., 
AS, = — HR [LY (I In py) + 4 In 41 
= 2.208 f = 4.39 cal. deg. 1 mole I. 


This result will be utilized in § 24n. 


19k. Entropy and Disorder.— Before closing this chapter, it is appropriate 
to refer to an interesting aspect of entropy which throws some light on the 
physical significance of this apparently theoretical property. The subject 
will be taken up in greater detail, from a somewhat different point of view, 
in Chapter IX, but a general indication may be given here. An examination 
of the various processes which take place spontaneously, and which are 
accompanied by a net increase of entropy, shows that they are associated 
with an increased randomness of distribution. For example, the diffusion 
of one gas into another means that the molecules of the two gases, which 
were initially separated, have become mixed in a random manner. Simi- 
larly, the spontaneous conduction of heat along a bar of metal means a more 
random distribution of the kinetic energies of the molecules. The conver- 
sion of mechanical work into heat, as seen earlier (§ 18e), is associated with 
the change from ordered motion of a body as a whole to the disordered or 
random motion of the molecules. It seems reasonable, therefore, to postu- 
late a relationship between the entropy of a system and the randomness or 
degree of disorder in the given state. 

The concept of entropy as a measure of randomness, or vice versa, 1s one 
of great value in many cases. Apart from its quantitative aspect, which 
will be considered later, it is also useful from the qualitative standpoint, for 
it is frequently possible to estimate whether a given process is accompanied 
by an increase or decrease of entropy from a consideration of the randomness 
or disorder in the initial and final states. Similarly, a knowledge of the 
entropy change often provides information concerning structural changes 
accompanying a given process. A simple illustration is provided by the 
melting of a solid. There is obviously an increase of disorder in passing from 
the solid to the liquid state, and hence an increase of entropy upon fusion is 
to be expected. As seen in § 19h, this is equal to the heat of fusion divided 
by the temperature at which melting occurs. In general, the greater the 
increase of disorder accompanying fusion, the greater will be the entropy 
increase. Thus, the molar entropy of fusion of ice at 0° C is 5.26 cal. deg.—! 
mole-!, while that of benzene is 8.27 cal. deg.—! mole at 5.4° C; because of 
the relatively large extent of order still present in liquid water above its 
melting point the entropy increase is smaller in the former than in the 
latter case. 

EXERCISES 


1. The use of biphenyl (m.p. 70°, b.p. 254° C) alone, or mixed with biphenylene 
oxide (m.p. 87°, b.p. 288° C), has been suggested as the working substance in a 


EXERCISES 153 


heat engine. Consider the advantages and disadvantages with respect to the use 
of (i) water, (ii) mercury (b. p. 357° C), for the same purpose. 

2. A reversible Joule cycle consists of the following stages: (i) an expansion at 
the constant pressure Pa, (ii) an adiabatic expansion to a lower pressure Pi, (iii) a 
compression at the constant pressure Pi, (iv) an adiabatic compression which 
restores the system to its initial state. Draw the indicator (P-V) diagram for the 
cycle, and prove that with an ideal gas as the working substance the efficiency is 


given by 
Ww ( PI poe 


3 
Q P: 


where Q is the heat taken up in stage (i) of the cycle. Show that it is possible to 
calculate the temperature at the end of each stage. 

3. A Carnot cycle, in which the initial system consists of 1 mole of an ideal 
gas of volume V, is carried out as follows: (i) isothermal expansion at 100° C to 
volume 3, (ii) adiabatic expansion to volume 6V, (iii) isothermal compression, 
(iv) adiabatic compression to the initial state. Determine the work done in each 
isothermal stage and the efficiency of the cycle. 

4. It has been suggested that a building could be heated by a refrigeration 
engine operating in a reversed Carnot cycle. Suppose the engine, takes up heat 
from the outside at 2° C, work is done upon it, and then heat is given up to the 
building at 22° C. Assuming reversible behavior, how much work in ergs would 
have to be done for every kcal. of heat liberated in the building? 

5. Mercury vapor at 357° C and 1 atm. pressure is heated to 550° C and its 
pressure is increased to 5atm. Calculate the entropy change in the conventional 
units, the vapor being treated as an ideal monatomic gas. 

6. An ideal gas undergoes throttled expansion (§ 11a), the pressure being 200 
atm. on one side and 20 atm. on the other side of the throttle. The process is 
irreversible, and so the entropy change must be calculated by imagining the same 
change in thermodynamic state to be carried out reversibly. Determine the net 
change in entropy of the system and its surroundings. Is the sign in accordance 
with expectation? 

7. Justify the statement that the solidification of a supercooled liquid is ac- 
companied by a decrease in the entropy of the liquid but a greater increase in the 
entropy of the surroundings. Suggest how the change from supercooled water at 
— 10° C to ice at the same temperature and pressure could be carried out re- 
versibly, so that the entropy change of the system could be evaluated. 

8. Show that the entropy of mixing of a number of ideal gases, each at pres- 
sure p, to form a mixture at the total pressure p, at constant temperature, is 
— R XN. In N; per mole of mixture. [Use equation (19.22). ] 

9. If air, consisting of 21 mole % oxygen and 79 mole % nitrogen, at 1 atm. 
pressure, could be separated into its pure constituent gases, each at 1 atm. pressure, 
at the same temperature, what would be the entropy change per mole of air? 
Ideal behavior may be postulated. 

10. Show that equations (19.21) and (19.23) lead to the various conditions 
for an adiabatic change derived in § 10b. 

11. The entropy of liquid ethanol is 38.4 cal. deg. mole! at 25° C. At this 
temperature the vapor pressure is 59.0 mm. and the heat of vaporization is + 10.19 
kcal. mole- 1. Assuming the vapor to behave ideally, calculate the entropy of 
ethanol vapor at 1 atm. pressure at 25° C. 


CHAPTER VIII 
ENTROPY RELATIONSHIPS AND APPLICATIONS 


20. TEMPERATURE AND PRESSURE RELATIONSHIPS 

da. Variation of Entropy with Temperature.—The equation (19.18), i. e., 

= dE + Pd 
T 


is of general applicability, provided only that the work involved is work of 
expansion. For an infinitesimal change at constant volume, when dV is 
zero, this becomes dSy = dEy/T, or 


as 1 
E ae 


By the general rules of partial differentiation [cf. equation (4.9) J, both S 
and E being functions of T and , 


5040/6 
E Jy OT Jy oT a 

and since (E/ dT) v is equal to Cy, the heat capacity at constant volume, 
it follows from equation (20.2) that 


If constant volume conditions are understood, the result may be stated in 
the form 


dS (20.1) 


dSy = Sar = Cydln T, 
and integration consequently gives 
T Cy T 
(S Sor = f Sat = J Cyd In T, (20.4) 
0 0 


where S is the entropy of the system at the temperature 7, and So is the 
hypothetical value at the absolute zero, the volume being the same in each 
case. For the entropy increase accompanying a change in temperature 
from T, to T: at constant volume, it is seen that 


T3 Cy T3 
(Sa — Si)y = f aT = f CrdinT. (20.5) 
Ti 


Tı 
154 
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If Cy is independent of temperature this expression becomes identical with 
equation (19.24). 

Since the heat content H is equal to E + PV by definition [equation 
(9.5) J, it follows that at constant pressure 


dHp = dEr + Pav, 
and hence from (20.1), it is evident that dH is equal to TdSp, or 


(57 ), = 1 (20.6) 


By means of arguments exactly similar to those used in deriving equation 
(20.3), and utilizing the fact that (0H /dT)>p is equal to Cp, the heat capacity 
at constant pressure, it is found that 


as C 
1 N 
Hence, for temperature changes at constant pressure, 
T Cp T 
( f Gat = f Crd in T, (20.8) 
0 0 
end 
72 Cp T2 
(S2 — Si)e = f Stat = | ‘CrdinT. (20.9) 
Tı Tı 


As before, if Cp is independent of temperature, equation (20.9) becomes 
identical with (19.25). 

An important use of equation (20.9) is to determine the increase of 
entropy of a system for a specified change of temperature at constant pres- 
sure. Two procedures are possible, viz., graphical and analytical. In the 
former, the values of Cp/T are plotted against T, or Cp is plotted against 
In T, and the area under the curve between the ordinates representing 71 
and 72 is measured. This gives the value of the integral in equation (20.9), 
and hence the increase of entropy for the change of temperature from 71 
to 72. Alternatively, if Cp can be expressed as a function of the tempera- 
ture, for example, by means of equation (9.24), the required integration can 
be carried out readily. 


Problem: The heat capacity at 1 atm. pressure of solid magnesium, in the 
temperature range from 0° to 560° C, is given by the expression 


Cp = 6.20 + 1.33 X 10T + 6.78 X 10‘T-? cal. deg.—! g. atom™. 


Determine the increase of entropy, per g. atom, for an increase of temperature 
from 300° K to 800° K at 1 atm. pressure. 
Dividing through the expression for Cp by T, it is found that 


r 1 7 + 1.33 X 10 + 6.78 X 10, T-, 
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and hence, by equation (20.9), 


800 / 6.20 
(S200 — 82000 f = f (= + 1.33 X 10 + 6.78 X 10 T-) aT 


= 6.20 In 300 + 1.33 X 10 x (800 — 300) — 4 & 6.78 X 10! 


x [(800)-2 — (300)-?] 
= 6.083 + 0.665 + 0.324 = 7.07 cal. deg. g. atom™. 


The entropy increase is thus 7.07 cal. deg. 1 g. atom“. 


Attention should be called to the fact that the equations derived in this 
section are quite general in the respect that they are not restricted to gaseous 
systems. They are applicable to liquids and solids, as well as to gases. How- 
ever, it should be noted that equations (20.4) and (20.5), at constant volume, 
and (20.8) and (20.9), at constant pressure, in particular, require modifica- 
tion if there is a phase change, e.g., fusion, vaporization or change of crystal- 
line form, within the given temperature range. In cases of this kind, the 
increase of entropy accompanying the phase change, as derived in § 19h, 
must be added to the values given by the foregoing equations. Some illus- 
trations of this type will be considered in § 23b. 
~ 20b. Variation of Entropy with Pressure and Volume.— Upon rearrange- 
ment of equation (20.1), it is seen that 


PdV = TdS — dE, 


and by applying the condition of constant temperature, this equation may 
be expressed in the form 


as ðE 
A G F i 
Upon differentiation with respect to temperature, at constant volume, the 
result is 
ðP as as CH 
— =T 1 — — 20.1 
(er). 5707 * (3), 5767 ay) 


Bearing in mind that Cy is equal to (E/ dT) v, it is readily found, by differ- 
entiation of equation (20.3) with respect to volume, that 
OS 1. 9 
dT“ T aTaVv 
For complete differentials, such as dS and dE, the order of differentiation 


is immaterial, so that dz S/T is identical with 02S/dV0T and E/ VT 
with d E/ TV/; combination of the result just obtained with equation 


(20.11) thus leads to 
aS\ Jo PN; 
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=o that the variation of the entropy with volume at constant temperature 
can be derived from the easily accessible quantity (d P/) Y. For an ideal 
gas, for example, the latter is equal to R/V, so that 


as _ kR, 
(7%. 
This is identical with the form taken by equation (19.19) at constant 
temperature. 
General differentiation of the relationship H = E + PY, which defines 
the heat content, gives 
dH = dE + PdV + VaP, 


and if this is combined with equation (20.1), the result is 


dH = TdS + VadP. (20.13) 
At constant temperature this takes the form, analogous to equation (20.10), 
as ðH 
EN iy (oe sib ; 
V (3 +(3 x, (20.14) 


and differentiation with respect to temperature at constant pressure gives 


i 

OT Je PT OP Jr PT 

From equation (20.7), recalling that Cp is equal to (H/T), it is found 
upon differentiating with respect to pressure that 


S 1 832 
9 P 7 aTeP’ 


and comparison with the preceding equation leads to the result 


(35), ss (57). (20.15) 


Since (OV /dT)p can be obtained either from P-V-T data, or from a suitable 
equation of state, it is possible to determine the variation of entropy with 
pressure at constant temperature. Upon rearrangement of equation (20.15) 
and integration between the pressure limits of Pi and Pa, at constant tem- 
perature, the result is 


Pa fav 
8 8 =- f (5 dP, 1 
2 1 „ (57). (20.16) 


and hence the entropy change S: — Si may be obtained by plotting the 
values of (o H/T) y at various pressures against the pressure, and thus 
evaluating the integral graphically. Alternatively, an expression for 
(O /dT)p may be obtained as a function of the pressure by means of a suit- 
able equation of state, and then equation (20.16) can be solved analytically. 
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20c. Entropy Corrections for Deviation from Ideal Behavior.—One of 
the most useful applications of equation (20.16) is to determine the correc- 
tion which must be made to entropy values obtained for real gases to allow 
for departure from ideal behavior. As will be explained in Chapter IX 
it is possible to determine the entropy of a gas at 1 atm. pressure, but it is 
desirable to express the result in terms of an ideal gas at the same pressure; 
this is referred to as the standard entropy of the gas. The correction is 
obtained in the following manner. 

The increase of entropy of the actual gas from 1 atm. pressure to a very 
low pressure P*, where it behaves ideally, is given by equation (20.16) as 


™ (av 
S(P* atm.) — S(1 atm.) = — -— } dP, 
constant temperature being understood. For an ideal gas, it is evident from 


the equation of state PV = RT that (d V/ T) is equal to R/P, and hence 
the entropy increase from the very low pressure P* to 1 atm. is given by * 


1 
S*(1 atm.) — S*(P* atm.) =— Í 5. 
* 


Since the actual gas may be regarded as behaving ideally at the low pressure 
P*, the quantities SP“ atm.) and S*(P* atm.) may be taken as identical; 
the required entropy correction to be added to the observed entropy value 
S(1 atm.) is then obtained by adding the two equations given above, viz., 


1707 R 
S*(1 atm.) — S(1 atm.) = 8 — S = ; — —J|dP, (20.17) 
P oT P P 
where Se, the usual symbol for the standard entropy, has been written in 
place of S*(1 atm.), and S is the observed entropy of the actual gas at 
1 atm. pressure. 
The integral in equation (20.17) could be evaluated graphically, but in 


practice it is more convenient to use an equation of state, and in this connec- 
tion the Berthelot equation (5 5f) has been employed. From this equation 


it is found that 
8 
OT %% P 32 PeT 


and hence equation (20.17) becomes 
3 1 
eee | dP, 
P* 


So = S + 53 (20.18) 


* An asterisk is used, in general, to represent a system in the postulated ideal state. 
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the very small pressure P* being neglected in comparison with unity. The 
second term on the right-hand side thus gives the correction which must be 
added to the observed entropy S of the gas at 1 atm. pressure in order to 
obtain the standard entropy Se, for the gas behaving ideally at the same 
pressure. 


Problem: What is the correction to be added to the observed entropy of 1 
mole of nitrogen gas at 77.32° K and 1 atm. pressure to allow for departure from 
ideal behavior? 


For nitrogen, T. is 126.0° K and P. is 33.5 atm. The value of P. must be 
expressed in atm. since this unit has been used in the derivation of equation 
(20.18). When T is 77.32° K, this equation gives 
27 H Xx (126.0) 

0 = ea ee ee 

3 acs 32 33.5 X (77.32) 

Since the entropy is usually expressed in cal. deg.~! mole, the value of R is 1.987 

in the same units, so that the correction term 0.109 R is equal to 0.217 cal. deg.—! 
mole}. This result will be employed in § 23c. 


= S + 0.109R. 


20d. Thermodynamic Equations of State. By combining equations 
(20.10) and (20.12), there is obtained what is called a thermodynamic equa- 


tion of state, viz., 
oP ðE 
P = (7), 5 (36). (20.19) 


for it gives a relationship between pressure, volume and temperature which 
is applicable to all substances, solid, liquid or gaseous. An interesting 
consequence of this equation arises in connection with the ideal gas law 
PV = RT; for an ideal gas, it is seen that 


97 — 
Tj Y 


and introduction of this result into equation (20.19) gives 


ðE 
(37), 0 


The constancy of the energy content of an ideal gas, irrespective of the vol- 
ume, at constant temperature, which was postuiated earlier (§ 9d), is thus 
a direct consequence of the application of the second law of thermodynamics 
to the equation of state for an ideal gas. 

For a van der Waals gas, (0P/dT)y is equal to R/(V — b), and hence it 
follows from equation (20.19) that 


(55 2 
OV Jr y? 


This result gives a physical significance to the pressure correction term in 
the van der Waals equation (cf. § 11c, also Chapter IV, Exercise 11). 
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Another thermodynamic equation of state is obtained by the combina- 
tion of equations (20.14) and (20.15); thus, 


aV oH 
V = 1 (57), + (3), (20.20) 
For an ideal gas, (@H/dP)7, like (9E/dV)7, can be readily shown to be zero, 
so that the heat content is independent of the pressure, as stated earlier. 
For real gases, however, this is not the case, and equation (20.20) may be 
used, in conjunction with a conventional equation of state, or actual P-V-T 
data, to determine the change of heat content accompanying a given pres- 
sure change. This is of special value in connection with heats of reaction, 
when the changes of heat content are determined for actual gases at 1 atm., 
or other, pressure, but the data are required for ideal behavior, i.e., at very 
low pressures.! 


20e. Variation of Heat Content with Pressure.—By rearrangement of equation 
(20.20) and integration between the pressure limits of Pi and Pa, at constant 
temperature, it is found that 


H. Hi = fly -T (7). dP, (20.21) 


where Hi and H: are the heat contents of the given substance at the temperature 
T, and pressures Pi and P:, respectively. The integral in this equation may be 
solved graphically from P-V-T data, if available, but for gases an equation of state 
may be employed. Here again, as in § 20c, the Berthelot equation is useful 
for gaseous substances; if the values of V, derived from equation (5.19), and of 
(OV/dT)p, given in a preceding section, are inserted in (20.21) it can be shown 
without diffculty that 


9 RT, T. fP 
Hz — Hy = 128 P, 98 dP 
9 RT, T? 
125 P. (— 18 75) (P, — Pn. (20.22) 


The change of heat content for a given pressure change can thus be evaluated from 
he critical constants. If heat content data are to be corrected for departure from 
deal behavior, P: is set equal to zero; Hz is then the heat content of the gas at this 
pressure when it behaves ideally. Since the heat content of an ideal gas is inde- 
dendent of the pressure, Hz gives the required corrected value. 


Problem: Calculate the difference in the heat content of 1 mole of oxygen gas 
t 1 atm. pressure and the same gas when behaving ideally at 25° C. 


For oxygen, T. is 154.3° K and P, is 49.7 atm.; the pressures Pi and Pa must 
26 expressed in the same units as P., i. e., in atm. In the present case P3 is set 
qual to zero, and H: is then replaced by H“, the ideal gas value; Pi is 1 atm., and 
T is 25° C, i. e., 298.16 (or 298.20 K. Hence, by equation (20.22), taking R as 


1 See, for example, Rossini, J. Res. Nat. Bur. Stand., 22, 407 (1939). 
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1.987 cal. deg. - mole, the result is obtained in cal. mole; thus, 


9 X 1.987 X 154.3 (154.3)? 
H* — Hı = 128 x 49.7 ( ASA 208.5 * 2 
= 1.66 cal. mole™. 


This difference is small in comparison with the experimental errors in measure- 
ments of heat of reaction; it can, therefore, be neglected in most cases, as stated 
in § 12b. 


Because of the approximate nature of the Berthelot equation of state, it is 
probable that equation (20.22) is not very reliable when the pressure difference 
Pz — Pi is large. In connection with the study of high-pressure gas reactions, 
however, it is sometimes required to know the difference between the heat content 
of a gas at high pressure and at zero pressure. If P-V-T data are available, equa- 
tion (20.21) may be used directly, but if they are lacking, or if approximate results 
are adequate, a generalized treatment, involving the use of reduced quantities and 
the compressibility factor (§ 5i), is simple and convenient. 

Utilizing the definition of the compressibility factor x, that is, PV = KRT, it 


is readily found that 
9 RT? / ox 
a (57), wR (57), 
and hence, by equation (20.21), at constant temperature, 


P2 
H.-H, = Re f (27), F. (20.23) 
Pi 


Dividing both sides by T, and replacing T on the right-hand side by T. and P 
by P., where 0 and r are the reduced temperature and pressure (cf. § 5e), re- 
spectively, equation (20.23) becomes 


Hz — HI 12 J ON dr 
5 = — R0 J (2) 2 (20.24) 


The values of (0x/00), can be derived from the generalized compressibility chart 
(Fig. 4) and hence the integral can be evaluated graphically. If the pressure Pa, 
i. e., 12, is taken as zero, Hz may be replaced by the ideal gas value H*, so that 
equation (20.24) becomes 


H*—H r /ðk\ dr 
p = Re Í (30). 2 (20.25) 


As seen in § 5i, x is, as a first approximation, a universal function of @ and v; it 
is evident, therefore, that for a definite reduced temperature and reduced pressure, 
the right-hand side of equation (20.25) has the same value for all gases. It is 
consequently, possible to construct a generalized diagram giving the (approximate) 
value of (H* — H)/T for any gas with the reduced pressure as coordinate and the 
reduced temperature as parameter. Such a diagram is represented in Fig. 14. 


2 Watson and Nelson, Ind. Eng. Chem., 25, 880 (1933). For experimental study of the 
variation of heat content with pressure, see Gilliland and Lukes, ibid., 32, 957 (1940). 
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It may be remarked that a reduced form of equation (20.16) or (20.17) and 
a corresponding generalized diagram have been developed. As they are not widely 
used, however, they will not be given here.“ 
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Fig. 14. Generalized (H* — H)/T curves 


20f. Adiabatic Relationships.—Two relationships, analogous to (20.12) 
and (20.15), which are applicable to constant entropy, i.e., reversible adi- 
abatic, processes can be derived in a similar manner. Writing equation 
(20.1) in the form 

dE = TdS — Pav, 


it is evident that at constant volume, i. e., when dV is zero, 


ðE 
y aT 2 
( as ), f (20:28) 
whereas at constant entropy, i.e., when dS is zero, 
ðE 
—— = — P. ; 
( aV ) 8 N 


If equation (20.26) is differentiated with respect to volume, at constant 
entropy, and (20.27) with respect to entropy, at constant volume, and the 


3 Cf. Edmister, Ind. Eng. Chem., 28, 1112 (1936); York, ibid., 32, 54 (1940); Robinson 
and Bliss, ibid., 32, 396 (1940); Maron and Turnbull, ibid., 34, 544 (1942) 
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results equated, it is found that 


(2), -- (8), com 


From equation (20.13), that is, 
dH = TdS + VaP, 


the restrictions of constant pressure and constant entropy, respectively, 


lead to 
aH aH 
55 ) =T and (55). a (20.29) 


Upon differentiating with respect to pressure, at constant entropy, in the 
first case, and with respect to entropy, at constant pressure, in the second 
case, and equating the results, it is seen that 


oT aV 

(3), 8 ), (20.30) 
20g. General Applicability of Results.—The four equations (20.12), 
(20.15), (20.28) and (20.30) are frequently referred to as the Maxwell 
relations. It is important to note that these results, as well as the general 
equations of state (20.19) and (20.20), are applicable to systems of all types, 
homogeneous or heterogeneous. Two conditions, however, must be borne 
in mind. The mass of the system is assumed to be constant, so that there 
is no loss or gain of matter in the course of any thermodynamic change. 
Systems of this kind, which may consist of one or more phases, are known 
as closed systems. The second condition is based on the postulate that 
the work done is work of expansion only, and that it is equal to PdV, where 
P is the pressure of the system (cf. §§ 19i, 20a). This means that the system 
must always remain in equilibrium with the external pressure; in other words, 
the pressure inside the system must either be equal to, or differ only by an 
infinitesimal amount from, the external pressure. An important application 

of equation (20.12) to heterogeneous systems will be given in § 27b. 


21. ENTROPY AND HEAT CAPACITY RELATIONSHIPS 


21a. Difference of Heat Capacities.—It was shown in § 9c that the 
difference between the heat capacities at constant pressure and constant 
volume, of any homogeneous system of constant composition, is given by 


Cape [P + (27), (57), 


and hence, utilizing equation (20.19), 
ðP 9 
Cp oe Cy = 1 (27), (37 A (21.1) 
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This result is applicable to any single substance, either solid, liquid or 
gaseous, or to a homogeneous system containing definite amounts of two 
or more substances. 

For 1 mole of an ideal gas, ( P/oT) v is equal to R/ V, i. e., P/T, and 
(o /d T) ꝑE is R/P; hence by equation (21.1), 


Cp — Cy = R, 


in agreement with equation (9.29). For a real gas, the values of (0P/dT)y 
and of (3V /əT)p can be obtained from P-V-T data, and hence Cp — Cy can 
be determined. Even without these data, however, a qualitative indication 
of the results to be expected may be derived from an equation of state. 


For a van der Waals gas, for example, 


RT a 
P= O py 
and hence, 
oP RT a 
(37), Fr tA (21.2) 


In order to evaluate (o F/ T) in a convenient form, the van der Waals equation 
is multiplied out to give 


PY = RT 5 ö A 


and, dividing through by P, the result is 


RT 
* F n 


As a first approximation, V may be replaced by RT/P in the correction terms 
a/ PV and ab/PV?, so that 


Differentiation of this expression with respect to temperature, at constant pressure, 


yields 
( 9 R a 2abP 


57 )p P T RT PT (21.3) 


It is readily found by arrangement of the previous equation that 


and combination with (21.3) gives 


(57) 2 V0 2a 3abP 
OT jP T RT RTP 


Introducing this result together with equation (21.2) into (21.1), and omitting 
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some of the smaller terms, it is seen that 


a V —b 2a 3abP 
Cr- cv = (P+ U) (L=) (RE Bis) 


3ab „ 
N (21.4) 


Except at low temperatures and high pressures, the last term may be neglected, 
so that 


2a 
A - 


Cp - Cy = R NT 


( os 


It is evident, therefore, that for a real gas the value of Cp — Cy is greater than R; 
the difference increases, as a first approximation, in a linear manner with the 
pressure, and is most marked at lower temperatures. The difference between 
Cp — Cy and R is evidently greater for easily liquefiable gases, for these have, in 
general, higher a values. 
Problem: Calculate Cp — Cy for nitrogen at 25° C and 200 atm. pressure, the 
van der Waals a being 1.39 liter? atm. mole7?. 
Since a is given in liter? atm. mole~?, P should be in atm., and R in liter-atm. 
deg. 1 mole™, i.e., 0.0820; hence, equation (21.5) gives 
2 X 1.39 X 200 
r E t (0.082)? x 25% 


1.93 R. 
(The actual value is approximately 1.9K.) 


At low temperatures and high pressures the value of Cp Cy can become 
very much larger than for an ideal gas. However, the difference between 
Cp Cy and R does not increase continuously with the pressure, as implied 
by equation (21.5). The reason for this is the — 3abP?/R?T? term in equa- 
tion (21.4). As the pressure is increased this becomes of increasing impor- 
tance, and it is evident that at sufficiently high pressures Cp — Cy should 
attain a maximum, and subsequently decrease with increasing pressure. 
The results obtained directly from actual P-V-T data are in qualitative 
agreement with this conclusion. At 20°C, the maximum, equal approxi- 
mately to 2R, is attained with nitrogen gas at about 300 atm. pressure. 


Without going into details, it may be noted that a similar treatment based on 
the Berthelot equation of state gives the result 


27 T? 
o. Cy R(L 4 i pA E (21.6) 


applicable over a limited range of pressures. 


Problem: Compare the value of Cp — Cy for nitrogen at 25° C and 200 atm. 
pressure given by equatiun (21.6) with that obtained above from (21.5). 
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For nitrogen P. is 33.5 atm. and T. is 126.0° K; hence when T is 25° C, i.e., 
298.2° K, and P is 200 atm., equation (21.6) gives 


x 27 x (126.0)* X 200 
C Cy R hı + 16 X 33.5 X 28827 
— 1.76K, 


which may be compared with 1.93 R from equation (21.5). 


The thermodynamic equation (21.1) may also be expressed in terms of the 
reduced temperature, pressure and volume, and the compressibility factor. It is 
then possible to construct a generalized diagram for Cp — Cy applicable to all 
gases (cf. & 20e).4 


21b. Difference of Heat Capacities: Alternative Expression.— An alter- 
native form of equation (21.1) has been used to determine the difference in 
the heat capacities of solids, liquids and gases. For a homogeneous system 
of constant mass the volume is a single valued function of the temperature 
and pressure, and so it is possible to write 


OV OV 
dV = (7), dT + (a5), dP. (21.7) 


For a process occurring at constant volume dV is zero, and hence equation 
(21.7) becomes 


i (2), --(2),/(), 


Upon introducing this result into equation (21.1) it follows that 


av \? aV 
5 (57), / () (21.8) 


This equation has been utilized in connection with P-V-T data, either in 
graphical or analytical form, to determine Cy — Cy values for a number of 
gases over a considerable range of temperature and pressure.’ 

For solids and liquids another form of equation (21.8) is convenient. 


The quantity 557) is equal to the coefficient of (cubical) thermal ex- 
P 
pansion q of the substance constituting the system, and — 525) is the 
T 


Schulze, Z. phys. Chem., 88, 490 (1914); Edmister, ref. 3; Ind. Eng. Chem., 32, 373 
(1940). 

s Deming and Shupe, Phys. Rev., 37, 638 (1931), 38, 2245 (1931), 40, 848 (1932); Roper. 
J. Phys. Chem., 45, 321 (1941). 
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compressibility coefficient 8; hence, 
4 TY 
8 


This equation has been found especially useful for the conversion of heat 
capacities of solids, in particular, measured at constant (atmospheric) 
pressure to the values at constant volume (§ 17a). 


Cp — Cy = (21.9) 


Problem: For metallic copper at 25° C, the coefficient of expansion a is 
49.2 X 10-6 deg.—1, and the compressibility coefficient 8 is 0.785 X 107° atm.—'; 
the density is 8.93 g. c. and atomic weight 63.57. Calculate the difference in 
the atomic heat capacities at constant pressure and constant volume. 


In the present case V in equation (21.9) is the atomic volume, i.c., the atomic 
weight divided by the density; if this is expressed in cc. g. atom, i. e., 63.57/8.93, 
it can be readily seen from equation (21.9) that using the values given for q and B, 
Cp — Cy will be in cc.-atm. deg. g. atom™!. Since 1 cc.-atm. is equivalent to 
0.0242 cal. (Table 1, Appendix), it follows that at 25° C, i.e., 298.2° K, 

Cr — Cy = (49.2 107%)? X 298.2 & 63.57 X 0.0242 
e 0.785 X 10 X 8.93 
= 0.159 cal. deg. g. atom. 


21c. Determination of Heat Capacity.—-For a simple system, e.g., a single 
substance or a homogeneous mixture of constant composition, the entropy is de- 
pendent on two thermodynamic variables, e.g., temperature and pressure, only, 


so that 
_ (as as\ „„ 
as (57), ar- (5p), 2 


and hence, by the method used in § 21b, it follows that 


(7). (7), / (or). 


Utilizing equation (20.15) for (S/ P), and (20.7) for (0S/dT')p, it is found upon 


rearrangement that 
ôy oT 
cr r (57), (or) * 


This equation has been used for the determination of the heat capacities at con- 
stant pressure of both liquids and gases. The quantity (d // oT) is the rate 
of thermal expansion and this can be measured without difficulty. The other 
factor, (o/) s, is called the adiabatic temperature coefficient, since it applies to 
constant entropy, i. e., adiabatic, conditions. It can be determined by allowing 
the fluid to expand suddenly, and hence adiabatically, over a known pressure range, 
and observing the temperature change.® 


6 Joule, Phil. Mag., 17, 364 (1859); Lummer and Pringsheim, Ann. Physik, 64, 555 
(1898); Eucken and Mücke, Z. phys. Chem., B18, 167 (1932); Dixon and Rodebush, J. Am. 
Chem. Soc., 49, 1162 (1927); Richards and Wallace, ibid., 54, 2705 (1932); Burlew, ibid., 62, 
681, 690, 696 (1940). 
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21d. Variation of Heat Capacity at Constant Pressure with Pressure.— 
It is a simple matter to derive an expression for the influence of pressure on 
heat capacity. Upon differentiating equation (20.7), i. e., 


E os 0 — C Cp 
oT ee 
with respect to pressure, at constant temperature, and equation (20.15), i. e., 


(=), =- (7), 


with respect to temperature, at constant pressure, and equating the results, 
it is found that 
928 = H), — - (5), 
7B 74 aP oT? 
aC r * 
(#2) =- r (2), 200 
This equation holds for any homogeneous substance, but it is usually applied 
to gases. For an ideal gas, it is evident from the equation PV = RT that 
(O /d T?) is zero, and hence the heat capacity should be independent of 
the pressure (ef. § 9e). Real gases, however, exhibit marked variations of 
heat capacity with pressure, especially at low temperatures; at — 70°C, 
for example, the value of Cy for nitrogen increases from 6.8 at low pressures 
to 12.1 cal. dg. mole at 200 atm. At ordinary temperatures, however, 
the heat capacity increases by about 2 cal. deg.—! mole for the same increase 
of pressure. 

The actual change of heat capacity with pressure is given by ən expres- 
sion obtained by the integration of equation (21.11). At a sufficiently low 
pressure, represented by P*, where the gas behaves ideally, the heat capacity 
Cp may be regarded as virtually independent of pressure; this pressure may 


be taken as the lower limit of integration, and if the upper limit is any 
pressure P at which the heat capacity at constant pressure is C p, then 


oo en ry. (575), dP, (21.12) 


at a constant temperature T. The values of ( V/əT?)p for a given gas at 
various pressures can be derived from P-V-T measurements, if available; 
by graphical integration Cp — Cp can then be determined for any desired 
pressure.’ 

If the constants in a satisfactory equation of state, e.g., the Beattie-Bridgeman 
equation, were known, (0?V/0T?)p could be expressed analytically as a function 
of the pressure, and then integrated in accordance with equation (21.12). The 
treatment may be illustrated in a simple manner by utilizing the van der Waals 


7 See ref. 5; also, Hoxton, Phys. Rev., 36, 1091 (1930). 
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equation. It was seen in § 21a that for a van der Waals gas (cf. equation (21.3) ] 
F 
OT /p P RT RT? 

and hence 


3 — 2a J 6abP 
aT? / RT RT 


so that from equation (21.12) 
P / 2a 6abP 
— 3 = — — — 


Assuming a and 6 to be independent of the pressure, and taking P“ as zero, it 
follows that 


2a 3ab 


Ce C = Rm P FT: 


Pi. (21.13) 


At moderate temperatures and pressures the second term on the right-hand side 
of equation (21.13) may be neglected; the value of Cy should thus increase in a 
linear manner with the pressure. The rate of increase should be less the higher 
the temperature. With increasing pressure the effect of the second term will 
become appreciable, especially at low temperatures, and at sufficiently high pres- 
sures Cp should reach a maximum and then decrease. These qualitative expecta- 
tions are in agreement with the results obtained by the application of P-V-T data 
to equation (21.12), and also with the limited experimental determinations of heat 
capacities at high pressures.“ 

From the Berthelot equation of state in conjunction with (21.12) it is found that 


Cp — CE =% — (21.14) 


This result, as might be expected, is reliable at moderate temperatures and pres- 
sures, when Cp C is a linear function of the pressure. 


Problem: Calculate the change of Cy for nitrogen when the pressure is in- 
creased to 100 atm. at 25° C, using (i) the van der Waals equation (ii) the Berthelot 
equation. 

(i) For nitiogen, a is 1.39 and b is 3.92 X 107 in liter, atm. and mole units; 
R must therefore be in liter-atm. deg.-! mole“, and P in atm., i. e., 100 atm.; 
equation (21.13) then gives, with T = 298° K, 


Ce — Ch we 2X 1.39 X 100 
j P | 0.082 X (298)? 
=æ 0.038 liter-atm. deg. mole, 


the second term being negligible. Since 1 liter-atm. is equivalent to 24.2 cal., 
the change in heat capacity should be 0.93 cal. deg. 1 mole. 


8 Worthing, Phys. Rev. 33, 217 (1911); Mackey and Krase, Ind. Eng. Chem., 22, 1060 
(1930). 
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(ii) Taking T. as 126.0° K and P, as 33.5 atm., equation (21.14) gives 


81 X 0.082 X (126) X 100 
— * —— rg Gf A SPSL 

Cp E & 33.5 X (258). 

= 0.047 liter-atm. deg.~ mole -i. 


This is equivalent to 1.1 cal. deg.-! mole~!. (The experimental value is about 
1.0 cal. deg. 1 mole.) 


As in the case of other thermodynamic properties, it is possible to derive a 
general relationship for Cp — Cp involving the reduced temperature and pressure. 
The simplest method of approach to this problem is to utilize the familiar definition 
of Cp as (H/T); hence, 


aH aH* 56 N- 
Cp — Ch = (37). — ($F 05 = | a |. (21.15) 


where, as before, H and H“ refer to the heat contents at an appreciable pressure P 
and at a very low pressure, respectively. Upon introducing the mathematical 


result 
du — H*)/T] M 7 Nl — H*)/T] den) _ Hf — H* 
dln T dT = aT / 7? 
equation (21.15) gives 


(21.16) 


— * eae * 
e 


T o In T 


The temperature T may be expressed as 0T., where 0 is the reduced temperature; 
hence d ln T is equal to d ln 0, since T. is constant, and equation (21.16) may 
consequently be written as 
H — H* O((H — aot 
. JFF ‘ 


It was seen earlier (§ 20e) that (H — H*)/T is a function of the reduced tempera- 
ture and pressure of a form applicable to all gases [cf. equation (20.25) J, at least 
as a first approximation; hence the same must be true for Cp — Cp, in accordance 
with equation (21.17).¢ The first term on the right-hand side is obtained from 
equation (20.25) or its equivalent (Fig. 14), and the second term from the slope 
of the plot of (H — H*)/T against 6 (or In 0), all the values being at the reduced 
pressure corresponding to the pressure P at which Cy — Cp is required.“ 


21e. Variation of Heat Capacity at Constant Volume with Volume.—By 
means of equations (20.3) and (20.12), a relationship analogous to (21.11) 
can be obtained for the variation of Cy with volume, which is related to the 
variation with pressure, at constant temperature; this is 


50 = oP 
(5). = 75), (21.18) 


t Since a good approximation for a function does not, on differentiation, necessarily 
give a good approximation for the derivative of the function, this conclusion may be open 
to some objection. 

Dodge, Ind. Eng. Chem., 24, 1353 (1932); Watson and Nelson, tbid., 25, 880 (1933); 
see also, ref. 3 
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which, upon integration, gives 


Cr- =r (22) av 
3 Y (57), ar, (21.19) 


where C7 is the constant heat capacity at low pressure, i. e., large volume V*. 
The chief application of these equations, like (21.11) and (21.12), is to gases. 
For an ideal gas, it can be readily seen that since (0?P/dT?)y is zero, Cy is 
independent of the volume (or pressure), as is to be expected, but for a real 
gas this is not necessarily the case. The values of (32P/ðT?)y can be derived 
from P-V-T measurements, and hence Cy — CF. can be obtained by graphical 
integration; alternatively, an analytical method, similar to that described 
above, may be used. 


It is of interest to note that (0?P/d0T?)y is zero for a van der Waals gas, as well 
as for an ideal gas; hence, Cy should also be independent of the volume (or pressure) 
in the former case. In this event, the effect of pressure on Cy is equal to the varia- 
tion of Cp — Cy with pressure. Comparison of equations (21.4) and (21.13), both 
of which are based on the van der Waals equation, shows this to be true. For a 
gas obeying the Berthelot equation or the Beattie-Bridgeman equation (8?P/ðT?)y 
would not be zero, and hence some variation (f Cy with pressure is to be expected. 
It is probable, however, that this variation is small, and so for most purposes the 
heat capacity of any gas at constant volume may be regarded as being independent 
of the volume or pressure. The maximum in the ratio y of the heat capacities at 
constant pressure and volume, respectively, i.e., Cp/Cy, referred to earlier (§ 10e), 
should thus occur at about the same pressure as that for Cp, at any temperature. 


22. THE JOULE-THOMSON EFFECT 


22a. The Joule-Thomson Coefficient.— Although the subject matter of 
this section has no direct connection with entropy, it may be considered here 
because the results are based on one of the thermodynamic equations of 
state derived in § 20d; to this extent the material may be regarded as a 
consequence of the entropy concept. In equation (20.20), viz., 


6 oH 
(), (). 


(0H /dP)r may be replaced by — g. r. Cp, as given by equation (11.5), where 
uz. T. is the Joule-Thomson coefficient, i.e., (G 7/0); hence, for a fluid, i. e., 
liquid or gas, it is possible to write 


a 77) ey or (22.1) 
57% 
Or j 
1 av 
wa , (7), v (22.2) 


This expression is based upon thermodynamic considerations only, and 
hence is exact; the Joule-Thomson coefficient, at any temperature, may thus 
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be determined by inserting experimental results for (3 V/əT)r, V and Cr 
under the given conditions. The values derived in this manner have been 
found to agree closely with those obtained by direct experiment.!" 


Problem: At 20° C, the value of the dimensionless quantity (T/V)(0V/0T)p 
for nitrogen was found to be 1.199 at 100 atm.; the specific volume was then 8.64 
ml. g. and Cy was 8.21 cal. deg.' mole“. Calculate the Joule-Thomson coeffi- 
cient of nitrogen under these conditions. 


Equation (22.2) may be put in the form 


1 
r. = Cel V\ OT /p 
and if Cp is the molar heat capacity, V must be the molar volume. Since h. r. 
is usually expressed in deg. atm.~', it will be convenient to have V in liter mole 
and Cy in liter-atm. deg.~! mole; the equation is then seen to be dimensionally 


correct. The molecular weight of nitrogen is 28.0, and the molar volume is 
8.64 X 28.0 X 10° liter; Cp is 8.21 X 0.0413 liter-atm. deg.-! mole, and hence 


8.64 X 28.0 X 107 


a eens — = o -lL 
J. T. 8.21 X 0.0413 (1.199 1) 0.142° atm. 


(The direct experimental value is 0.143° atm. —1.) 


For an ideal gas, satisfying the equation PV = RT under all conditions, 
(0V/dT)p is equal to V/T; it follows, therefore, from equation (22.2), that 
the Joule-Thomson coefficient is always zero. For a real gas, however, this 
coefficient is usually not zero even at very low pressures, when ideal behavior 
is approached in other respects. That this is the case may be seen by making 
use of an equation of state for a real gas. 

For a van der Waals gas, for example, it is seen from the results in § 2la 


that 
aVv 2a 3abP 
8 
and hence 
aV 2a 3abP 
Ti{i—) - V = — -b — 
( oT ) P * RT IGT? 
The equation (22.2) for the Joule- Thomson coefficient thus becomes 
1 7 2a 3ab 
„ : 22. 
ul. r. 6 (Er b — FN (22.3) 


At very low, or zero, pressure, the last term in the parentheses is negligible 


10 Deming and Shupe, Phys. Rev., 37, 638 (1931), 48, 448 (1935); see also, Perry and 
Herrman, J. Phys. Chem., 41, 1189 (1935); Edmister, Ind. Eng. Chem., 28, 1112 (1936); 
Benedict, J. Am. Chem. Soc., 59. 1189 (1937); Maron and Turnbull, Ind. Eng. Chem., 34, 
544 (1942). 
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and then 
2a 


(B) 
17. r. = CF (RT b (22.4) 


Except in the special circumstances when 2a/RT is equal to b, the Joule- 
Thomson coefficient at low pressures, as given by equation (22.4), is not zero. 

If the van der Waals a and b are known it is possible to obtain an indica- 
tion of the value of the Joule-Thomson coefficient at any given temperature 
and pressure by means of equation (22.3). The results are approximate 
only, since a and b vary with temperature and pressure, the values generally 
employed (Table I) being based on critical data. 


Problem: Calculate the Joule-Thomson coefficient of nitrogen gas at 20° C 
and 100 atm. pressure, taking Cp as 8.21 cal. deg.~! mole. 

Since a and b are usually given in liter, atm. and mole units, viz., 1.39 and 
3.92 X 10, R is 0.082 liter-atm. deg. 1 mole“ and Cy is 8.21 X 0.0413 liter-atm. 
deg.~! mole; hence at 20° C (293° K), equation (22.3) gives, with P equal to 
100 atm., 

1 
HIT. = 8.21 X 0.0413 


2 139 3 X 1.39 X 3.92 X 10-7 X 100 
a 6885 o (0.082)? x (293) | 


= 0.142° atm.™!?. 


(This is in fortuitously good agreement with the experimental value of 0.143° 
atm. 1. If equation (22.4) is employed, the result is 0.22° atm. 1.) 


22b. The Joule-Thomson Inversion Temperature.—The condition for 
the Joule-Thomson inversion temperature, where the Joule- Thomson co- 
efficient changes sign from positive to negative or vice versa (§ 11c), can be 
obtained by setting u. T. equal to zero. For a van der Waals gas, equation 
(22.3) gives the condition as 


2a 3abP _ 


ET. wr? T O’ (22.5) 
2a 3aP 
7. — 5 Ts + ae = 0. (22.6) 


TABLE XIV. JOULE-THOMSON INVERSION TEMPERATURES FOR NITROGEN 


Inversion Temperature 


Press. Upper Lower 
1 atm. 348° C — 

20 330.0. — 167.0 C 

60 299.6 — 162.4 
100 277.2° — 156.5° 
180 235.0° — 134.7° 
220 212.5° — 117.2° 
300 158.7° — 68.7° 
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This equation is a quadratic, and hence there will be, in general, two values 
of the inversion temperature T; for every pressure, as stated in § 110. The 
experimental values obtained for nitrogen gas are recorded in Table XIV, 
and are plotted (full line) in Fig. 15.11 For all temperatures within the curve 


Š, 


S. 


5, 


Inversion Temperature (°C) 
2 
S. 


20 60 100 200 300 Atm. 
Pressure 


Fre. 15. Joule-Thomson in version curve for nitrogen 
the Joule- Thomson coefficient is positive, a throttled expansion being ac- 
companied by a fall of temperature; outside the curve the coefficient is 
negative. 
A generalized expression for the Joule-Thomson inversion temperature may 


be obtained by the use of a reduced equation of state. By setting equation (22.2) 
equal to zero, the condition for the inversion temperature T; is then seen to be 


9 
T. (57). — 7 =0, (22.7) 


since Cy is not zero. If the pressure, volume and temperature are expressed in 
terms of the corresponding reduced quantities x, ¢ and 0, equation (22.7) becomes 


og 
0. 35 . —¢=0. (22.8) 


u Roebuck and Osterberg, Phys. Rev., 48, 450 (1935). 
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From the reduced form of the van der Waals equation (5.16), i. e., 


* + 55 (36 — 1) = 86, (22.9) 


it follows upon differentiation, at constant reduced pressure, that 


50 5 

50 % 3c — 9 + 6 

If this result is introduced into equation (22.8), and r is eliminated by means of 
(22.9), it is found that 


3(3¢ — 1)? 

ð; = ee (22.10) 
and substitution of this value for @ in (22.9) gives for the corresponding reduced 
pressure, 

T; = Ze =U ° (22.1 1) 
By combining equations (22.10) and (22.11), it is possible to eliminate & and thus 
obtain a general relationship between the reduced inversion temperature and 
pressure applicable to all gases. Provided x. is less than 9, solution of equation 
(22.11) gives two real values of & for each value of x.; insertion of these two ¢’s 
in equation (22.10) then gives the two reduced inversion temperatures â; for the 
particular reduced pressure m.. By choosing various values of the latter from 0 
to 9, the data can be obtained for a generalized, reduced inversion temperature- 
pressure curve, which should be applicable to any gas. The curve derived from 
equations (22.10) and (22.11) is shown by the broken line in Fig. 15.2 

Comparison of the two curves in Fig. 15 indicates that the reduced equation 
for avan der Waals gas is qualitatively correct, but is not quantitatively accurate. 
This fact is brought out more clearly by considering some actual results. Accord- 
ing to equation (22.11), or Fig. 15, the maximum value of the reduced pressure 
for which inversion is possible is 9; & is then unity, and @; should be 3, by equation 
(22.10). For nitrogen, T, is 126.0° K and P. is 33.5 atm., so that the maximum 
pressure for the observation of a Joule-Thomson inversion should be 9P., i. e., 
9 X 33.5 or 301.5 atm., the temperature should then be 3T., i.e., 3 X 126.0 or 
378° K. The experimental values are 376 atm. and 313° K. Further, at very 
low, e.g., zero, pressure, ¢ can be either 0.5 or infinity, by equation (22.11); in- 
sertion of these values in (22.10) gives the two values of the reduced inversion 
temperature as 0.75 and 6.75, so that the actual (absolute) temperatures should 
be 0. 75. and 6.757. For nitrogen, these would be 94.5° K and 850° K, compared 
with the (extrapolated) experimental values of about 103° K and 623° K. 

Although equations (22.10) and (22.11) yield results that are not exact, they 
are, nevertheless, useful when direct measurements have not been made; they 
provide an indication of the range within which cooling of a given gas by the Joule- 
Thomson effect is possible. Such information would be of value in connection 
with the liquefaction of the particular gas. 


u Porter, Phil. Mag., 11, 554 (1906); 19, 888 (1910). 
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EXERCISES 


1. Give the complete derivation of equation (20.7). 

2. Give the complete derivation of equation (20.20), and show that the heat 
content of a gas which satisfies the equation PV = RT at all temperatures and 
pressures is independent of pressure. 

3. Derive an expression for S° — S for a van der Waals gas, where S° is the 
standard entropy and S is the experimental entropy at 1 atm. at the same tem- 
perature, using equations (20.17) and (21.3). Calculate the value of S° — S for 
nitrogen gas at 77.32° K (cf. problem in § 20c). 

4. By means of the expression based on the Berthelot equation, determine the 
correction for the deviation from ideal behavior of the entropy of chlorine gas 
measured at its boiling point (239.0° K) at 1 atm. 

5. Determine the increase in entropy of nitrogen gas when it is heated from 
27° C to 1227° C at 1 atm. pressure. (Use Cp data in Table II.) 

6. The heat capacity of solid iodine at any temperature t° C, from 25° C to 
the melting point (113.6° C), at 1 atm. pressure, is given by 


Cp = 13.07 + 3.21 X 10 — 25) cal. deg.—! mole“ 


(Frederick and Hildebrand, J. Am. Chem. Soc., 60, 1436 (1938) J. The heat of 
fusion at the melting point is 3,740 cal. mole l. The heat capacity of the liquid 
is approximately constant at 19.5 cal. deg. 1 mole“, and the heat of vaporization 
at the normal boiling point (184° C) is 6,100 cal. mole“. Determine the increase 
of entropy accompanying the change of 1 mole of iodine from solid at 25° C to 
vapor at 184° C, at 1 atm. pressure. 

7. Taking Cy for ice and water as 9.0 and 18.0 cal. deg. 1 mole“, respectively, 
and the heat of fusion as 79.8 cal. g. at 0° C, determine the change of entropy 
accompanying the spontaneous solidification of supercooled water at — 10°C at 
1 atm. pressure (cf. Exercise 7, Chapter VII). 

8. Show that, in general, for any thermodynamic change in state, the corre- 
sponding entropy change is given by 


T2 
AS = S:—Si= [ a oe (57) r. 
71 Pi 


Suggest a method for determining AS for a gas. 

9. Show that by the use of the compressibility factor x, defined by PV = «RT, 
it is possible to express equation (20.16) in the reduced form applicable to any gas. 
Describe the construction of a generalized chart for determining the (approximate) 
change of entropy of any gas with pressure at constant temperature. 

10. Derive an expression for Hz — H, for a van der Waals gas, where Hi and 
H: are the heat contents at pressures Pi and P, respectively, at the same tempera- 
ture, using equation (20.21) and the results in § 214. Calculate the difference in 
the heat content, in cal. per mole of oxygen, at 1 atm. and 100 atm. at 25° C. 

11. By means of Fig. 14 estimate the change of heat content, in cal., accom- 
panying the compression of 1 mole of ethane at 50° C from 30 atm. to 300 atm. 
pressure. What other information would be required to calculate the change of 
heat content if the temperature were changed, as well as the pressure? 

12. Utilize Fig. 14 to determine the change in AH for the reaction 4N,(g) 
+ JH: (c) = NH, (g) as a result of increasing the pressure from a low value, 
virtually zero, to 200 atm. at 450° K. 
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13. Estimate the difference between AH for the reaction H:(g) + 402(g) 
= H.O(g) for the actual gases each at 1 atm. and 25° C, and the value that would 
be expected if the gases behaved ideally. 

14. The coefficient of cubical expansion a of sodium at 20° C is 21.3 X 10-5 
deg. 1 and the compressibility coefficient B is 15.6 X 107° megabar™ (1 megabar 
= 10° bar = 10° dynes em.); the density is 0.97 g. cc. 1 [Eastman, et al., J. Am. 
Chem. Soc., 46, 1184 (1924)]. Calculate Cp — Cy per g. atom of solid sodium at 
20° C, and determine Cp at this temperature by using the Debye heat capacity 
equation. 

15. Show that equation (21.5) can be derived directly from the simplified 
van der Waals equation applicable at moderate pressures (Exercise 7, Chapter II). 

16. Verify equation (21.6). 

17. Give the complete derivation of equation (21.18). 

18. The simplified form of the van der Waals equation (Exercise 7, Chapter II) 
can also be written as PV = RT + AP, where A is a function of the temperature. 
Show that under these conditions (0Cp/0P)r = — (A/ T)) y and hence derive 
an expression for Cp — Cp in terms of the van der Waals constants. 

19. By means of equation (21.4), derive an expression for the pressure at 
which Cp — Cy for a van der Waals gas has a maximum value at any given tem- 
perature. Determine the pressure at which Cp — Cy is a maximum for nitrogen 
gas at 25° C. What is the value of Cp — Cy at this pressure? (The experimental 
pressure is about 300 atm. and Cp — Cy is then approximately 4 cal. deg.—! mole- l.) 

20. Utilize equation (21.13) to find the pressure at which Cy is a maximum for 
a van der Waals gas. Why is this identical with the pressure at which Cp — Cy 
is a maximum? If C$ for nitrogen is 6.96 cal. deg.~! mole, calculate the maxi- 
mum value of Cp/Cy for this gas at 25° C, making use of the result obtained in 
the preceding exercise. 

21. Prove Reech’s theorem, that for any homogeneous system, 


C/ CY = (0P/8V)s/(OP/dV)r. 


Show that this is essentially the basis of the Clément and Desormes method for 
determining y for gases [equation (10.11) J. 

22. By means of equation (21.8) explain how a generalized (reduced) chart for 
Cp — Cy could be constructed. 

23. Calculate the Joule-Thomson coefficient of carbon monoxide at 25° C and 
400 atm. pressure, given that (T/V)(0V/dT)>p is 0.984, the molar volume is 76.25 
cc. mole and Cy is 8.91 cal. deg.-! mole“! [Deming and Shupe, Phys. Rev., 38, 
2245 (1931) J. 

24. Determine the value of the Joule-Thomson coefficient for the conditions 
in the preceding exercise, assuming the carbon monoxide to behave as a van der 
Waals gas. 

25. By using equation (22.2) in conjunction with the compressibility factor 
(x), derive a simple condition for the Joule-Thomson inversion temperature of a 
gas at any (reduced) pressure in terms of the variation of x with the (reduced) 
temperature. 


CHAPTER IX 
ENTROPY: DETERMINATION AND SIGNIFICANCE 


23. THE Tuirp Law or THERMODYNAMICS 


23a. Entropy at the Absolute Zero.—It was seen in & 20a that the entropy 
of any substance at the temperature T, and a given pressure, could be ex- 
pressed by means of the relationship [cf. equation (20.8) | 


T 
S-S= | Sar - f Crd ln T, (23.1) 
0 e/ 0 


where So is the hypothetical entropy at the absolute zero. If the value of 
So were known it would be possible to derive the entropy at any required 
temperature from heat capacity data. Following the development of the 
“heat theorem” of W. Nernst (1906), now chiefly of historical interest, M. 
Planck (1912) made a suggestion concerning the value of So which has be- 
come known as the third law of thermodynamics. The first and second laws 
have led to the development of the concepts of energy content and entropy, 
respectively. The so-called third law differs, however, from these in the 
respect that it leads to no new concepts; it merely places a limitation upon 
the value of the entropy. For this reason, some writers hesitate to refer to 
it as a law of thermodynamics. Nevertheless, it is a generalization which 
leads to conclusions in agreement with experience, and hence is a law“ in 
the scientific sense of the term. In its broadest form the law may be stated 
as follows: Every substance has a finite positive entropy, but at the absolute zero 
of temperature the entropy may become zero, and does so become in the case of a 
perfectly crystalline substance. The exact significance of a “perfectly crystal- 
line substance” will be more clearly understood later (§ 24m), but for the 
present it should be taken to represent substances in the pure solid state, to 
the exclusion of solid solutions and amorphous substances, such as glasses.“ 

23b. Experimental Determination of Entropy.—According to the third 
law of thermodynamics the entropy of a pure solid may be taken as zero at 
0° K; hence So in equation (23.1) is zero for a pure solid substance. The 
problem of evaluating the entropy of such a solid therefore resolves itself 
into the determination of the heat capacity at a series of temperatures right 
down to the absolute zero. The values of Cp/T are then plotted against T, 
or Cy is plotted against In 7, i. e., 2.303 log T, for the whole range of tempera- 


1 Lewis and Gibson, J. Am. Chem. Soc., 39, 2554 (1917); 42, 1529 (1920); Gibson, Parks 
and Latimer, ibid., 42, 1533, 1542 (1920); Gibson and Giauque, ibid., 45, 93 (1923); Pauling 
and Tolman, ibid., 47, 2148 (1925); Eastman, Chem. Rev., 18, 257 (1936); Eastman and 
Milner, J. Chem Phys., 1, 445 (1933); see also, Cross and Eckstrom, ibid., 10, 287 (1942). 
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ture; since So is zero, the area under the curve from 0° K to any temperature 
T then gives the entropy of the solid at this temperature, and at the constant 
pressure, e. g., 1 atm., at which the heat capacities were measured. Since 
the heat capacity determinations cannot be made right down to the absolute 
zero, the observations are carried to as low a temperature as possible, e.g., 
10° or 15° K; the results are then extrapolated to 0° K. In many cases the 
data can be represented by a Debye function (§ 17c) and the characteristic 
temperature 0 can be calculated; the values of Cy down to 0° K can then be 
obtained by equation (17.4) which is applicable at low temperatures. It 
will be noted that the Debye equation gives Cy whereas Cy is required for 
the evaluation of the entropy by equation (23.1). However, the difference 
between these two quantities is so small at temperatures from 0° to 10° or 
15° K as to be quite negligible. This may be seen from equation (21.1), for 
example, since both T and (G F/ T), as will be shown below (§ 23d), ap- 
proach zero as the temperature becomes smaller. All the information is now 
available for the determination of the entropy of the solid at any temperature 
up to which the heat capacity is known. 

If the solid undergoes a polymorphic change (or changes), as is frequently 
the case, the heat capacity curve for the solid will consist of two (or more) 
portions, one for each crystalline form. In cases of this type the entropy 
of transition AH. / T., where AH, is the molar heat of transition and T. is the 
transition temperature (§ 19h), must be included in the entropy calculations. 


TABLE XV.“ ENTROPIES OF SOLIDS AND LIQUIDS IN THEIR STANDARD STATES AT 
25° C IN CALORIES PER DEGREE PER G. ATOM (OR PER MOLE) 


Elements Compounds 
C (diamond) 0.58 Fe (s) 6.5 Na F(s) 13.1 AgCl (s) 23.0 
C (graphite) 1.36 Zn(s) 9.95 NaCl(s) 17.3 AgI(s) 27.6 
Na (s) 12.2 Br.(l) 36.7 NaBr(s) 20.1 HgzClz(s) 47.0 
Mg(s) 7.77 Ag(s) 10.2 KCl(s) 19.8 PbClz(s) 32.6 
Al(s) 6.75 I.(s) 27.9 KBr(s) 22.6 MgO (s) 6.55 
K(s) 15.2 Hg (“) 18.5 KI(s) 24.1 AlzO; (8) 12.5 
Cu(s) 7.97 Pb(s) 15.5 H:O () 16.75 ZnO (s) 10.4 


* For further data, see Table 5 at end of book. 


If the substance whose entropy is to be determined is a liquid at ordinary 
temperatures, it is first necessary to make measurements on the solid form 
up to its melting point; the entropy of the solid at this temperature is then 
obtained by the procedure described above. To obtain the entropy of the 
liquid at the melting point it is necessary to add the entropy of fusion, which 
is equal to AH, Tu, where AH, is the molar heat of fusion and Tnm is the 
melting point. The entropy of the liquid at any higher temperature may 
now be obtained by plotting Cp/T against T, or Cp against In T, for the 
liquid; the area under the curve between the melting point and any par- 
ticular temperature, up to the boiling point, then gives the corresponding 
entropy increase which must be added to the value at the melting point. 
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Some actual experimental data will be quoted below (sec Table XVI), 
but for the present sufficient indication has been given of the procedure used 
for determining the entropies of substances which are solid or liquid at ordi- 
nary temperatures. For such substances the standard states are the pure 
solid or pure liquid at 1 atm. pressure (cf. § 12e), and the standard entropies, 
per g. atom (for elements) or per mole (for compounds), at 25° C, derived 
from heat capacity measurements are recorded in Table XV.2 As stated 
earlier (§ 19h), entropies are usually expressed in terms of calories per degree, 
and the quantity 1 cal. deg.—, the temperature being on the usual absolute 
scale, in terms of the centigrade degree, is often referred to as an entropy unit 
and abbreviated to E. u. 

23c. Entropies of Gases. For substances which are normally gaseous, 
it is necessary to follow the procedure outlined above for the solid and the 
liquid states up to the boiling point of the latter. The entropy of vaporiza- 
tion AH. / To, where AH, is the heat of vaporization and Ts» is the boiling 
point, at 1 atm. pressure, 1s then added to the entropy of the liquid to give 
that of the gas at the normal boiling point. The method may be illustrated 
by the experimental results obtained for nitrogen. The Debye character- 
istic temperature 6 was found to be 68 from low temperature heat capacity 


TABLE XVI. THE ENTROPY OF NITROGEN GAS AT ITS BOILING POINT 


Process E. U. mole 
0° to 10° K from Debye equation 0.458 
10° to 35.61° K (transition point) by graphical integration 6.034 
Transition, 54.71 cal. mole/35.61° 1.536 
35.61° to 63.14° K (melting point) by graphical integration 5.589 
Fusion, 172.3 cal. mole- 1/63. 14 2.729 
63.14° to 77.32° K (boiling point) by graphical integration 2.728 
Vaporization, 1332.9 cal. mole 1/77. 32 17.239 
Total 36.31 


measurements on solid nitrogen, and this was utilized to determine the en- 
tropy of the latter at 10° K. At 35.61° K the solid undergoes a change of 
crystalline form, the heat of transition being 54.71 cal. mole; the entropy 
of transition is thus 54.71/35.61, i.e., 1.536 E. U. mole. The melting point 
of the higher temperature crystalline form of nitrogen is 63.14° K, and the 
heat of fusion is 172.3 cal. mole, giving an entropy of fusion of 172.3/63.14, 
i.e., 2.729 E. U. mole. The boiling point of liquid nitrogen is 77.32° K, and 
the heat of vaporization is 1,332.9 cal. mole, so that the entropy of vapor- 
ization is 1,3832.9/77.32, i.e., 17.239 E. U. mole. These values for the en- 
tropies of the phase changes are added to the entropy contributions of the 
two solid states and the liquid obtained by graphical integration of the ex- 
perimental Cp/T values against 7 in the usual manner. The complete 


2 For entropies of inorganic substances, sce Kelley, U. S. Bur. Mines Bull., 394 (1936), 
434 (1941), also 350 (1932); W. M. Latimer, The Oxidation States of the Elements, etc., 
1938; for organic substances, see G. S. Parks and H. M. Huffman, The Free Energies of 
Some Organic Compounds, 1932, and numerous papers in the J. Am. Chem. Soc., etc. 
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results are recorded in Table XVI“; it is seen that the entropy of gaseous 
nitrogen at its boiling point at 1 atm. pressure is 36.31 E. v. mole. 

If precise heat capacity data were available for the gas, it would be 
possible to evaluate the increase in entropy between the boiling point and 
the standard temperature, e.g., 298.16° K, in the usual manner (§ 20a) by 
graphical integration over this temperature range. If 71 is the normal boil- 
ing point and 72 represents the standard temperature, the contribution of 
the gaseous state to the total entropy, at constant (atmospheric) pressure, 
is given by equation (20.9), viz., 


T2 Cp T2 ; 
S: — S, = f aT = | Clin 1. (23.2) 
T 


1 Ti 


However, sufficiently accurate measurements of gaseous heat capacities down 
to the boiling point have usually not been made, and so the entropy con- 
tribution of the gaseous state, assuming ideal behavior, is derived from heat 
capacities obtained from partition functions as described in Chapter VI. 
If the heat capacity can be expressed as a function of the temperature over 
the required range, the entropy change can be derived analytically, as 
described in § 20a. 

For reasons which will become clear later, it is the practice to record 
the entropy of a gaseous substance in terms of an ideal gas at 1 atm. pressure; 
this is the standard state of the gas. The correction to be applied to the 
observed entropy at 1 atm. pressure to give the value for an ideal gas at the 
same pressure was calculated in § 20c. As seen in that section, the correc- 
tion for nitrogen gas at its boiling point was found to be 0.217 cal. deg.—1 
mole~!. Addition of this quantity to the observed entropy, i. e., 36.31 E. u., 
gives 36.53 E. U. mole for the standard entropy of nitrogen gas at its boiling 
point. The additional entropy of nitrogen, as an ideal gas, from the boiling 
point to 298.16° K, i.e., 25° C, at 1 atm. pressure is found by statistical 
methods to be 9.36 E. U., so that the standard entropy of nitrogen gas at 
298.16° K is 36.53 + 9.36, i. e., 45.89 E. UV. mole -I. 

The standard entropy values of a number of gases will be given later, 
after the calculation of entropies by statistical methods, using partition 
functions, has been described. 

23d. Tests of the Third Law of Thermodynamics.— The ultimate test of 
the postulate that the entropy of a perfect solid is zero at 0° K is that it 
leads to entropy values, such as those in Table XV, which, when combined 
with other data, such as heats of reaction, yield results, particularly equi- 
librium constants, which are in agreement with experiment. This aspect 
of the subject will be taken up later in the book (Chapter XIII). In the 
meantime other verifications of the third law of thermodynamics will be 
mentioned. One important fact is that entropies calculated on the basis 
of the third law, in the manner described above, are usually in complete 
agreement with those derived from statistical considerations. A few ap- 


3 Giauque and Clayton, J. Am. Chem. Soc., 55, 4875 (1933). 
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parent discrepancies have been observed, but these are readily explained 
by the “imperfect” nature of the solid (§ 24m). 

An interesting test of the third law is possible when a solid is capable of 
existing in two or more modifications, i.e., enantiotropic forms, with a 
definite transition point. The entropy of the high temperature form (a) 
at some temperature above the transition point may, in some cases, be 
obtained in two independent ways. First, heat capacity measurements can 
be made on the form (8) stable below the transition point, and the entropy 
at this temperature may then be determined in the usual manner. To this 
is then added the entropy of transition, thus giving the entropy of the a-form 
at the transition point (cf. first three lines of Table XVI). The entropy 
contribution of the a-form from the transition temperature to the chosen 
temperature is then obtained from heat capacity measurements on the 
a-form. The second procedure is to cool the a-form rapidly below the 
transition point so that it remains in a metastable state. Its heat capacity 
can then be determined from very low temperatures up to temperatures 
above the normal transition point, and the entropy of the a-form is then 
obtained directly from these data. Measurements of this kind have been 
made with a number of substances, e.g., sulfur, tin, cyclohexanol and phos- 
phine, and the entropies obtained by the two methods have been found to 
be in close agreement.“ 

The results with phosphine are particularly striking, for this substance 
exists in a high temperature (a) form, with two low temperature modifica- 
tions (8 and ), both of which change into the a-form at the transition points 
of 49.43° and 30.29° K, respectively. The entropy of the a-form at 49.43“ K 
has been obtained in two ways based on the third law of thermodynamics, a 
summary of the results being given in Table XVII.5 In the first method (I), 


TABLE XVII. THE ENTROPY OF SOLID PHOSPHINE AT 49.43° K 


1 E. U. mole“ II E. U. mole! 
0° to 15° K, f-form (Debye) 0.338 0° to 15° K, y-form (Debye) 0.495 
15° to 49.43° K (graphical) 4,041 15° to 30.29° K (graphical) 2.185 
Transition B — a at 49.43° K 3.757 Transition y —> a at 30.29° K 0.647 
—— 30.29 to 49.43“ K (graphical) 4.800 
Total 8.136 —— 
Total 8.127 


heat capacity measurements were made on the B-form up to the B >a 
transition point (49.43 K); to the entropy obtained from these results was 
then added the entropy of the transition to the a-form, thus giving the 
entropy of the latter at 49.43° K. In the second method (II), measure- 
ments were made on the y-form up to the y — a transition point (30.29° K); 
to this was added the entropy of the transition, so as to give the entropy of 
the e-form at 30.29° K. The increase of entropy of the latter from 30.29° 

Kelley, J. Am. Chem. Soc., 51, 1400 (1929); Eastman and McGavock, ibid., 59, 145 


(1937); Stephenson and Giauque, J. Chem. Phys., 5, 149 (1937). 
s Stephenson and Giauque, ref. 4. 
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to 49.43° K was then derived, in the usual manner, from heat capacity 
measurements on the a-form in this temperature range. It is evident from 
the data in Table XVII that the agreement between the entropies obtained 
by the two methods is excellent. Strictly speaking, this agreement proves 
only that the two crystalline modifications (8 and y) of the solid have the 
same entropy at 0° K. The value is not necessarily zero, as assumed in 
Table XVII, but in view of the fact that similar behavior has been observed 
with a variety of substances, both elements and compounds, it is probable 
that the entropy of each solid is actually zero at 0° K. 

According to the third law of thermodynamics, the entropy of a perfect 
crystal should be zero at 0° K at all pressures; hence, it follows that 


98 
(P) m 


By equation (20.15), (0S/dP)r is equal to — (8V/dT)p, and consequently 


9 
(7). =° (for T = 0), 


so that the rate of expansion of a solid with temperature should become 
zero at O° K. Experimental observations have shown that the values of 
(9V/dT)p for a number of solids, e.g., copper, silver, aluminum, diamond, 
sodium chloride, silica, calcium fluoride and iron disulfide, do, in fact, ap- 
proach zero as the temperature is lowered.* Incidentally, this provides the 
justification for the statement made earlier (§ 23b) that the difference be- 
tween values of Cy and Cy for a solid becomes negligible at low tempera- 
tures. It should be pointed out that what has been proved above is that 
(9S/0P)r approaches zero at the absolute zero; in other words, the entropy 
of a solid becomes independent of the pressure. This does not prove that 
the entropy is actually zero, but it is probable that such is the case. 


24. STATISTICAL TREATMENT OF ENTROPY 


24a. Entropy and Probability —It was seen in § 19k that a correlation 
was possible between the entropy of a system and the extent of order or 
disorder. An analogous relationship, which permits of quantitative de- 
velopment, will now be considered between the entropy and the “prob- 
ability” of a system. Suppose, as in the experiments of Gay-Lussac and 
Joule (§ 9d), there are two similar globes, separated by a stopcock; one globe 
contains a gas, whereas the other is evacuated. If the stopcock is opened, 
then, according to the second law of thermodynamics, there is a very strong 
probability, amounting almost to a certainty, that provided there are present 
a, large number of molecules, the gas will distribute itself uniformly through 
the globes. Some light may be shed on this matter by means of the theory 
of probability. Suppose that the whole system consists of a single molecule 


* Buffington and Latimer, J. Am. Chem. Soc., 48, 2305 (1926). 
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ouly; there is an equal probability that it will be found in either of the two 
globes, assuming them to have equal volumes. The probability that the 
molecule will be found in one particular globe at any instant is thus $; that. 
is to say, there is one chance in two of this condition being realized. If there 
are two similar molecules in the system, it can be readily shown that there 
is one chance in four that both will be in a given globe at the same time; 
thus, the probability of this distribution is 4 or (3)?. In general, for a sys- 
tem containing N molecules the probability that all the molecules will remain 
in the original globe is (3) “. For a globe having a volume of one liter the 
value of N is about 10” at ordinary temperature and pressure; even at such 
low pressures as 10—° atm., it would still be of the order of 1016. The prob- 
ability that the molecules will remain in the original globe after the stopcock 
is opened is thus extremely small. This is also the probability that the 
molecules will return spontaneously to the one globe after having been 
distributed uniformly throughout the two globes. 

Of course, the foregoing calculations deal with an extreme case of non- 
uniform distribution. Nevertheless, it is possible to show by means of the 
theory of probability that the chances of any appreciable spontaneous 
fluctuation from a uniform distribution of the gas throughout the whole 
available space is so extremely small that it is unlikely to be observed in 
millions of years, provided the system contains an appreciable number of 
molecules. It is possible to state, therefore, that the probability of the 
virtually uniform distribution of a considerable number of molecules in the 
space available is very large. 

To sum up the situation, it may be concluded that the probability that 
all the molecules of a gas will remain in one part of the space available to 
them is extremely small under ordinary conditions. On the other hand, 
the probability of a virtually uniform distribution of the gas is large. The 
spontaneous process in which a gas, at constant temperature, fills uniformly 
the whole of the available volume is thus associated with a large increase in 
the probability of the system. In general, all spontaneous processes repre- 
sent changes from a less probable to a more probable state, and since such proc- 
esses are accompanied by an increase of entropy, it is to be expected that 
there may be a connection between the entropy of a system in a given state 
and the probability of that state. 

24b. The Boltzmann-Planck Equation.—If S is the entropy and W is the 
probability of a particular state, then it should be possible to represent S 
as a function of W, i.e., S = f(W). To ascertain the nature of this function, 
consider two systems having entropies S4 and Sz, and probabilities W4 
and Ws, respectively. If the systems are combined the probability of the 
resulting system is the product Ws X Wp, whereas the entropy, being 
additive (§ 19b), is the sum S4 + Sz; hence, 


Sap = Sa + Sp = f(Wa X Wa). 
Since S4 is equal to f(Wa) and Sz is f( Wp), it follows that 
(Wa) + f( Ws) = f(Wa X Wa). 
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To satisfy this condition it is obvious that the function must be logarithmic, 
so that it is possible to write 


S = kin W + constant, (24.1) 


where k is a constant which must have the same dimensions as entropy, 
i.e., energy (heat) X deg.. It will be seen shortly that k is, in fact, the 
Boltzmann constant, that is, the gas constant per single molecule, equal 
to R/N, where N is the Avogadro number. The value of the constant term 
in equation (24.1) is not obvious, but the considerations presented by L. 
Boltzmann (1890) and M. Planck (1912) have shown that it may be taken 
as zero, so that the Boltzmann-Planck equation takes the form 


S=kln W. (24.2) 


There is no complete proof of this expression, and consequently it is to be 
regarded as being in the nature of a reasonable postulate relating the entropy 
of a system to its probability. 

24c. Significance of Thermodynamic Probability.— The problem that 
now arises is that of ascribing a precise significance to the probability of a 
system in a given state, so that its value may be determined. This 
quantity, sometimes called the “thermodynamic probability,“ may be de- 
fined as the total number of different ways in which the given system, in the 
specified thermodynamic state, may be realized.* The complete calculation of 
this probability can be carried out by the methods of statistical mechanics, 
to be described shortly, but in the meantime some general aspects of the 
subject will be considered. In a system consisting of a perfect solid at the 
absolute zero, all the molecules are in their lowest energy state, and they are 
arranged in a definite manner in the crystal. It would appear, therefore, 
that under such conditions there is only one way in which the system may 
be realized; thus W is unity, and hence by equation (24.2) the entropy should 
be zero. This conclusion is in agreement with the third law of thermo- 
dynamics. It will be seen later that there are certain solids in which the 
molecules may be arranged in different ways in the crystal in the vicinity 
of the absolute zero. Such solids are not perfect crystals in the sense of the 
third law of thermodynamics, and their entropies are not zero at 0° K. 
Similar considerations apply to solid solutions and to glasses. 


24d. Entropy of Expansion of Ideal Gas.—A simple application of equation 
(24.2) in connection with the interpretation of thermodynamic probability, is to 
calculate the entropy of isothermal expansion of an ideal gas. For such a gas the 
energy content, at constant temperature, is independent of the volume, and so the 
thermodynamic probability of the system is determined by the number of ways, 
consistent with the given energy, in which the molecules can occur in the volume 
occupied by the gas. 

Consider a single molecule contained in a vessel which can be divided into two 
equal parts by means of a shutter. If at any instant the shutter is closed, the 


It may be noted that “thermodynamic probability is not a probability in the ordinary 
sense, but is proportional to the latter. 
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chances of the molecule being present in one part is one-half that of it being in the 
whole vessel. In general, the probability of a single molecule being found in any 
volume is proportional to that volume, at constant temperature and energy. If u 
is the thermodynamic probability, i. e., the number of ways in which a single mole- 
cule can occur, in unit volume, the probability for a volume V is then aV. Since 
the same probability is applicable to any one of the N molecules present in the 
given volume, the total probability of, or the number of ways of realizing, the 
system is (a V) N. 

Suppose an isothermal expansion is carried out in which the volume of the 
ideal gas is changed from V, to Vz. If the corresponding entropies are Si and Sz, 
and the probabilities are Wi and , it follows from equation (24.2) that the 
entropy change accompanying the process is given by 

82 — Si = k In 
For the isothermal expansion of the ideal gas the probabilities are seen to be pro- 
portional to VY, so that 


= kN In <£- (24.3) 


If the system consists of 1 mole of gas, N is the Avogadro number, and, assuming 
k to be the Boltzmann constant, as indicated above, it follows from equation 
(24.3) that 
Ve 
Vi?’ 
for the isothermal volume change of an ideal gas. This result is seen to be 
identical with equation (19.26). The identification of k in equation (24.2) with 
the gas constant per single molecule, and the general form of the Boltzmann-Planck 
equation can thus be justified. 

24e. Statistical Mechanics.—The evaluation of the total probability of 
a system can be carried out by the methods of statistical mechanics. The 
details of the arguments are somewhat involved, but it is sufficient to present 
them in general outline here.” The state of any single molecule can be 
completely described by specifying the values of f positional coordinates 
and f momenta, where f is the number of degrees of freedom” of the mole- 
cule, equal to three times the number of atoms it contains. If a hypothetical 
space, known as phase space, having 2f axes could be imagined, the exact 
state of the molecule could be represented by a point in this imaginary phase 
space. For all molecules with external and internal configurations and 
energies which are virtually equal, within certain very narrow limits, the 
representative points will be found within a particular small volume, called 
a unit cell, in the phase space. By specifying the numbers of molecules 

7 For further discussion, see R. C. Tolman, The Principles of Statistical Mechanics,” 
1938; R. H. Fowler and E. A. Guggenheim, “Statistical Thermodynamics,” 1939; J. E. 
Mayer and G. M. Mayer, “Statistical Mechanics,” 1940; S. Glasstone, Theoretical 
Chemistry,“ 1944. 


ASp = (S: Si) r = Rin 
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whose representative points are to be found in the different unit cells in the 
phase space, the condition of every molecule in the system is defined. This 
determines the macroscopic state of the system, as indicated by its ob- 
servable properties, such as pressure, energy, etc. 

For a system of identical molecules, an exchange of molecules between 
different unit cells will not affect the macroscopic state, 1.e., the observable 
properties, of the system. Each distribution of the molecules among the 
permissible unit cells corresponding to the same macroscopic state of the 
system is known as a microscopic state. The total number of microscopic 
states then represents the number of different ways in which the given system can 
be realized, and this is its thermodynamic probability, in the sense defined 
above. If the different possible cells are indicated by the numerals 1, 
2, „ 1, . ., the numbers of representative points in each of these cells are 
Ni, Nz, . , Ni, ..., their sum being equal to N, the total number of mole- 
cules in the system. In classical statistics, the molecules, although identical, 
are treated as distinguishable, and so the total number of microscopic states, 
which is equal to the probability of the system, is given by the number of 
possible ways of arranging a total of N distinguishable articles in a number 
of groups, so that there are Ni in the first, N2 in the second, and so on, with, 
in general, N. in the ith group. The evaluation of the number of ways of 
realizing this arrangement is a relatively simple mathematical problem; the 
result is 

N! 
Nil Vz.. Nil... 


The development of quantum statistics has shown that this expression 
requires modification in two respects. The first arises because there are 
frequently a number of states whose energies are so close together that they 
behave classically as a single state. However, when determining the total 
number of ways a particular state can be realized, this multiplicity must 
be taken into account. Thus, to each energy level, or unit cell, there must 
be ascribed a statistical weight, as stated in § 16b. If g. is, in general, the 
statistical weight corresponding to the ith cell, there will be a choice of g. 
states for each of the N; molecules, for every possible arrangement of the 
other molecules in this cell; the number of different microscopic states in the 
cell is thus increased by a factor of g}!. Applying this correction to each 
of the cells, equation (24.4) for the probability becomes 


W (24.4) 


Ni N2 f 
w= NID B... Ge. 4. 
Ni! Na! Nil Ss 5) 
The second change necessary in equation (24.4) is due to the fact that 
the classical concept of distinguishability of the molecules is found to be 
inconsistent with quantum mechanics. In order to correct for this, it is 
necessary to divide equation (24.5) by NI, so that the result is 


a7 g gt 
Nil Nat NI (24.6) 
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This expression may be regarded as a consequence of the classical treat- 
ment modified by the requirements of quantum statistics. However, two 
different forms of quantum statistics, namely the Bose-Einstein statistics, 
which are applicable to photons and to atoms and molecules containing an 
even number of elementary particles, i.e., electrons, protons and neutrons, 
and the Fermi-Dirac statistics, which apply to electrons and to atoms and 
molecules containing an odd number of elementary particles, have been 
developed. These give somewhat different results for the total number of 
ways in which a given state can be realized, but it is important to note that 
at all temperatures and pressures of chemical interest the final expressions 
may be reduced to a form equivalent to equation (24.6). The value of W 
given by the latter may thus be taken as representing the probability of a 
given state of a system of N molecules. 

24f. Statistical Calculation of Entropy.—Since the evaluation of the en- 
tropy by equation (24.2) requires a knowledge of In W, this quantity will 
now be considered. Upon taking logarithms of equation (24.6), the result is 


In W = (Nilngi + Na ln gz 1. ＋ N.ln g. ) 
— (In N! + lna N! E.. In M. IT.) = LN. Ing. — L In N.! (24.7) 


If the system consists of a very large number of molecules, as is the case 
under normal conditions, the various numbers Ni, No, ..., Ni, ..., are also 
very large. It is then possible to make use of the Stirling approximation 
for the factorials of large numbers; thus, 


In VII! = NilnN, — NI 
e e Ne 


In V. = N, in N; — 


Upon adding these quantities, and recalling that Ni + Na .. N. T.. 
is equal to the total number N of the molecules in the system, it is seen that 


> InN,! = LN. In N. — N. 
This expression may be substituted in equation (24.7), so that 
In W = LN. Ing. — LV. In N. +N. (24.8) 
It was seen in § 16b that in an ideal gas the number of molecules N; 
possessing energy e, at the temperature T was given by equation (16.5) as 


V. = 0 ge uer, (24.9) 


* It is of interest to note that this equation can itself be derived from equations (24.4), 
(24.5) or (24.6), so that the treatment does not involve any arguments other than those 
developed here and in the preceding section. 
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where Q is the partition function of the given molecular species. If this 
result is inserted for the second N. in the term — N. In N,, the latter becomes 


M. In N. =- M. in (Fo unr) 


V. In Q — V. In o. + N 
Nen N N. In g. + 7 


and by combining this result with equation (24.8) it is seen that 


in W = ving + UNS . 


The summation LN. e, is given by equation (16.6); thus, 
LN i = Noo + Nie. .. ＋ Nie. +--+ E Eo, 
and hence, utilizing equation (16.8), 
DN sé = E — Eo = ar (or) , 
V 


kT kv \ aT 
It follows, therefore, that 


RT / ò ln 
in 0 = Mn 2. 4 22 N. | 
n Nin’ Er 57 4 (24.10) 

The value for In W from equation (24.10) may be substituted in the 
Boltzmann-Planck equation, so that the general expression for the entropy 
of an ideal gaseous system is found to be 


dlnQ 
oT 


If N is the Avogadro number, kN is equal to the molar gas constant R, and 
then S is the molar entropy; hence, 


Sn u E in N + kr (228 ), + KN. 


ln 


-Rhe (2 
S = Ring + EKT | 57 


＋ R. 24.11) 
V 


For certain later purposes, it is convenient to write this equation in a some- 
what different form by utilizing the Stirling approximation 


InN! = NinN — V, 
so that 
* In N! N ln N — kN 
= RinN — R. 
Since 


E in , = R in C- in N, 
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it can be readily shown that equation (24.11) hecomes 


N 
5 hind + er (Poe k (24.12) 


It is seen from the foregoing results, c.g., equations (24.11) and (24.12), 
that by combining statistical mechanics with the Boltzmann-Planck equa- 
tion it is possible to derive a relationship between the molar entropy of any 
gas, assuming it to behave ideally, and the partition function of the given 
species. Since the partition function and its temperature coefficient may 
be regarded as known, from the discussion in Chapter VI, the problem of 
calculating entropies may be regarded as solved, in principle. In order to 
illustrate the procedure a number of cases will be considered. 

24g. Entropy of Monatomic Molecules: The Sackur-Tetrode Equation.— 
A monatomic molecule has no vibrational or rotational energy, and so the 
only contributions to the partition functions are those for translational 
energy and for possible electronic states. The translational partition func- 
tion is given by equation (16.16), and if the electronic factor is Q., it follows 
that for a monatomic gas 


(21mxT) 3/2 y 

h3 7 
where V is the volume occupied. Assuming , to be independent of tem- 
perature, as will be the case for the majority of substances at not too high 


temperature (§ 16f), then 
à In 
M i za 
R ( m ). 3R, 


and hence the molar entropy of an ideal monatomic gas is given by equation 
(24.11) as 


C= 0. 


(21m T) 5 
Nh? 


where V is now the molar volume. Since the gas is ideal, V may be replaced 
by RT/P, so that another form of equation (24.13) is 


S= Rin . 3 . + 4R. (24.14) 


S= R In e. v | + N, (24.13) 


Nh? 


These are alternative expressions of what is known as the Sackur-Tetrode 
equation, derived in a somewhat different manner by O. Sackur (1911-13) 
and H. Tetrode (1912).8 

If the universal constants R, r, k, h and N are separated from m, T, 
P and Q., which are characteristic of the system, equation (24.14) becomes 


S = RIA ln m In T In P + ln . + In R(Qxk/h?)*?2/N + 4]. 


8 Sackur, Ann. Physik, 40, 67 (1913); Tetrode, ibid., 38, 434 (1912); 39, 255 (1913); 
Stern, Physik. Z., 14, 629 (1913). 
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The treatment of units is here the same as that employed in connection with 
the translational partition function in the problem in § 16e; m, k and x are 
in c.g.s. units, and if P is in atm., R in the In R term should conveniently 
be in cc.-atm. deg. - mole. The actual weight m of the molecule may be 
replaced by M/N, where M is the ordinary molecular weight. Making 
these substitutions and converting the logarithms, it is found that 


= 2.303R(3 log M + $log T — log P + log Q. — 0.5055), (24.15) 


for the molar entropy, where P is the pressure in atm. It is of interest to 
compare equation (24.15) with (19.22), derived earlier for an ideal gas; since 
Cy for an ideal gas is equal to $R these two expressions are identical in form, 
the constant so, which cannot be derived from purely thermodynamic con- 
siderations, involving the molecular weight of the gas, its electronic multi- 
plicity and a numerical constant. 

If the pressure P in equation (24.15) is taken as 1 atm., the entropy is 
that of the particular substance behaving as an ideal gas at this pressure, 
and hence represents the standard entropy S° (§ 20c). By taking R as 
1.987 cal. deg. - mole-i, equation (24.15) then gives the standard molar 
entropy of the gas in these same units; thus, 


S° = 4.576(2 log M + $ log T + log Q. — 0.5055), (24.16) 


in cal. deg.—-! mole -!, i. e., E. uv. mole- i. It is thus a very simple matter to 
determine the standard entropy of a monatomic gas at reasonable tempera- 
tures. It should be noted that the electronic factor Q. is always included 
in the expression for the entropy, but it was usually omitted from the corre- 
sponding equations in Chapter VI in which the partition function was related 
to the energy and the heat capacity. The reason for this is that the latter 
involve (ð In Q/ðT)y only, and if Q. is constant, as it usually is, it makes no 
contribution to the energy or heat capacity. It will be seen from equation 
(24.11), however, that the entropy depends on In Q, as well as on the tem- 
perature coefficient; the actual value of ., or rather of In Q., must conse- 
quently be included, even if it is constant. 


Problem: Calculate the standard entropy of atomic chlorine at 25° C. 

The atomic or molecular weight, actually the mean isotopic weight, is 35.46; 
this gives the value of M; T is 298.2° K, and Q. may be taken as 4.03, as calculated 
in the problem in § 16f, the temperature variation being neglected. Hence, by 
equation (24.16), 


S° = 4.576 (3 log 35.46 + 5 log 298.2 + log 4.03 — 0.5055) 
= 39.4 cal. deg. 1 g. atom™. 


The calculated standard entropies for a number of monatomic gases at 
25° C are recorded in Table XVIII, together with the entropies obtained 


The factor 4.576, which is frequently encountered in thermodynamic calculations, 
is equal to 2.303 X 1.987, where 2.303 is the factor for converting ordinary to natural 
logarithms, i.e., In z = 2.303 log z, and 1.987 is the value of R in cal. deg. 1 mole™. 
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from heat capacity measurements, as described earlier in this chapter.“ For 
these particular elements the ground states are all singlet levels, so that 
Q. is unity in each case. 


TABLE XVIII. CALCULATED AND EXPERIMENTAL ENTROPIES OF 
MONATOMIC GASES AT 25° c 


Gas Calc. Exp. 
Helium 30.1 E. Uv. mole! 29.2 f. U. mole 1 
Argon 37.0 36.4 
Cadmium 40.1 10.0 
Zinc 38.5 38.4 
Mercury 41.8 41.3 
Lead 41.9 41.8 


24h. Polyatomic Molecules. Since the partition function appears only 
in the form of its logarithm in the general equation (24.11) or (24. 12) for 
the entropy, it is permissible, as with the energy and heat capacity, to 
consider the total entropy as the sum of the contributions associated with 
the various forms of energy. As stated in § 16d, this procedure is approxi- 
mate, although very little error can be involved in the separation of the 
translational contribution and also the electronic contribution if the mole- 
cules are almost entirely in the ground state, e.g., at normal temperatures. 
In this event, equation (24.14), (24.15) or (24.16) gives the sum of the trans- 
lational and electronic entropies for any type of molecule, monatomic or 
polyatomic. 

The complete partition function of a polyatomic molecule may now 
be represented by the product Q., X ., where Q, is the translational, in- 
cluding the electronic, factor, as derived above, and Q; is the combined 
rotational and vibrational, i.e., internal, factor. Since In Q is then equal to 
In Q. + In ,, equation (24.12) may be written in the form 


_ 8 QY ð ln . d\n Q; 
$= 8+ S. (Lin ff en) r = ) + = | 


QY ð ln . din Q, 
= |en% r (H), |+ (mar ＋ r ). (24.17) 


The expression in the square brackets in equation (24.17), which is of the 
same form as (24.12), gives the combined translational and electronic en- 
tropies, and that in the parentheses is the internal contribution. The con- 
dition of constant volume has been omitted, since the rotational and vibra- 
tional partition functions are independent of the volume of the system (cf. 
§§ 16h, 16j, etc.). It will be noted that the N! has been included in the 
translational term. As far as the final result is concerned, it is immaterial 
which term contains the N!, but there are theoretical reasons, which need 
not be considered here, for including it in the expression for the translational 
entropy. Since k In QY is equivalent to R In O because KN is equal to R, 


Lewis, Gibson and Latimer, J. Am. Chem. Sor., 44, 1008 (1922); Rodebush and Dixon, 
ibid., 47, 1036 (1925). 
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it follows that the total rotational and vibrational contribution to the 

entropy is given by 

din Q; i 
dT 


For accurate results, Q; should be the combined rotational and vibra- 
tional partition function derived from the actual energy levels of the mole- 
cule as obtained from spectroscopic measurements (§ 16k). For most pur- 
poses, at ordinary temperatures, very little error results from the separation 
of Q; into the product of two independent factors, viz., Q, and ., represent- 
ing the rotational and vibrational partition functions, respectively. Be- 
cause equation (24.18) involves Q; in logarithmic terms only, it follows that 
an expression of the same form can be used to give the separate rotational 
and vibrational entropies. Thus, if Q; is replaced by Q,, the result is S,, 
the rotational contribution to the entropy, and similarly the vibrational 
contribution S, is obtained by using Q, for Q; in equation (24.18). The sum 
of S, and S, derived in this manner represents S., which added to S., as given 
by equation (24.14), etc., yields the total entropy. 

241. The Vibrational Entropy.— It was seen in § 161 that the contribution 
to the partition function of each mode of vibration of frequency w cm. — is 
given by a factor (1 — e~*)~', where x is equal to how/kT = 1.439w/T. 
The vibrational entropy is represented by the appropriate form of equation 
(24.18) as 

dln Q, 


dT ’ 


and hence it is not a difficult matter to show that the contribution to the 
molar entropy of each mode of vibration is 


Hæ P 
S. aa R In (1 — e~). (24.19) 
The terms in equation (24.19) can be readily obtained for any value of z, 
i.e., hew/kT, by means of the tables of Einstein functions mentioned 
earlier (§ 163). 

If z is relatively large, as is the case at moderate temperatures for many 
stable diatomic molecules, which have large vibrational frequencies, e“ be- 
comes very large and e is very small. It is seen from equation (24.19) that 
in this event S, is almost zero. This is true for hydrogen, deuterium, 
oxygen, nitrogen, carbon monoxide and hydrogen chloride, for example, at 
temperatures up to about 370° K. For these molecules, it has already been 
seen (§ 16j) that the vibrational contribution to the energy and heat capacity 
is also negligible at such temperatures. If the vibration frequency w is 
relatively small, or the temperature fairly high, the value of S, as given by 
equation (24.19) is not negligible; this is the case, for example, with chlorine 
even at ordinary temperatures. Molecules containing more than two atoms 
invariably have at least one vibration with a low frequency which makes an 
appreciable contribution to the entropy at all reasonable temperatures. 


S: = F In C. + RT (24.18) 


S., = F ln Q. + RT 
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24j. Nuclear Spin Entropy.—Before considering the contribution to the 
entropy of a molecule associated with its rotational motion, it is necessary 
to refer to the subject of nuclear spin and its effect on entropy. When dis- 
cussing the evaluation of energies and heat capacities from the partition 
function in Chapter VI, the nuclear spin was deliberately neglected. This 
procedure is justified by the fact that the nuclear spin contribution to the 
partition function is a constant factor, independent of temperature, except 
possibly in the vicinity of the absolute zero. However, as emphasized 
earlier in another connection, the expression for the entropy involves In Q 
itself, in addition to its temperature coefficient, and consequently the nuclear 
spin factor must be included. For each atomic nucleus having a spin 
quantum number 7, the contribution to the partition function is a factor 
2i + 1 at all reasonable temperatures. It follows, therefore, from equation 
(24.18) that the nuclear spin entropy is R In (21 + 1) for every nucleus in 
the molecule. To obtain the total entropy of a molecule the appropriate 
R In (21 + 1) terms must be added to the contribution of translation, vibra- 
tion, rotation, etc. 

Since atoms retain their nuclear spins unaltered in all processes except 
those involving ortho-para conversions, there is no change in the nuclear 
spin entropy. It is consequently the common practice to omit the nuclear 
spin contribution, leaving what is called the practical entropy or virtual 
entropy.* 

It is of importance to note that, except for hydrogen and deuterium 
molecules, the entropy derived from heat capacity measurements, i. e., the 
thermal entropy, as it is frequently called, is equivalent to the practical 
entropy; in other words, the nuclear spin contribution is not included in 
the former. The reason for this is that, down to the lowest temperatures at 
which measurements have been made, the nuclear spin does not affect the 
experimental values of the heat capacity used in the determination of en- 
tropy by the procedure based on the third law of thermodynamics (§ 23b). 
Presumably if heat capacities could be measured right down to the absolute 
zero, a temperature would be reached at which the nuclear spin energy began 
to change and thus made a contribution to the heat capacity. The en- 
tropy derived from such data would presumably include the nuclear spin 
contribution of R In (21 + 1) for each atom. Special circumstances arise 
with molecular hydrogen and deuterium to which reference wil be made 
below (§ 24n). 

24k. The Rotational Entropy.—At all temperatures above the lowest, the 
rotational partition function Q, of a diatomic molecule, or of any linear 
molecule, is given to a good approximation by equation (16.24), i. e., 


8ST 
Q, = (24.20) 
oh 
*It may be noted, incidentally, that the practical or virtual entropy also does not 
include the entropy of mixing of different isotopic forms of a given molecular species. This 
quantity is virtually unchanged in a chemical reaction, and so the entropy change of the 
process is unaffected by its complete omission. 
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where I is the moment of inertia of the molecule and o is its symmetry num- 
ber (§§ 16h, 161). Insertion of this result in equation (24.18) gives the 
rotational contribution to the molar entropy of a linear molecule, 


2 
S. = Rin a +R, (24.21) 


since d ln Q,/dT is equal to 1/ T. If the recognized values are inserted for 
the universal constants 7, k and h, in c.g.s. units, and if R is taken as 1.987 
cal. deg.—! mole, it is found, after converting the logarithms, that 


S. = 4.576(log I + log T — log e + 38.82) cal. deg. 1 mole, (24.22) 


the moment of inertia being still in c.g.s. units., i.e., g. cm.?. This expression 
gives the molar rotational entropy in conventional E. uv. mole for any 
diatomic or linear molecule. 


Problem: Calculate the total standard entropy of nitrogen gas at 25° C, using 
data in Tables VIII and IX. 


Since the ground state of molecular nitrogen is a singlet level, Q. is unity, and 
the molecular weight M being 28.00, the combined standard translational and 
electronic entropy, the latter being actually zero, is given by equation (24.16) as 


S? = 4.576(3 log 28.00 + log 298.2 — 0.5055) 
35.9 E. u. mole}, 


The vibrational frequency is 2360 cm. (Table IX), and hence z, i.e., 1. 4390% , 
is 11.4. Insertion of this result into equation (24.19) gives a value for S, that is 
negligibly small. The vibrational contribution to the entropy of molecular 
nitrogen at 25° C may thus be taken as zero. 

The moment of inertia is 13.9 X 10 g. cm.: (Table VIII), and o is 2, since 
the nitrogen molecule is symmetrical; hence, by equation (24.22), 


S, = 4.576[log (13.9 X 10—10) + log 298.2 — log 2 + 38.82] 
= 9.8 E. U. mole. 


The total entropy of nitrogen gas in its standard state at 25° C is thus the sum of 
35.9 and 9.8 E. U., i. e., 45.7 E. U. mole~!, which may be compared with the thermal, 
i.e., third law, value of 45.89 B. U. mole! given in & 23c. 


For a nonlinear molecule, the rotational partition function [cf. equation 
(16.34) ] may be taken with sufficient accuracy as 


87 2(8＋ ABC) (YT) 
Q, = —— a, 
oh’ 
and since d In Q,/dT is $/T, it follows from equation (24.18) that 
34 1/2 3/2 
are ee + AR, (24.24) 


where A, B and C are the moments of inertia of the molecule. Extracting 
the constants and converting the logarithms, in the usual manner, it is 


(24.23) 


S, = Rin 
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found that 
S, = 4.57603 log ABC + § log T — log o + 58.51), (24.25) 


for the molar rotational entropy in cal. deg.—! mole. 


Problem: Calculate the rotational contribution to the molar entropy of am- 
monia at 25° C. 


From Table X, the three moments of inertia are 2.78 X 10, 2.78 X 10-0 
and 4.33 X 10 g. cm., ø is 3 and T is 298.2° K, so that by equation (24.25), 


S, = 4.57604 log (2.78 X 2.78 X 4.33 X 10-10) + $ log 298.2 — log 3 + 58.51] 
= 11.5 cal. deg. 1 mole. 


It is seen that the rotational contribution to the entropy is quite appre- 
ciable, the amount increasing, in general, with the size of the molecule and 
the masses of the atoms, since these cause the moments of inertia to be 
relatively large. 


241. Comparison of Third Law and Statistical Entropies.—If the vibration fre- 
quencies and moments of inertia of a molecule, which are often available from 
spectroscopic measurements, are known, the standard entropy of any gaseous sub- 
stance can be evaluated with a fair degree of accuracy. By the use of combined 
rotational and vibrational partition functions, derived directly from the energies 
in the various levels (§ 16k), more precise entropy values are obtainable. In the 
great majority of cases the entropies obtained by the statistical method, based on 
the Boltzmann-Planck equation, are in complete agreement with those derived 
from heat capacity measurements, utilizing the third law postulate of zero entropy 
for the perfect solid at 0° K. There are a few cases, however, where some dis- 
crepancy has been observed; these are carbon monoxide, nitric oxide, nitrous oxide, 
hydrogen, deuterium, water and organic compounds, such as ethane, in which the 
internal rotation is restricted ($ 16m). The various types of discrepant behavior 
will now be considered. 

24m. Random Orientation in the Solid.—For carbon monoxide, nitric oxide 
and nitrous oxide, the thermal entropy, based on the third law of thermodynamics, 
is found in each case to be about 1.1 cal. deg. 1 mole less than the value given by 
the statistical method. This result suggests that the entropies of the respective 
solids are not zero at 0° K, as required by the third law, but that they are actually 
about 1.1 E. v. mole. A possible explanation of this fact is to be found in the 
similarity between the two ends of the respective molecules, so that the alternative 
arrangements 


CO OC NO ON NNO ONN 


can occur in the crystal lattices. Instead of all the molecules being oriented in 
one direction in the crystal, two alternative arrangements are equally probable. 
The crystal is, therefore, not perfect“ in the sense required by the third law, and 
hence it is not correct to take the entropy as zero at 0° K. If the distribution of 
molecules between the two possible orientations were completely random, the 
probability of the state, as defined in § 24c, would be two, and the entropy should 
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be R In 2, i. e., 1.38 cal. deg.-! mole™!, instead of zero for the perfect crystal. The 
observed discrepancy of 1.1 k. v. mole indicates that the arrangement of the two 
alternative orientations in the solid is not completely random at the low tempera- 
tures at which heat capacity measurements were made. In the three instances 
under consideration, the correct entropies are those obtained from the partition 
functions, for these are based on the properties of the gas, and do not involve 
extrapolation, through the liquid and solid states, down to the absolute zero as is 
necessary for the evaluation of thermal entropies. 

Somewhat analogous considerations apply to the entropy of water vapor. The 
result derived from heat capacity measurements is again lower than the statistical 
value, and this can be accounted for by random orientation of the water molecules 
in the solid. The situation is complicated, however, by the distribution of hydro- 
gen bonds in the ice crystal, and by other factors. In this instance, also, the 
crystal is not perfect, and so the entropy would not be zero at 0° K. The statistical 
value of the entropy is therefore the correct one to be used in thermodynamic 
calculations. 

24n. Entropy of Hydrogen and Deuterium.—An entirely different phenomenon 
is responsible for the discrepancy between the third law and statistical entropies 
of hydrogen and deuterium. The thermal value for hydrogen is 29.64 cal. deg.” 
mole at 25° C and 1 atm. pressure, corrected to ideal behavior, but statistical 
calculations give 33.96 cal. deg. “ mole“, including the nuclear spin contribution. 
The latter is R ln (27 + 1)?, since the molecule consists of two atoms each with a 
nuclear spin t; for the hydrogen nucleus 7 is 4, and so the nuclear spin entropy is 
R ln 4, i. e., 2.75 cal. deg.-' mole. If this is subtracted from 33.96 cal. deg.— 
mole-, the result still differs from the thermal value. The responsible factor in 
this instance is the existence of hydrogen in ortho and para states. The statistical 
calculations are based on the assumption that ortho-para equilibrium is attained 
at all temperatures, but this condition is not realized in the hydrogen used for heat 
capacity measurements (ef. § 161). 

Because solid hydrogen at low temperatures still contains the ortho and para 
forms in the normal proportions of three to one, the entropy cannot become zero 
at 0° K. The actual value is equal to the entropy of mixing, as calculated in the 
problem in § 19j, viz., 4.39 E. U. mole“. ~ If this is added to the apparent third law 
value of 29.64, the result is 34.03 cal. deg. - mole“, which is in good agreement with 
the statistical entropy, 33.96 cal. deg. 1 mole“. For use in connection with the 
entropies of other substances, when there are no changes in the ortho-para hydro- 
gen ratio, the appropriate value of the practical entropy is obtained by subtracting 
the nuclear spin contribution of 2.75, given above, from the statistical value of 
33.96 cal. deg.! mole; the entropy of molecular hydrogen is thus taken as 31.21 
E. U. mole- 1. The data for molecular deuterium must be treated in an analogous 
manner. 

240. Restricted Internal Rotation. — When there is restriction to internal rota- 
tion of two parts of a molecule with respect to one another, as in ethane and other 
paraffin hydrocarbons, and in alcohols, amines, etc., the calculation of the entropy 
from the partition functions requires a knowledge of the energy which restricts 
rotation. As stated in § 16m, this can be obtained from a comparison of an ex- 
perimentally determined thermodynamic property with that derived by means of 
partition functions. Actually, however, when there is a possibility of restricted 
rotation the entropy is usually obtained from heat capacity measurements. 
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Nevertheless, where the necessary data are not available, it is possible to make a 
very satisfactory estimate by the statistical method, the restricting energy being 
assumed to be equal to that in a related compound for which the value is known. 10 


24p. Standard Entropies of Gases.—The standard entropies for a num- 
ber of gases, that is, corrected to ideal behavior at 1 atm. pressure, at 25° C 
are recorded in Table XIX. II They are based partly on statistical calcula- 


TABLE XIX.* STANDARD ENTROPIES OF GASES AT 25°C IN 
CAL. PER DEGREE PER MOLE 


H: 31.21 IICI 44. 66 CO: 51.06 
D: 34.62 HBr 47.48 N,O 52.58 
N: 45.77 HI 49.36 SO: 59.24 
0O: 49.00 CO 47.30 NH; 46.03 
Cl, 53.31 NO 50.34 CH. 44.50 
Br: (g) 58.63 H.O (g) 45.11 C-H; 54.85 
I200 62.29 HS 49.15 Call. 52.48 


* For further data see Table 5 at end of book. 


tions and partly on thermal data, depending on which are considered more 
reliable in each case. The values are all practical entropies which may be 
used in conjunction with those given for solids and liquids in Table XV to 
calculate the entropy change in a chemical reaction. These entropy changes 
will be utilized for important thermodynamic purposes in Chapter XIII. 
Special problems associated with the determination of the entropies of ions 
in solution will be taken up in Chapter XIX. 


Problem: Calculate the standard entropy change for the reaction 


C(s) + H.O0(l) = CO(g) + Hz) 
at 25° C. 


From Table XIX, the total entropy of the products is 47.30 (for CO) + 31.21 
(for H:), i. e., 78.51 E. PL. From Table XV, the entropy of the reactants is 1.36(C) 
+ 16.75(H :O, J), i. e., 18.11 K. v. The standard entropy change AS’ for the reac- 
tion is thus 78.51 — 18.11 = 60.40 cal. deg. 1 at 25° C. 


EXERCISES 


1. Since the atoms or molecules in a solid occupy fixed positions they may be 
treated as distinguishable; there is consequently only one way of realizing a perfect 


10 For reviews, see Pitzer, Chem. Rev., 27, 39 (1940); Aston, ibid., 27, 59 (1940); Wilson, 
ibid., 27, 17 (1940); also, H. S. Taylor and S. Glasstone, Treatise on Physical Chemistry, 
Zrd ed., 1942, Chap. IV (J. G. Aston); for empirical methods of treating molecules with 
restricted internal rotation, see Pitzer, J. Chem. Phys., 8, 711 (1940); Chem. Rev., 27, 39 
(1940); Pitzer and Scott, J. Am. Chem. Soc., 63, 2419 (1941); Ewell, Ind. Eng. Chem., 32, 
778 (1940). 

n See Kelley, ref. 2, Latimer, ref. 2; see also, Thacker, Folkins and Miller, Ind. Eng. 
Chem., 33, 584 (1941), Wagman, Kilpatrick, Taylor, Pitzer and Rossini, J. Res. Nat. Bur. 
Stand., 34, 143 (1945); Wagman, Kilpatrick, Pitzer and Rossini, ibid., 35, 467 (1945); 
N Prosen, Pitzer and Rossini, ibid., 36, 559 (1946); for references, see Wilson, 
ref. 10. 
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solid, i.e., its thermodynamic probability is unity. In a solid solution consisting 
of Ni molecules of one substance (or form) and N: molecules of another, the system 
can be realized in N!/N,!N3! different ways, where N is equal to Ni + Ns. (Note 
that for a substance in the pure state this reduces to unity.) Show that the en- 
tropy of formation of 1 mole of a soiid solution from its pure solid constituents, 
i.e., the entropy of mixing, is — R (Ni ln Ni + Nz In N2), where Ni and N3 are the 
respective mole fractions [cf. equation (19.32) J. 

2. By assuming a solid solution of silver chloride (Ni = 0.272) and silver 
bromide (Nz = 0.728) to have an entropy of zero at 0° K, the thermal entropy at 
25° C was found to be equal to the sum of the entropies of the pure constituents. 
Other measurements, not based on the third law, however, indicated that the 
entropy of the solid solution was greater than that of the constituents by about 1.1 
cal. deg.~! mole“ (Eastman and Milner, ref. 1). Account quantitatively for the 
discrepancy. 

3. The heat of vaporization of mercury at its normal boiling point (357° C) 
is 13,600 cal. g. atom~!, and the mean heat capacity of the liquid is 6.5 cal. 
deg. 1 g. atom™!, Assuming the vapor to be an ideal monatomic gas and the 
atoms to be in a singlet electronic state, calculate the entropy of (i) gaseous, 
(ii) liquid, mercury at 25° C. (The actual values are 41.8 and 18.5 E. uv. g. atom™.) 

4. Use the tables of entropy data to determine the entropy changes accom- 
panying the following reactions: (i) Na(s) + KCl(s) = NaCl(s) + K(s); (ii) 
AgCl(s) + 4H:2(g) = HCl(g) + Ag(s); (iii) Hg (ö) + 10209) = HgO(s). 

5. From the following data, evaluate the third law molar entropy of hydrogen 
chloride as an ideal gas at 1 atm. pressure and 25° C. The entropy of the solid 
at 98.36° K is 7.36 E. U. mole; at this temperature transition to another solid 
form occurs, the heat of transition being 284.3 cal. mole“. The increase of 
entropy accompanying the heating of the second solid modification from 98.36° to 
158.91° K, the melting point, is 5.05 E. uv. The heat of fusion of the solid is 476.0 
cal. mole“, From the melting point to the normal boiling point (188.07° K), the 
increase of entropy is 2.36 E. U. and the heat of vaporization is 3860 cal. mole. 
The mean heat capacity of hydrogen chloride gas from the boiling point to 25° C 
may be taken as 6.98 cal. deg.~! mole at 1 atm. pressure. 

6. Use the moment of inertia and vibration frequency given in Chapter VI to 
calculate the standard (practical) entropy of hydrogen chloride at 25° C. Com- 
pare the result with that obtained in the preceding problem. 

7. Calculate the standard (practical) entropy of hydrogen sulfide at 25° C, 
using data in Chapter VI. 

8. Show that if the Debye heat capacity equation were applicable, the entropy 
of a perfect solid at very low temperatures should be equal to 4Cp, where Cp is 
the heat capacity at the given temperature. What would be the value in terms 
of the Debye characteristic temperature? 

9. By means of the following data for cyclohexanol [Kelley, J. Am. Chem. Soc., 
51, 1400 (1929) J], which exists in two crystalline modifications, test the third law 
of thermodynamics. For form I, the Debye characteristic temperature is 112; 
the increase in entropy of the solid, from Cp measurements, from 13.5° to 263.5° K 
is 33.55 E. V. At 263.5° K there is a transition to form II, the heat change being 
1,960 cal. mole. The entropy change from 263.5° to the melting point (297.0° K) 
is 5.02 B. U., the heat of fusion is 406 cal. mole. For form II, the Debye tem- 
perature is 84, and the entropy increase from 13.5° to 297.0° K, the melting point, 
is 45.34 E.U. mole. 
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10. The following heat capacities in cal. deg. 1 mole have been recorded for 
solid chlorine [Giauque and Powell, J. Am. Chem. Soc., 61, 1970 (1939) : 


T Cp T Cp T Cp T Cp 
14.05°K 0.810 33.94 K 4.804 79.71°K 9.201 134.06° K 11.47 
17.40 1.331 42.37 6.018 98.06 10.03 145.19 11.92 
19.81 1.842 58.59 7.879 112.99 10.57 155.45 12.41 
26.37 3.192 70.50 8.720 123.53 11.00 164.99 12.93 


Determine the entropy of solid chlorine at its melting point, 172.12°K. The 
entropy contribution at temperatures below 14° K should be obtained by assuming 
the Debye equation to be applicable. 

11. The thermal entropy of normal deuterium was found to be 33.90 E. v. 
mole, Normal deuterium consists of two parts of ortho- to one part of para- 
molecules; at low temperatures the former occupy six and the latter nine closely 
spaced levels. The spin of each deuterium nucleus is 1 unit. Show that the 
practical standard entropy of deuterium gas at 25° C is 34.62 E. U. mole“). (Add 
the entropy of mixing to the thermal entropy and subtract the nuclear spin con- 
tribution.) Compare the result with the value which would be obtained from 
statistical calculations, using moment of inertia, etc. in Chapter VI. 

12. Show that equations (19.25) and (19.26) for the entropy change of ah ideal 
monatomic gas at constant pressure and constant temperature, respectively, follow 
from the Sackur-Tetrode equation (24.13) or (24.14). 


CHAPTER X 
FREE ENERGY 


25. THE FREE ENERGY AND WORR FUNCTIONS 


28a. The Work Function. — Although the entropy concept is the funda- 
mental consequence of the second law of thermodynamics, there are two 
other functions, which utilize the entropy in their derivation, that are more 
convenient for use in many instances. One of these, the free energy, will 
be employed extensively in subsequent portions of this book in connection 
with the study of equilibria, both chemical and physical, and the direction 
of chemical change. 

The work function, represented by the symbol 4, is defined by 


A = E — TS, (25.1) 


where Ẹ is the energy content of the system, T is its temperature, and S 
its entropy. Since E, T and S are characteristic properties of the system, 
depending only on its thermodynamic state and not on its previous history, 
it is evident that the same considerations must apply to the work function. 
Hence A is to be regarded as a single-valued function of the state of the system, 
and dA can be treated as a complete differential (§ 4e). Further, since E 
and S are both extensive properties, A will also be extensive in character, 
its value being proportional to the quantity of matter constituting the 
system under consideration. 

In order to obtain some understanding of the physical significance of the 
work function, consider an isothermal change from the initial state indicated 
by the subscript 1 to the final state indicated by 2; thus, 


41 = Ei =s 781 and Ag = Ee = TS, 


so that A4 r, the increase in the work function accompanying the process 
at constant temperature, is given by 


Ag * 41 = (E zg Ei) . (82 on Si) 
or 
AAr = AE — TAS. (25.2) 


If AS in equation (25.2) is replaced by Qrev./7T, where rev. is the heat taken 
up when the given change is carried out in a reversible manner, then 


AAr = AEr — Quv.. (25.3) 


According to the first law of thermodynamics [equation (7.2) J, assuming a 
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reversible, isothermal process, 


= W rev. = AEr == rev. (25.4) 
Comparison of equations (25.3) and (25.4) shows that 
oat AAr =% W rev.» (25.5) 


so that the decrease in the A function in any process at constant temperature 
is equal to the reversible work done by the system. Since the reversible 
work is, under these conditions, the maximum work that can be obtained 
from the given thermodynamic change in state, it follows that in an iso- 
thermal process the decrease of the work function is a measure of the maxi- 
mum work obtainable from that change in state. It is this fact which 
justifies the use of the term “work function” for the quantity defined by 
equation (25.1), although it was at one time called the free energy” (H. von 
Helmholtz). It should be noted that any given process, isothermal or 
otherwise, is accompanied by a definite change in the value of the work 
function A, but it is only for an isothermal process that this change is a 
measure of the maximum work available. . 

Since AA r and AEr are completely defined by the initial and final states 
of the system, the results obtained above, e.g., equations (25.3) and (25.5), 
provide proof of the statement made earlier (§ 8b), that in any isothermal, 
reversible process the values of W and Q are definite, depending only on the 
initial and final states. The work term W here includes all the forms of 
work performed on or by the system. ; 

5b. The Free Energy.—The second, and more generally useful, function 
derived from the entropy is called the free energy, and is defined by 


F=EHE—TS+ PV, (25.6) 
where P and V refer, as usual, to the pressure and volume of the system. 


This definition may be written in two alternative forms which are frequently 
employed. First, by equation (25.1), A is equal to E — T'S; hence, 


F = ATP. (25.7) 
Second, since by equation (9.5), H is equivalent to E + PV, it follows that 
F = H — TS. (25.8) 


Like the work function, the free energy F is seen to be a single-valued function 
of the thermodynamic state of the system, so that dF is a complete differential. 
In addition, the free energy, like A, S, E and H, is an extensive property. 
Comparison of equations (25.1) and (25.8) reveals an interesting fact of 
general applicability: A is related to F in the same manner as E is to H. 
It will be seen later that there are many relationships involving A and E, 
with similar expressions relating F and H. 
For a process taking place at constant pressure, it is evident from equation 
(25.7) that 
AFp = AAp + PAV. (25.9) 
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If, in addition, the change is an isothermal one, i.e., the temperature is 
constant, 4A is equal to — Wev., as seen above, so that equation (25.9) gives 


— AF pr == W rev. == PAV. (25.10) 


The quantity W,ev. represents the total reversible work obtainable in the 
given change; this may include other forms of work, e.g., electrical or surface 
work, in addition to work of expansion. The latter is equal to PAV (§ 3g), 
and so Wmv. — PAV represents the reversible work, exclusive of work of 
expansion, that can be obtained from a given change in state. This quan- 
tity is sometimes referred to as the net work, and is represented by W few., 
so that by equation (25.10), 


— AFp, r = Wry. (25.11) 


The decrease of free energy accompanying a process taking place at con- 
stant temperature and pressure is thus equal to the reversible, i.e., maximum, 
work other than work of expansion, i.e., the maximum net work, obtainable 
from the process. It is because the change in F is a measure of the “useful” 
work that F has been called the free energy.] It has also been referred to 
as the “thermodynamic potential” (J. W. Gibbs), and as the “available 
energy” (Lord Kelvin). As mentioned in connection with the work func- 
tion, the value of AF for any change is quite definite, no matter under what 
conditions the process is performed, but only when the temperature and pres- 
sure are constant is the free energy change equal to the maximum net work 
avatlable for the given change in state. 
~ 25c. Work Function and Free Energy Relationships.—It was seen in 
$ 19i, for an infinitesimal stage of an isothermal, reversible process, in which 
the work done is restricted to work of expansion, that [cf. equation (19.18) ], 


dE + Pd 


dS = ~, (25.12) 


and hence, 
TdS = dE + Pav. (25.13) 


By differentiation of equation (25.1), i.e., A = E — TS, which defines the 
work function, 


dA = dE — TdS - Sd 7, (25.14) 
so that from (25.13) and (25.14), it follows that 
dA =— PdV — Sd. (25.15) 
At constant volume, therefore, dAy = — SdT'y, or 
ðA 
(57), sais. (25.16) 


1 Lowis, Proc. Am. Acad. Arts Sci., 35, 3 (1899); Z. phys. Chem., 32, 364 (1900); see also, 
G. N. Lewis and M. Randall, “Thermodynamics and the Free Energy of Chemical Sub- 
stances,” 1923. ° 
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and at constant temperature, dAr = — Pd Vr, or 
ðA 
(3). . (25.17) 


These relationships give the variation of the work function with temperature 


and volume, respectively 
Differentiation of equation (25.6), i.e., F = E — TS + PV, yields 


dF = dE — TdS — SdT + PdV + VP, (25.18) 


and for an infinitesimal stage in a reversible process involving only work of 
expansion, use of equation (25.13) reduces this to 


dF = VdP — Sd. (25.19) 
Hence, at constant pressure, dF p = — SdT'p, or 
OF 
(5 ), eee (25.20) 
and at constant temperature, dF; = VdPr, or 
oF 
Rok fad 5.7 
(28) „. 6520 


giving the variation of the free energy with temperature and pressure. 

Comparison of equation (25.16) with (25.20) and of (25.17) with (25.21) 
brings to light another useful generalization: A is related to V in the same 
manner as F is related to P. It is found that by exchanging A for F and 
V for P, equations involving A and V may be converted into analogous 
expressions relating F and P; however, since an increase of pressure corre- 
sponds to a decrease of volume, the change of variable from V to P, or 
vice versa, is accompanied by a change of sign [cf. equations (25.17) and 
25.21). 

It must be emphasized that the results derived above, like those obtained 
in § 20b, et seg., are applicable only to closed systems, as stated in § 20g. 
Such systems may be homogeneous or heterogeneous, and may consist of 
solid, liquid or gas, but the total mass must remain unchanged. It will be 
seen later that in some cases a system consists of several phases, and al- 
though the mass of the whole system is constant, changes may take place 
among the phases. In these circumstances the equations apply to the 
system as a whole but not to the individual phases. Since it has been 
postulated that the work done in a change in state is only work of expansion, 
equal to PdV, the second condition stated in § 20g, that the system is always 
in equilibrium with the external pressure, must also be operative. 

25d. Isothermal Changes in the Work Function and Free Energy.—For 
an isothermal change dT is zero, and hence, as noted above, equation 
(25.15) becomes 

dAr =— Pd. (25.22) 


25e THE FREE ENERGY AND WORK FUNCTIONS 205 


For an appreciable isothermal process the-increase AA in the work function 
can be obtained by integration of equation (25.22) between the limits of 
the initial state 1 and the final state 2; thus, 


"Va 
CC Pd V. 25.23) 


91 


Comparison of this result wit 2) shows it to be in agreement 


with the relationship derived in § 25a, between the change in the work 
function in an isothermal process and the reversible work obtainable. 

The corresponding expressions involving the free energy could be written 
down by changing P for V, and altering the signs where necessary, but they 
may be derived in a simple manner. At constant temperature, equation 
(25.19) gives 


dF, = VP, (25.24) 


and hence for any appreciable isothermal process, 


P2 
AFr = (F: — Fi)r = VaP. 


Pi 


In the special case of the system being 1 mole of an ideal gas, V may be 
replaced by RT/P, so that 


2? dP Py A 


AFr = RT f = RT ln (25.25) 
PI Wes 


Since, for an ideal gas, Pz/ Pi is equal to V:/V2 at constant temperature, it 
follows that AF 7 is equal to AA7, as may be seen by replacing P in equation 
(25.23) by RT/V and integrating. It is important to point out, however, 
that this equality applies only to an isothermal process with an ideal gas, 
but it is not true generally. Considerable confusion was caused in the 
earlier development of chemical thermodynamics because of the failure to 
realize this limitation. 

` 25e. The Gibbs-Helmholtz Equations.—If the value of S given by equa- 
tion (25.20) is substituted in (25.8) the result is 


OF 
F HTT (7) (25. 26) 
and, similarly, combination of equation (25.16) with (25.1) gives 
ðA 
A=E ; 
+T ( ? 57), (25.27) 


These two expressions are forms of the equation derived by J. W. Gibbs 
(1875) and H. von Helmholtz (1882), and usually referred to as the Gibbs- 
Helmholtz equation. Upon dividing equation (25.26) by 72, and rearrang- 
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ing, it is readily found that an alternative form is 


O(F/T) H 
257 m S 7 (25.28) 


The analogous expression [0(A/T)/dT ]y = — E/T? can be derived from 
equation (25.27), but this is rarely used by chemists. 

There are other forms of the Gibbs-Helmholtz equation which are more 
frequently employed; these deal with changes in the free energy, heat con- 
tent, etc., accompanying an appreciable process. The process may be 
chemical or physical in nature; the only restriction is that it takes place in 
a closed system, i.e., one of constant mass, which is in equilibrium with the 
external pressure. For the initial and final states, indicated by the sub- 
scripts 1 and 2, respectively, of an isothermal process, equation (25.8) 
becomes 

F, = Hı — 781 and F: = Hz — 7832, 


so that by subtraction, 
F — FI = (Hz — Hi) — T(S: — Si), 
AF = AH — TAS, (25.29) 


where AF, AH and AS represent the increase of free energy, heat content 
and entropy, respectively, for the given isothermal process.* Further, 
from equation (25.20), 


r (ar) j (Sr). 


_[a(F:-F)] _ [aF]. 
= | 57 . | oT |p a 
If this result is inserted intő equation (25.29) there is obtained 
ar = aH +7 | ER | ; (25.31) 
OT je 


a very useful form of the Gibbs-Helmholtz equation. 
Similarly, by means of equations (25.1) and (25.16) it is possible to 
derive the analogous expression 


AA = AE+T EA (25.32) 


Still another form of the Gibbs- Helmholtz equation may be developed 
from (25.31) by utilizing the same procedure as was employed in converting 
equation (25.26) into (25.28); thus, dividing through equation (25.31) by 

* Subscripts T might have been included to indicate that constant temperature is 
implied, but this condition is usually understood. 
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T? and rearranging, the resulting expression may be put in the form 


[S| ges (25.33) 


This equation represents the variation of AF, or rather of AF/T, with tem- 
perature at constant pressure. If AH is expressed as a function of the tem- 
perature (§ 12k), it is thus possible, upon integration, to derive an expression 
for AF in terms of the temperature. This matter, as well as other applica- 
tions of the various forms of the Gibbs-Helmholtz equation, will be taken 
up in later sections. 

Attention may be drawn to the fact that although certain restrictions 
were mentioned in the course of the foregoing deductions, the final results 
are of general applicability. The Gibbs-Helmholtz equations (25.31), 
(25.32) and (25.33), for example, will hold for any change in a closed system, 
irrespective of whether it is carried out reversibly or not. This is because 
the values of AF and AH (or AA and AE) are quite definite for a given change, 
and do not depend upon the path followed. The only condition that need 
be applied is the obvious one that the system must be in thermodynamic 
equilibrium in the initial and final states of the process, for only in these 
circumstances can the various thermodynamic functions have definite 
values (§ 4d). 

~25f. Conditions of Equilibrium. An important use of the free energy 
and, to some extent, of the work function, is to obtain simple criteria of 
spontaneous processes and of thermodynamic equilibrium which lend them- 
selves very readily to practical application. The result derived in § 19e, 
that for a spontaneous (irreversible) process there is a net increase of entropy 
of the system and its surroundings, is based on equation (19.14); in other 
words, the essential fact is that in an irreversible process A — B, the sum 
of the g/T terms for all the isothermal stages is less than the increase in 
entropy of the system. Hence, in an infinitesimal stage of an irreversible 
process q/T is less than dS, i. e., 


dS > 7 (irreversible process), 


where dS refers to the system alone, and not to the net entropy of the system 
and surroundings. For a reversible change, on the other hand, dS, by 
definition, is equal to q/T, so that 


dS = 7 (reversible process). 
It is, therefore, possible to combine these two results in the general expression 


dS > (25.34) 


2 
* 
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where the “greater than“ sign refers to an irreversible process, while the 
“equal to” sign applies to a reversible process which, as seen in § 8a, is a 
succession of equilibrium states. 

By the first law of thermodynamics, q = dE + w [ef. equation (7.5) ], 
so that (25.34) may be written in the form 


dE +w, 


S 2 
dS 2 7 


(25.35) 


If, in any process, the energy content remains constant and no work is done 
against an external force, dE and w are both zero; hence, 


dS 2 O, if dE = O and w = O0. (25.36) 


In the event that the external pressure is the only force,“ the work is 
entirely work of expansion, i. e., PdV; the condition that w is zero is then 
satisfied when dV is zero, i.e., the volume is constant. In these circum- 
stances, equation (25.36) becomes 


dSrv 2 O, (25.37) 


where the subscripts E and V indicate constancy of these properties. Con- 
sequently, when the energy and volume are maintained constant, the entropy 
of a system increases in a spontaneous process, but remains unaltered for a 
small change in the system when it is in a state of thermodynamic equi- 
librium.* In other words, the entropy of a system at equilibrium is a maximum 
at constant energy and volume, since a spontaneous process always represents 
a closer approach to the equilibrium state under the given conditions. 
By combining equation (25.14) with (25.35) it follows that 


1A <—w — Sd, 


vhere the less than” sign now refers to the spontaneous (irreversible) 
rrocess. If the temperature is maintained constant and no work is done, 
so that dT and w are zero, 


dA <0, if dT =0 and w = 0. 


Again, when the work is solely work of expansion, the result may be written 


in the form 
dAryv S 0. (25.38) 


This means that in a state of thermodynamic equilibrium, at constant tempera- 
ture and volume, the work function is a minimum; under the same conditions 
a spontaneous process is accompanied by a decrease in the work function. 


* Since dS in equations (25. 34) to (25.37) refers to the gain in entropy of the system 
alone, it depends on the initial and final states only and not on the path between them; hence, 
Sz,v will increase in any change that is potentially spontaneous, even if it is actually carried 
out in a reversible manner, provided E and V are constant. Compare in this connection the 
first footnote in § 19e, which refers to the entropy of the system and its surroundings. 
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When the work is only work of expansion, and the system is always in 
equilibrium with the external pressure, w in equation (25.35) may be re- 
placed by PdV, where P is the pressure of the system; thus, 


as > E ria 


TdS A dE + PdV. 
If this result is combined with equation (25.18), it is seen that 
dF < VdP — Sd, 


) 


and hence at constant temperature and pressure, 
dEr, P < 0, g (25.39) 


where the “less than” sign refers to a spontaneous process. Since most 
chemical reactions and many physical changes are carried out under condi- 
tions of constant temperature and pressure, equation (25.39) is almost in- 
variably used, rather than (25.37) or (25.38), to give the conditions of a 
spontaneous process or of thermodynamic equilibrium. Since dF. is either 
less than or equal to zero, according as the system changes spontaneously 
or is in equilibrium, it follows that for a system in equilibrium, at a given 
temperature and pressure, the free energy must be a minimum. Further, ail 
spontaneous processes taking place at constant temperature and pressure are 
accompanied by a decrease of free energy. ‘This conclusion is of fundamental 
significance, for it provides a very simple and convenient test of whether a 
given process is possible or not. For an appreciable process, such as a 
chemical reaction, carried out at constant temperature and pressure, equa- 
tion (25.39) may be written as 


AF rp S O, (25.40) 


a form in which the condition for a spontaneous process or for equilibrium 
is frequently employed (Chapter XIII). 

25g. Work Function and Free Energy from Partition Functions.—For 
1 mole of a gas which behaves ideally, PV is equal to RT, and so equation 
(25.6), which defines the free energy, may be written 


F = E — TS + RT. (25.41) 


Utilizing equations (16.8) and (24.11), for E and S respectively, in terms of 
the partition functions, it follows that for 1 mole of an ideal gas, 


F Ei- RTn®, 


F Ee =- RT In 1 (25.42) 


* It should be noted that in this section Q refers to the partition function. 
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It is seen from equation (25.41) that at 0° K, when T is zero, F and E are 
identical, and hence equation (25.42) may also be expressed in the form 


F —F,=— RT In 2. (25.43) 


These equations permit the calculation of the molar free energy of an ideal 
gas, with reference to the value in the lowest energy state, i.e., at 0° K; they 
will be used in Chapter XIII in connection with the determination of equi- 
librium constants and the free energy changes accompanying chemical 
reactions. 

Since the work content A is equal to F — PV [equation (25.7) J], and 
hence to F — RT for 1 mole of an ideal gas, it is seen from equation (25.42) 
that 


A E. =— RT h Ê — RT, 


and this may be written in the equivalent form 


kedras RT n X — RT, (25.44) 


since A and E are equal at the absolute zero. 


25h. Thermodynamic Formulae.—It is of interest at this point to refer to 
certain general procedures which may be used for the derivation of thermodynamic 
relationships. One of these, which has been already employed from time to time, 
is the following. If z is a single-valued function of the variables y and z, e. g., a 
thermodynamic property of a closed system, it is possible to write for the complete 

(exact) differential dz, 
dz = Mdy + Ndz, (25.45) 


where M and N are also functions of the variables. If z is constant, so that dz 
is zero, then equation (25.45) yields the result 


Ox 
(55 ). = M, (25.46) 
whereas if y is maintained constant, so that dy is zero, 
Ox 
(35). = N. (25.47) 


If equation (25.46) is differentiated with respect to z, with / constant, and (25.47) 
with respect to y, with z constant, the results must be identical, so that 


ðM oN 
(S), (a). na 
This result, sometimes referred to as the Euler criterion, or the reciprocity relation- 
ship, will now be used to derive some thermodynamic expressions. 
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An examination of the present and preceding chapters will reveal four analogous 
equations which are of the form of (25.45); these are 
(i) dE = TdS - Pd 
(ii) dH = TdS + VdP 
(iii) dA = — SdT — PdV 
(iv) dF = — SdT + VdP 


[ef. equations (20.1) or (25.13), (20.13), (25.15) and (25.19), respectively]. By 
the use of equation (25.48), there follow immediately the four Maxwell relation- 


ships, viz., 
oT oP 
. . . 
(37 A (35 ). from (i) 


(35), = (35), from ) 


dP 98 

os 70 PEES 
(37), = (57). from (iii) 

98 OV . 
(25), = — (57), from (v 


If X and Y are functions of the variables z, y and z, such that 
dX = Ldy + xdz 
dY = Ldy + zdz, 


then by equation (25.46) or (25.47), 


b= (3) - oY \ | 
° 6% „ 57%. 


By applying this result to the expressions (i), (ii), (iii) and (iv), a new set of 
relationships can be derived as follows: 


ðE 9H : a 
($ ), = (38), from (i) and (ii) 


(5). 8 (37), Fam n Gi) 
(SP), = (a5). from (ii) and (iv) 
(57). 5 ( 57), n 


By the use of equations analogous to (4.9) and (4.10), and the familiar mathe- 
matical relationship of the form 


(a). = (a), (). 


(cf. § 21b), numerous thermodynamic equations can be derived. 
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Since there are cight common thermodynamie variables, viz., P, V, T, E, II, 
S, A and F, there are possible 8 X 7 X 6, i. e., 336, first (partial) derivatives, and 
a large number of relationships among them exist. P. W. Bridgman (1914) has 
devised a system which permits the derivation of an expression for any of these 
first derivatives in terms of three quantities which are, in general, capable of 
experimental determination, viz., (9V/0T)p, (0V/OP)r and (H/T) p, i.e., Cp. 
The procedure adopted is to write in a purely formal manner 


( 3 (x). 
%% (5%. 
where z, y and z represent any of the eight variables, and then to make use of the 
Bridgman formulae to obtain the appropriate values of (dz), and (o/) . There 


are actually fifty-six such formulae, but since (dz), is equal to — (dz), the number 
is effectively reduced to the twenty-eight results given below. 


(OT)p =— (OP)r = 1 

(d Y) / =— (OP)y = (0V/0T')p 

(0S)p =— (OP)s = CT 

(E)? = — (OP)z = Cp — P(OV/0T)p 
(O0H)p = = (P) = Cp 

(OF)p = = (P) =— S 

(84) % = (ðP)a = S — P(OV/OT)p 
(G) r =— (T) y = — (0V/0P)r 

(08) T =— (OT)s = (OV/0T)p 

(OF)r =— (T) E = T(OV/OT)p + P(OV/OP)r 
(6 H)r =— (OT) =— V T 5% T) 
(F) T =— (T) f. =— V 

(04) r =— (GT) A = P(OV/OP)r 


(o S)y =— (0V)s = Ce(OV/AT)p/T + (0/7) 

(E) / =— (OV)z = Cr(OV/0P)r + T(OV/0T); 

(H) =— (d) = Crp(OV/0P)r + T(OV/0T); — V(OV/OT)p 
(My = — (e =— V(aV/dT)p — S(@V/AP)r 


(04) =— (V)a = — S(OV/OP)r 
(3E)s =— (08)z = PCr(AV/dT)r/T + P(OV/dT)> 
(0H) S =— (d S) = — VCp/T 


— VCp/T + S(0V/dT)p 

PCp(OV/0P)7/T + P( V/T) + S(OV/dT)p 

Cy - P(@V/0T)p] — PLCr(OV/0P)r + T\OV/0T)3] 
(OF)z = — (r = CCF — P(OV/0T)p] + SLT(OV/0T)p + P(OV/0P)r] 
(0A)e =— (OE)a = P[Cr(OV/0P)r + T(3V/3T)}] 

(F) = — (0H)r =— (Cy + S) + TS(OV/0T)p 

(04) % =— (H = — CS + P(OV/OT)PILV — T(OV/0T)p] + P(OV/dP)r 
(04) f = — (OF) = — SCV + P(OV/0P)r] — PV(0V/0T)p. 


The use of the Bridgman formulae may be illustrated by employing them to 
derive an expression for (07/0P), which is the Joule-Thomson coefficient (§ 11b). 


The required results are 
(9T)n = — (0H)r = V — T(OV/OT)p 
(OP)x = — (0H)p = — Cp, 


(OF)s = — (08) 
(904) = — (OS)a 
(0H) = — (E)n 


to oi yy 
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(25). j e (57). j „J. 


26. CHEMICAL POTENTIAL. 


26a. Partial Molar Properties. Although the concept of partial molar 
quantities is employed in connection with thermodynamic properties other 
than the free energy (see Chapter XIX), the partial molar free energy will 
be used so frequently that the opportunity may be taken to introduce some 
of the general ideas here. It has been mentioned, from time to time, that 
the results obtained so far are based on the supposition that the system 
under consideration is a closed one, that is, one of constant mass. The 
change of any thermodynamic property is then due to a change in the state 
of the system, and not to the addition or removal of matter. In the study 
of systems consisting of two or more substances, i.e., solutions, and of 
heterogeneous systems containing two or more phases, it is necessary to 
consider open systems, where composition and mass may vary. In this 
connection the concept of partial molar properties, as developed by G. N. 
Lewis (1907), is of great value.“ 

Consider any thermodynamic extensive property, such as volume, free 
energy, entropy, energy content, etc., the value of which, for a homogeneous 
system, is completely determined by the state of the system, e.g., the tem- 
perature, pressure, and the amounts of the various constituents present; 
thus, G is a function represented by 


G = f(T, P, n, Noy . „N., 1 (26.1) 
where ni, no, . . „ N., . . ., are the numbers of moles of the respective con- 
stituents, 1, 2, ...,7, ..., of the system. If there is a small change in the 
temperature and pressure of the system, as well as in the amounts of its 
constituents, the change in the property G ìs given by 

0G ôG 
= | — J aT — [P 
40 (570 a (35) 4 


so that 


as in equation (22.2). 


P, ni, na. T, ni, nz. > 
0G 50 
(S) net (b) net. . (26.2) 


The derivative ( 6/ on,) 7. p,n,,... is called the partial molar property for the 
constituent 7, and it is represented by writing a bar over the symbol for 


2 Bridgman, Phys. Rev., 2, 3, 273 (1914); see also, P. W. Bridgman, Condensed Collec- 
tion of Thermodynamic Formulas,” 1925; for other generalized treatments, see Shaw, 
Phil. Trans. Roy. Soc., A234, 299 (1935), or summary in Margenau and Murphy, “The 
Mathematics of Physics and Chemistry,“ 1943, p. 18; Lerman, J. Chem. Phys., 8, 792 (1937); 
Tobolsky, ibid., 10, 644 (1942). 

Lewis, Proc. Am. Acad. Arts Sci., 43, 259 (1907); Z. physik. Chem., 61, 129 (1907); 
see also, G. N. Lewis and M. Randall, ref. 1; J. Am. Chem. Soc., 43, 233 (1921). 
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the particular property, i.e., G., so that 


( ôm ). P. na, Mg, eee = Gr, ( Ong ) P. ui. n. Gr, oo N 


It is thus possible to write equation (26. 2) in the form 
ðG dG 

aa ()-. (P) gr. 

+ Gidni + Gedrg .. G dn. .. . (26.4) 


If the temperature and pressure of the system are maintained constant, 
aT and dP are zero, so that 


dGr,p = Gidn + Gadm +--+ Gadni , (26.5) 
which gives, upon integration, for a system of definite composition, repre- 
sented by the numbers of moles ni, na, ., N., „ 

Gr P, = MG, + mG, . + n. G. (26.6) 


By general differentiation of equation (26.6), at constant temperature 
and pressure but varying composition, it is seen that 


dGr,p = (mdG, + Gidni) + (nad: + Gdn) +- 


00. + Gdn) +- 
= (mdG, + mdG, + --- + ndG; + eo 
+ (Gad + Gin, oo ＋ Gini +--+). (26.7) 


Comparing this result with equation (26.5), it follows that at a given tem- 
perature and pressure 


ndG, + nad -+ Eaa + nd; + coe = O, (26.8) 


which must obviously apply to a system of definite composition. This 
simple relationship is the basis of the important Gibbs-Duhem equation 
($ 26c), first derived by J. W. Gibbs (1875) and later, independently, by 
P. Duhem (1886). 
/ 26b. Physical Significance of Partial Molar Property.—The physical sig- 
nificance of any partial molar property, such as the partial molar volume, 
partial molar free energy, etc., of a particular constituent of a mixture may 
now be considered. According to equation (26.3), it is the increase in the 
property G of the system resulting from the addition, at constant temperature 
and pressure, of 1 mole of that substance to such a large quantity of the 
3 that its composition remains virtually unchanged. However, a more 
icture is obtained from equation (26.6): this states that the sum of 
the the nd, terms for all the constituents is equal to the total value G for the 
system of given composition at constant temperature and pressure. Hence, 
the partial molar property G. of any constituent may be regarded as the 


In general, constant composition wj'i be indicated by the subscript x, as in Gr, px. 
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contribution of 1 mole of that constituent to the total value of the property 
( of the system under the specified conditions. Upon first consideration 
it might be imagined, in view of this interpretation, that the partial molar 
property G. was equal to the value of G; for 1 mole of the constituent i in 
the pure state. It will be seen later that this is only true in certain limited 
circumstances. In general, G, in a solution is not equal to G, for the pure 
substance, and further, the value of G; varies as the composition of the 
system is changed.* 

It may be pointed out, in view of equation (26.6), that the partial molar 

property C. is an intensive property (§ 4d), and not an extensive one; that 
is to say, its value does not depend on the amount of material constituting 
the system, but only on the composition, at the given temperature and 
pressure. Allowance for the quantity of each constituent is made by the 
appropriate values of ni, ne, ..., ni, . . ., in equation (26.6), so that 7,G,, 
mG, „ n. G, ..., are the contributions to the total value of the property 
G. This same conclusion can be reached by precise mathematical argu- 
ments based on the use of Euler’s theorem on homogeneous functions. At 
constant temperature and pressure the property G is a homogeneous func- 
tion of the numbers of moles (un.) of degree unity; hence, the derivative of G 
with respect to n; i.e., G., in general, will be a homogeneous function of 
degree zero. In other words, the partial molar property is independent of 
the n,’s and hence of the amounts of material in the system. It should be 
remembered, however, that G; is not independent of the composition of the 
system, that is, of the ratio of the various n’s to one another. 
.-- 26c. Partial Molar Free Energy: The Chemical Potential.—Although 
the partial molar quantities of various thermodynamic properties will be 
considered in the course of this book, the discussion at present will be re- 
stricted mainly to a consideration of the partial molar free energy, that is, 
F. for the ith constituent. This quantity is, for present purposes, identical 
with the function described by J. W. Gibbs, known as the molar chemical 
potential or, in brief, the chemical potential, and which is represented by 
the symbol u. Hence, by the definition given above, the partial molar free 
energy or chemical potential of a constituent of a mixture is 


(55. F. = p. (26.9) 
. P. ni 


On; 


It is thus possible to rewrite equation (26.4), replacing G by F, and using 
u's for the partial molar quantities, to give 


oF 
dF = () a2 aT + (35) az dP 


+ mdm + udn: + ++- + udn; + +--+. (26.10) 


* Fora system consisting of a single (pure) substance, the partial molar property Q; has 
only a formal significance, for it is then identical with the molar property G. 
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In the special case when there is no change in the numbers of moles of 
the various substances present, that is to say, when the system is a closed 
one, dm, dns, etc., are all zero, so that equation (26.10) becomes 


aF ar 
dF = ($5 )er 4 25 ) aP. 


It has been shown previously (§ 25c) that for an infinitesimal change in a 
closed system, in equilibrium with the external pressure, 


dF = VdP — Sd, 


so that, equating coefficients, 


oF 
(27). Seg (26.11) 
and 
OF 


These equations are identical, as of course they should be, with equations 
(25.20) and (25.21) which are applicable to a closed system. If these results 
are now substituted in equation (26.10), it follows that for the open system 


dF = — SdT +- VdP * udn -{- udna -+ Ere + un. + B (26.13) 
At constant temperature and pressure this becomes 
dEr,p = mdm + mdm E + udni + +°, (26.14) 


which is of the same form as equation (26.5). 
When the partial molar property G, is the partial molar free energy u,, 
equation (26.8) becomes 


mdu, + ndy +--+ + ndu: . = O, (26.15) 


which is one form of the Gibbs-Duhem equation, applicable to a system at 
constant temperature and pressure. This equation has many applications, 
especially in connection with the study of liquid-vapor equilibria, such as 
are involved in distillation. 

J 26d. Equilibrium in Heterogeneous System.—The condition represented 
by equation (25.39) for a system at equilibrium, viz., 


dF r,p = O, 


is applicable to a closed system. As indicated earlier, it is possible for a 
system consisting of several phases to be closed; nevertheless, one or more of 
the constituent phases may be open, in the sense that there may be exchanges 
of matter between them. In a case of this kind, the change of free energy 
of each phase (open system) for a small change at constant temperature 
and pressure is given by equation (26.14), and for the system as a whole 
(closed system) d Fr. p is given by the sum of the changes for the individual 
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phases. If the whole system is in equilibrium, at a given temperature and 
pressure, Fr. p is zero, as seen above, and hence, by equation (26. 14), 


> udn; = 0, (26.16) 


where the summation includes all the udn terms for all the phases constituting 
the system. This result forms the basis of the well known “phase rule’’, as 
will be seen in § 28a. 


26e. Alternative Definitions of Chemical Potential. Although the definition 
of the chemical potential as the partial molar free energy is the one which is most 
generally useful in chemical thermodynamics, it is of interest to show that it can 
be defined in other ways. This justifies the use of the general term chemical 
potential“, indicating that the property has a wider significance than the partial 
molar free energy. 

The energy content of a system, like the free energy, may be expressed as a 
function of the thermodynamic coordinates and masses of the constituents; for 
the present purpose it is convenient to choose as the coordinates the entropy and 
the volume. Hence, it is possible to write 


ðE ðE ðE 
dE = (25) 28 dS + (35) av dV + (3) dm + a a (Sz) A. . (26.17) 


By utilizing equation (19.18) or (25.13), it is readily seen that (E/ S) v, N and 
(o E/ V) S, N, which refer to constant values of the n’s and hence are effectively 
applicable to a closed system, are equal to T and — P, respectively. Conse- 
quently, it follows that 


dE = TdS — PdV + (5 = ) dn, 1 > oe (2) dn; + eee. (26.18) 
On 8, V, nz, ° On 8, V, n cue 


From the definition of F as E — TS + PV [equation (25.6)], there is obtained 
upon differentiation equation (25.18), viz., 


dF = dE — TdS — SdT + PdV + Vd, 
and hence at constant temperature and pressure, i. e., dT and dP are zero, 
d Fr. p = dE — TdS + Pd. 
Combination of this result with equation (26.18) then gives 
ðE 9E ðE 
dFr, p = | — )d d = j dn; 1. (26.19 
dá ( * . (3 . = (35 Jast: ( ) 


Since the values of dn, dns, etc., are independent of one another, it follows from a 
comparison of equations (26.19) and (26.14), that 


n On, BV ese í N: S. v. 3. k 


which are alternative definitions of the chemical potentials. It should be under- 
stood that (GEV n) s. v. a. . . etc., are not partial molar energies, for they refer to 
constant entropy and volume, and not to constant temperature and pressure. The 
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partial molar energy content would be defined by (3E/ðn:)r,P.nı... and this is, 
of course, not equal to the chemical potential. 

By means of arguments similar to those employed above, it can be shown that 
the chemical potential may also be defined in other ways, viz., 


= — = —— 9 7 pada : 
Mı (35 3 (4). (55 1 (26.20) 


, 26f. Variation of Chemical Potential with Temperature and Pressure. 
The variation of the chemical potential of any constituent of a system with 
temperature may be derived by differentiating equation (26.9) with respect 
to temperature, and equation (26.11) with respect to n;; the results are 


OF | us 
anf (270, (26.21) 
and 
oF 98 
9 Ton. ts ). Panes S. (26.22) 


the latter being equal to the partial molar entropy, by definition. Since 
dF is a complete differential, the order of differentiation is immaterial, and 
hence equations (26.21) and (26.22) are equivalent, so that 


(57 8 (26.23) 


This result is analogous to equation (25.20) which is applicable in particular 
to a pure substance. 

By equation (25.8), F = H — TS, and differentiation with respect to n,, 
the temperature, pressure and the numbers of moles of the other constituents 
remaining constant, gives 


(2. (e) (E) 
On: Jr. P. ni On, Jr. P. ni dn. Jr. P. 11. 


or, in alternative symbols, 
Mi = F. = H. TÄ.. 


If the expression for the partial molar entropy given by equation (26.23) 
is introduced, it is seen that 


— 7 4 . 
10 (%, Z., (26.24) 


which is a form of the Gibbs-Helmholtz equation (5 25e). Upon dividing 
through both sides of equation (26.24) by 72, the result, analogous to 


(25.28), is 5 
d ,L) H. 
ae iz =- Hi, (26.25) 
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This equation is particularly useful for expressing the variation of the 
chemical potential with temperature, at constant pressure and composition, 
of any constituent of a gaseous, liquid or solid solution. 

The effect of pressure on chemical potential may be derived by differ- 
entiating equation (26.9) with respect to pressure and (26.12) with respect 
to n:; it is seen that 

oF ( dus 


on;,oP 155 7. N 


OF _ (= p. 
Pon. ON: Jr. P. a1. 7 


(25) sT: (26.26) 


which may be compared with the analogous equation (25.21) for a closed 
system, e.g., a pure substance. The rate of change of chemical potential 
with pressure of a particular constituent of a system, at constant tempera- 
ture, is thus equal to the partial molar volume of that constituent. 

For a system of ideal gases, a further development of equation (26.26) 
is possible. The total number of moles, u, in the equation of state 
PV = nRT may be replaced by the sum of the number of moles of each 
constituent present in the mixture; hence, 


so that 


RT 
yV = (ny + ne + oe) +n, + ee ae 


The partial molar volume is then given by differentiating with respect to n., 
all the other n’s remaining unchanged, at constant temperature and pres- 


sure; thus, 
5. = ( aV ), ; . (26.27) 


On; 


If this result is substituted in equation (26.26), it is found that for any 
constituent of an ideal gas mixture, 


du. T 
= —. 26.28 
(250, P ( 


This result will be employed in connection with the thermodynamics of 
mixtures of gases in Chapter XII. 

26g. Free Energy Change in Any Process.—A useful application of the 
chemical potential is to determine the free energy change accompanying any 
process. In a completely general case, which may refer to a chemical or a 
physical change, the system may consist initially of ni, nz, etc., moles of 
constituents with respective chemical potentials ni, u, etc. The total free 
energy of the system is then given by equation (26.6) as nig + nope + --- 
If, in the final state, the system consists of ni, nz, etc., moles of substances 
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whose chemical potentials are ui, u2, etc., the total free energy in the final 
state is niuy + nuz +--+. The free energy change accompanying the 
process is thus 


AF = (nimi zi n + .) — (mim + Noe ). (26.29) 


A number of applications of this result will be found in later sections. 


EXERCISES 


1. Derive expressions for (i) the free energy change, (ii) the work function 
change, accompanying the appreciable isothermal expansion of a van der Waals 
gas. (Use the expression for V in terms of P derived in § 21a.) 

2. Explain how the generalized compressibility diagram (Fig. 4) could be used 
to determine (i) the free energy change, (ii) the work function change, for any gas 
at constant temperature. 

3. Utilize the expression for the partition function derived in Chapter VI to 
develop an equation for the free energy of an ideal, monatomic gas referred to the 
value Fo in the lowest energy state. 

4. The variation of the volume of a liquid with pressure is given approximately 
by V = V,(1 — BP) where 6 is the compressibility coefficient and Vo is the volume 
at low (virtually zero) pressure. Derive an expression for the change of free 
energy accompanying the isothermal change of a liquid from pressure Pi to Pn. 
For water at 25° C, 8 is 49 X 10-6 atm. 1 at moderate pressures. Calculate the 
change of free energy in cal. accompanying the compression of 1 mole of water 
from 1 atm. to 10 atm. at 25° C. The specific volume of water at 1 atm. and 25° C 
is 1.00294 cc. g. 1. Would there be any appreciable difference in the result if 
the water were taken to be incompressible, i.e., with 8 = 0? 

5. For the reaction 2H2S(g) + SOe(g) = 2H2O(J) + 38(s) at 25° C and 1 atm. 
pressure of each gas, the change of heat content and the entropy change can be 
obtained from data in preceding chapters. What is the corresponding free ener; y 
change in calories? Is the reaction likely to occur spontaneously, with the sub 
stances in their standard states, under the given conditions? 

6. Without the use of tables, prove that 


OF oP 
(37), ne 3) 


which is equal to — S + R for 1 mole of an ideal gas. Show that the same re- 
sult can be obtained from the Bridgman table. 

7. Show that for a given process the rate of variation of the free energy change 
AF with temperature at constant pressure is given by [d0(AF)/d0T]p = — AS. 
Estimate the value of AF in Exercise 5 at a temperature of 30° C, assuming the 
rate of change of AF with temperature to remain constant between 25° and 30° C. 

8. Show that the relationships [0(AF)/OT]p = — AS and [0(AF)/dP ]r = AV, 
which are applicable to any physical or chemical change, constitute the basis of 
the Le Chatelier principle of mobile equilibrium. [Make use of equation (25.40).] 

9. Using the fact that at equilibrium AFr.y = O, what conclusion can be 
drawn concerning the free energy change accompanying the transfer of water from 
liquid at 25° C to vapor at 23.76 mm., which is the equilibrium vapor pressure, at 
the same temperature? Hence, determine the free energy change in cal. for the 
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transfer of 1 mole of liquid water to vapor at 1 atm. and 25°C. The vapor may 
be regarded as an ideal gas. 

10. The equilibrium vapor pressure of ice at — 10° C is 1.950 mm. and that 
of supercooled water at the same temperature is 2.149 mm. Calculate the free 
energy change in cal. accompanying the change of 1 mole of supercooled water to 
ice at — 10° C, and the same total (atmospheric) pressure. Is the sign in agree- 
ment with expectation? 

11. Combine the result of the preceding exercise with that obtained in Exer- 
cise 7, Chapter VIII to evaluate the change in heat content for the process 
H, O0) = H;O(s) at — 10° C and 1 atm. 

12. Utilize the Bridgman table to verify the relationships 


. 

OP jg OP jr a OT jp oT y 
13. Derive an expression for (0F/0H)g by means of the Bridgman table. 
14. Show that equation (25.20) can be used to derive the expression 


In . dne 
$= Ring + ET 57 ) 


for the entropy of a gas in terms of its partition function. 
15. Prove the relationships in equation (26.20). 


CHAPTER XI 
PHASE EQUILIBRIA 


27. SYSTEMS oF ONE COMPONENT 


~ 27a. Equilibrium Between Phases of One Component.— Most of the dis- 
cussion hitherto has been devoted to laying the foundations of thermo- 
dynamic theory; the time is now opportune to consider some applications 
of the results already derived to problems of physical and chemical im- 
portance. In the present chapter a number of subjects will be discussed 
which have a bearing on equilibria between two or more phases, e.g., liquid 
and vapor, solid and vapor, etc., of one or more constituents. Such systems 
remain of constant mass, as a whole, no matter what changes occur within 
them, and so they can be treated as closed. 

Consider any system consisting of two phases, e.g., liquid and vapor, 
of a single substance in equilibrium at constant temperature and pressure. 
Suppose that a small amount of one phase is transferred to the other; it 
follows, therefore, from equation (25.39) or (25.40), that the corresponding 
free energy change is zero. As long as both phases are present, an appreci- 
able transfer, e.g., of 1 mole, from one phase to the other, will not disturb 
the equilibrium at constant temperature and pressure. For example, if 
liquid water and its vapor are in equilibrium, a large amount of water can 
be transferred from one phase to the other, at constant temperature and 
pressure, without affecting the state of equilibrium. It is, therefore, possible 
to utilize equation (25.40), viz., 

AF = 0, (27.1) 


where AF is the free energy change accompanying the process under con- 
sideration. If F4 is the molar free energy of the substance in one phase, 
e.g., liquid, and F's is that in the other, e.g., vapor, the transfer of 1 mole 
of liquid to the vapor state is accompanied by an increase F and a decrease 
F4 in the free energy; thus, 

AF = Fg — Fa. 


Since this is zero, by equation (27.1), when the system is in equilibrium, 
it follows that 
F A = F B. (27 2) 


In other words, whenever two phases of the same single substance are in equi- 
librium, at a given temperature and pressure, the molar free energy is the same 
in each phase. This conclusion can be extended to three phases, which is 
the maximum number that can coexist in equilibrium for a system of one 
component. 
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It must be remembered that the treatment has been limited to a system 
of one component. If there are two or more components present, it will be 
seen later (§ 28a) that the chemical potential, in place of the molar free 
energy, of each component is the same in every phase when the system is 
at equilibrium. 

Ab. The Clapeyron Equation.—Since the molar free energy of a given 
substance is the same in two phases A and B of a one-component system 
at equilibrium, it follows that if the temperature and pressure are altered 
infinitesimally, the system remaining in equilibrium under the new condi- 
tions, the change in the free energy must be the same in each phase, i.e., 


dF, = dF x. 


In a phase change there is no work done other than work of expansion, and 
so it is permissible to use equation (25.19), namely, 


dF , = VadP <= SadT and dF pg = V gdP sa SUT. 
Since dF’, is equal to dF», 
VadP — SadT = VedP — SzdT, 


VF (27.3) 


The term AS is the entropy increase for the transfer of a specified quantity, 
e.g., 1 mole, of substance from phase A to phase B, and hence it is equal to 
AH/T, where AH is here the molar latent heat of the phase change taking 
place at the temperature 7; making this substitution, equation (27.3) 
becomes 
dP AH 
aT TAV?’ le) 
where AV is the difference of the molar volumes in the two phases. This 
expression is a form of the equation first derived by B. P. E. Clapeyron 
(1834); it gives the variation of the equilibrium pressure mati temperature 
for any two phases of a given substance. 
An alternative derivation of the Clapeyron equation moke use of the 


Maxwell equation (20.12), viz., 
ðS 
= (3), (27.5) 


(sr), 


which is applicable to any closed system, homogeneous or heterogeneous, in 
equilibrium with the external pressure. For a system consisting of two 
phases of the same substance and, in fact, for any univariant system of 
more than one component, the equilibrium pressure, e.g., the vapor pressure, 
is dependent on the temperature only, and is independent of the volume. 
It is thus possible, for a univariant system, to replace (OP/dT)y by dP /dT 
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without the constant volume restriction.“ If AS is the entropy change 
when any given quantity of the substance is transferred from one phase to 
the other, at constant temperature, and AV is the accompanying increase 
of volume, then AS/AV will be constant at a given temperature, for both 
AS and AV are extensive properties which are proportional to the quantity 
of material transferred. Thus, (0S/08V)r may be replaced by AS/AV at 
the given temperature, so that equation (27.5) becomes 


utilizing the fact that AS is equal to AH/T, where AH is the latent heat of 
the phase change. The result obtained in this manner is identical with 
equation (27.4). The quantities AH and AV must refer to the same amount 
of the substance under consideration; this is usually either 1 gram or 1 mole. 
27c. Solid-Liquid (Fusion) Equilibria.—Solid and liquid phases of a given 
substance are in equilibrium at the melting (or freezing) point; hence, in 
the Clapeyron equation (27.4), T is the melting point when P is the external 
pressure exerted on the system. By writing equation (27.4) in the in- 
verted form 
dT _ TAV 
aP AH’ 
an expression is obtained which gives the variation of the melting point T 
with the external pressure P. If V, is the molar volume of the solid phase 
and V, is that of the liquid at the temperature T and pressure P, then AV 
may be taken as V; — V., representing the increase of volume in transferring 
1 mole from solid to liquid phase. The corresponding value of AH, i. e., 
the heat absorbed, in the same phase change is the molar heat of fusion, and 
this may be represented by AH, so that equation (27.6) becomes 
aT _ T(Vi— .). 
dP AH; (40.1) 
Alternatively, Y: and V, may be taken as the respective specific volumes; 
AH; is then the heat of fusion per gram. 

From a knowledge of the volumes (or densities) of the liquid and solid 
phases, and of the heat of fusion, it is possible to determine quantitatively 
the variation of the melting point of the substance with pressure. Quali- 
tatively, it may be observed that if V, is greater than V., that is, the liquid 
has a smaller density than the solid, at the melting point, then dT/dP will 
be positive, and the melting point will increase with the applied pressure. 
This is the case for the majority of solids. However, if /i is smaller than V., 
the liquid having the greater density, increase of pressure will cause the 
melting point to decrease. Very few substances, notably ice, bismuth and 
antimony, exhibit this type of behavior. 


* It should be understood that a system containing an inert gas, in addition to a pure 
liquid (or solid) and its vapor, is not univariant. 


(27.6) 
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Problem: The specific volume of liquid water is 1.0001 cc. g. 1 and that of 
ice is 1.0907 cc. g. at 0° C; the heat of fusion of ice at this temperature is 79.8 
cal. g. 1. Calculate the rate of change of melting point of ice with pressure in 
deg. atm.~!, 


If the values of J, V. and AH, given above are inserted in equation (27.7), 
it is readily seen that dT/dP will then be in deg. cc. cal. 1. In order to convert 
this into deg. atm.~!, use may be made of the fact that 0.0242 cal. cc. 1 atm.— is 
equal to unity (cf. § 3h); hence, multiplication of the result obtained above by 
this figure will give dT/dP in deg. atm.—'. Thus, since T is 273.2° K, 


aT 273.2 X (1.0001 — 1.0907) x 0.0242 
dP 79.8 


= — 0. 0075 atm. 1. 


Since d7'/dP is small, it may be assumed to remain constant over an appreciable 
pressure range, so that the melting point of ice (or the freezing point of water) 
decreases by 0.0075° C for 1 atm. increase of the external pressure. It is because 
the specific volume of ice is greater than that of water at 0° C, that increase of 
pressure is accompanied by a decrease in the melting point. 


Instead of utilizing the Clapeyron equation (27.7) to determine the 
variation of the melting point with pressure, it may be applied to calculate 
the heat of fusion from a knowledge of d7'/dP, or rather of AT/AP, which 
is assumed to be constant; the specific volumes, or densities, of the solid 
and liquid phases must, of course, be known. 

27d. Equilibrium Between Two Crystalline Forms.—The variation with 
pressure of the transition point at which two crystalline forms of a solid are 
in equilibrium is given by an equation of the same form as (27.7). Thus, 
if 8 represents the form stable below the transition point, and a the form 
stable above the transition point, then 


dT — 107. 9 Va) 


JP AH, A (27.8) 


where dT /dP is the rate of change of the transition temperature 7 with the 
external pressure P; Va and Vz are the molar (or specific) volumes of the 
indicated forms, and AH; is the molar (or specific) heat of transition, all 
determined at the temperature 7. It is unnecessary to enter into a detailed 
consideration of equation (27.8), for the comments made in connection with 
(27.7) can be readily adapted to the present case. 


Problem: The specific volume of monoclinic sulfur (stable above the transition 
point) is greater than that of rhombic sulfur by 0.0126 cc. g. 1. The transition 
point at 1 atm. pressure is 95.5° C, and it increases at the rate of 0.035° atm.—!. 
Calculate the heat of transition in cal. g.—. 


If the values given for AT/AP and Va — Vg are inserted directly into equa- 
tion (27.8), it is readily found that AH, will be obtained in cc. atm. 1 g.. Since 
the result is required in cal. g., all that is necessary is to multiply by the con- 


226 PHASE EQUILIBRIA 27e 


version factor 0.0242 cal. cc.-! atm. 1, which is equal to unity. Hence, at 
273.2 + 95.5 = 368.7° K, 


AH, = IVa — Vo) _ 368.7 X 0.0126 x 0.0242 
KVA 0.035 
= 3.2 cal. g.. 


27e. Liquid-Vapor (Vaporization) Equilibria.— As applied to the equi- 
librium between a liquid and its vapor at a given temperature and pressure, 
the Clapeyron equation is used in the forms of both equations (27.4) and 
(27.6). The increase of volume AV accompanying the transfer of 1 mole 
(or 1 gram) of liquid to the vapor state is equal to V, — Vi, where V, and 
V/ are the molar (or specific) volumes of the vapor and liquid, respectively; * 
AH, is the molar (or specific) heat of vaporization, so that equation (27.6) 
becomes 
aT _ T(V, — Vi) 
dP AH, 


The boiling point of a liquid is the temperature at which the pressure of 
the vapor in equilibrium with it is equal to the external pressure; hence, 
in the form of (27.9), the Clapeyron equation gives the variation of the 
boiling point T of a liquia with the external pressure P. 

On the other hand, if the equation is inverted, it gives the rate of change 
of vapor pressure f of the liquid with the temperature; thus, 


GO PER = L 2, 
dT (V. = V2) 


These equations may be utilized for various purposes; for example, if the 
variation of boiling point with pressure or, what is the same thing, the 
variation of vapor pressure with temperature, is known, it is possible to 
calculate the heat of vaporization. Alternatively, if the latter is available, 
it is possible to determine d T/dP or dp/dT, for the rate of change of boiling 
point or of vapor pressure, respectively. 


(27.9) 


(27.10) 


Problem: Assuming the heat of vaporization of water to be constant at 539 
cal. g. 1, calculate the temperature at which water will boil under a pressure of 
77.0 cm., the boiling point being 100.00° C at 76.0 cm. The specific volume of 
water vapor at 100° C and 76.5 cm. pressure is 1664 cc. g. 1 and that of liquid 
water is (approximately) 1 cc. g. 1. 


Since AH,, Ve and V should be mean values, assumed constant over a range 
of temperature, d7'/dP in equation (27.9) may be replaced by AT/AP. This 
quantity is required in deg. em. 1 (of mercury), but it is convenient to obtain the 
result first in deg. atm.-'. The procedure is similar to that described in the 


*The volumes V, and /. measured at the same temperature and pressure, i.e., the 
vapor pressure, are sometimes called the orthobaric volumes.“ 

t The symbol p will be used for vapor pressure (and for partial pressure), and P for 
external (atmospheric) or total pressure. 
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problem in § 27c; the use of V., Vi and AH, given above yields AT/AP in deg. 
ce. cal.~!, and multiplication by 0.0242 cal. cc. 1 atm. 1 converts this into deg. 
atm. 1. Thus, by equation (27.9), taking T as 100.0° C, i. e., 373.2° K, 


AT _ 373.2 X (1664 — 1) X 0.0242 
AP 539 


= 27.9° atm. 1. 


If this is divided by 76.0, the number of cm. of mercury equivalent to 1 atm. pres- 
sure, the result is 0.37° em. 1, so that an increase of 1.0 cm. in the external pres- 
sure, in the vicinity of 76 cm., causes the boiling point to rise by 0.37° C. Hence 
the required boiling point at 77.0 cm. pressure is 100.37° C. 


, 27f. The Clausius-Clapeyron A the qui — be coe 
near the critical point, the volume of the liquid, Le., Vi, is small in com- 
parison with that of the vapor, i.e., V,, at the same temperature and pres- 
sure; hence, V, - Vi may be replaced by V., and then equation (27.10) 
may be written as 

dp = AH v. 

dT TV, 
Further, in regions well below the critical point, the vapor pressure is rela- 
tively small, so that the ideal gas law may be assumed to be applicable, i. e., 
pV, = RT, where V, is the molar volume of the vapor and p is its pressure 
at the temperature T. Substituting RT/p for V, in equation (27.11), this 
becomes 


(27.11) 


1.4% AH. 
p dT RT?’ 
dl AH, 
a F (27.12) 


This expression is sometimes referred to as the Clausius-Clapeyron equation, 
for it was first derived by R. Clausius (1850), in the course of a compre- 
hensive discussion of the Clapeyron equation. Although the Clausius- 
Clapeyron equation is approximate, for it neglects the volume of the liquid 
and supposes ideal behavior of the vapor, it has the advantage of great 
simplicity. In the calculation of dp/dT (or dT/dP) from a knowledge of 
the heat of vaporization,* or vice versa, it is not necessary to use the volumes 
of the liquid and vapor, as is the case in connection with equations (27.9) 
and (27.10). However, as may be expected, the results are less accurate 
than those derived from the latter expressions. 

27g. Integration of the Clausius-Clapeyron Equation.—A particular ad- 
vantage of the Clausius-Clapeyron equation is the readiness with which it 
can be integrated; thus, if the heat of vaporization is assumed to be inde- 
pendent of temperature, integration of equation (27.12) between the tem- 
perature limits of Tı and T3 and the corresponding vapor pressures pi and 


* For the heats of vaporization of a number of common liquids, see Table 2 at end of book. 
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pP: _ _ AH, . .) (Se). 
In = 55 ( R T.T, (27.13) 


If AH, is expressed in cal. mole, then R will be 1.987 cal. deg.—! mole, 
and hence, after converting the logarithms, equation (27.13) becomes 


p2 z AH, T's = 71 
log „ 4576 7172 N 


recalling that 4.576 arises from the product of the logarithm conversion 
factor (2.303) and the value of R, i. e., 1.987, in cal. deg. 1 mole. This 
equation may be used to calculate the heat of vaporization if the vapor 
pressures of the liquid at two adjacent temperatures are known. Because 
AH. is not really independent of temperature, as was assumed in the integra- 
tion of equation (27. 12), the value obtained is actually a mean for the given 
temperature range. Alternatively, if a mean heat of vaporization is avail- 
able, the vapor pressure at one temperature (or boiling point at a given 
pressure) can be calculated (approximately) if that at another is known. 


Pꝛ, gives 


Problem: The mean heat of vaporization of water in the temperature range 
between 90° and 100° C is 542 cal. g. 1. Calculate the vapor pressure of water at 
90.0 C, the value at 100.0 C being 76.0 cm. 


In equation (27.14), AH, is the molar heat of vaporization of water in cal.; 
since the molecular weight is 18.02, AH, is 542 X 18.02 cal. mole. At 100.0° C, 
i.e., 373.2° K, which will be taken as 72, the value of pz is 76.0 em.; it is required to 
find pi at Ti equal to 90° C or 363.2° K. Hence, by equation (27.14), 


76.0 542 X 18.02 / 373.2 — 363.2 
5 51 4.576 363.2 X 373.2 


Since pz has been expressed in em., pi will be in the same units; therefore, 


lo 


pı = 52.9 cm. 


(The experimental value is 52.6 cm.). 


27h. Vapor Pressure-Temperature Relationships.—General integration 
of the Clausius-Clapeyron equation (27.12), assuming AH, to be constant, 
gives 
AH 

] = — —— ; 

n p RT ＋ constant, (27.15) 
or, converting the logarithms and expressing R in cal. deg.~! mole, so that 
AH, is the heat of vaporization in cal. mole, this becomes 


AH, 
log p == 4.5767 + C, (27.16) 


where C is a constant. It follows, therefore, that the plot of the logarithm 
of the vapor pressure, i.e., log p, against the reciprocal of the absolute tem- 
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perature, i. o., 1/7, should be a straight line of slope — AH,/4.576. Thus, 
the slope of this plot can be used to obtain an approximate indication of the 
mean molar heat of vaporization over a specified temperature range. 

Because AH, is not constant, equation (27.16) is applicable over a ro- 
stricted range of temperature; in order to extend the range, allowance should 
be made for the variation of the heat of vaporization with temperature. 
Thus, AH. may probably be expressed as a power series function of the 
absolute temperature, viz., 


AH, = AHo +aT + BP T. , (27.17) 


where AHo, a, B, etc., are constants for the given liquid. As a first ap- 
proximation all terms beyond the linear one may be neglected, so that 


AH, = AHo + aT, (27.18) 


and if this result is substituted in equation (27.12), integration gives 


aue 4 in T + constant. (27.19) 


np =- pr R 


This expression, which is of the form 
log p = 7 + Blog + C, (27.20) 


where A, B and C are constants, is similar to the equation proposed em- 
pirically by G. R. Kirchhoff (1858) and others. It is seen, therefore, that 
over an appreciable temperature range the plot of log p against 1/ T should 
not be exactly linear, in agreement with observation on a number of liquids. 

Several other vapor pressure-temperature relationships of a more com- 
plicated character have been proposed from time to time, but as these have 
no obvious thermodynamic basis or significance they will not be considered 
here. It may be mentioned, however, that if the experimental vapor pres- 
sure data can be expressed with some accuracy as an empirical function of 
the temperature, for example of the form 


logp = 2+ Er D , (27.21) 


it is possible by differentiation to derive an expression for d In p/dT in terms 
of the temperature. By the use of the Clausius-Clapeyron equation, the 
heat of vaporization at any temperature can then be calculated. This 
procedure, however, assumes the applicability of the ideal gas law to the 
vapor. To avoid the error introduced by this approximation, d p/d , which 
is equal to p X d ln p/dT is determined from (27.21), and the Clapeyron 
equation (27.10) is used; the orthobaric volumes V, and Vi of vapor and 
liquid must then be known. 
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Problem: The vapor pressure of liquid chlorine, in cm. of mercury, can be 
represented by the expression 


— 7 + 9.91635 — 1.206 X 1027 + 1.34 X 10-57". 


log p = — 


The specific volume of chlorine gas at its boiling point is 269.1 cc. g. 1 and that 
of the liquid is (approximately) 0.7 cc. g.. Calculate the heat of vaporization 
of liquid chlorine in cal. g. at its boiling point, 239.05° K. 


Differentiation of the equation for log p with respect to temperature gives 


d log P _ 1414.8 


= — —5 
47 7 1.206 X 102 + 2.68 X 10 F. 


Further, since 
d log p P _ 1 dinp_ 1 dp 


“dT 2.303 dT 2.3035 aT’ 
it is readily found that at the boiling point, 239.05° K, when p is 76.0 em., 


17 = 3.343 cm. (of mercury) deg.— 
_ 3. 343 A. 
= 7600 = 0.04398 atm. deg. 


By equation (27.10), 

AH, = T(V, — V: 77 

and if V, and V; are 269.1 and 0.7 cc. g. 1, respectively, and dp/dT is 0.04398 atm. 
deg. 1, AH, will be in cc.-atm. g. I; to convert this to cal. g., it is necessary to 
multiply by 0.0242 cal. cc. atm. , which is equal to unity. Thus, at 239.05 K, 


AH, = 239.05 X 268.4 X 0.04398 X 0.0242 
= 68.3 cal. g. 1. 


271. The Ramsay-Young and Dühring Rules.—If the B log T term in equation 
(27.20) is neglected, that is to say, if the heat of vaporization is taken as constant, 
the vapor pressure variation with temperature of two liquids A and B can be 
represented by 


log pa = fs + Ca and log pp = os + Cz. (27.22) 


If these substances have the same vapor pressure p at the temperatures Ta and 
TB, respectively, then 


Aa _ Ap 
so that, 
Ta _ Tap Aa 
72 J (CA C) ＋ 4 (27.23) 


Suppose that at the temperatures T and Th, respectively, the two liquids have 


the same vapor pressure p“; * 
Ti Aa 
77 4 (Ca — CB) + is (27.24) 
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Subtraction of equation (27.24) from (27.23) then gives 


T T; 

a 75 = CTs — Th), (27.25) 
where Ci is a constant. This result was obtained empirically by W. Ramsay and 
S. Young (1885), who found that Ci was small; in fact, if the substances A and B 
are related chemically Ci is almost zero, so that equation (27.25) becomes 


Ta 74 
7 T 27.26) 


It is to be expected, therefore, that for any two liquids which are related chem- 
ically, the ratio of the temperatures at which they have the same vapor pressure should 
be constant. The same result can be stated in another way: the ratio of the boiling 
points of two similar liquids should have the same value at all pressures. 

The extent to which the Ramsay-Young rule, represented by equation (27.26), 
is applicable may be illustrated by reference to water and ethanol. The vapor 
pressure of water is 12.2 mm. of mercury at 287.5° K, and ethanol has the same 
vapor pressure at 273.2° K; the ratio of these temperatures is 287.5/273.2, i. e., 
1.052. Since the normal boiling points are 373.2° K for water and 351.5° K for 
ethanol, these are the temperatures at which both have the same vapor pressure 
of 1 atm.; the ratio of these temperatures is 373.2/351.5, i.e., 1.062. The two 
ratios thus agree to within about one per cent. 


Problem: The vapor pressures of molten silver and sodium are both 1 mm. of 
mercury at 1218° C and 441° C, respectively. The normal boiling point of sodium 
is 882° C, estimate that of silver. 


Let A represent silver, and B sodium; Ta is 1218 + 273 = 1491° K, and Tg 
is 441 + 273 = 714° K; TR is 882 + 273 = 1155° K, and consequently by equa- 
tion (27.26), 


1491 74 
714 1155 
74 = 2412° K. 


The boiling point of silver is thus calculated to be 2412 — 273 = 2139 C. (The 
experimental value is 1950° C; in view of the extrapolation from 1 mm. to 760 mm. 
involved in this calculation, the agreement is quite reasonable.) 


By rearrangement of equation (27.26) it is found that 


or 
74 — Ta 


TB — 7B 


the constant being independent of pressure; this constant should, in fact, be equal 
to the ratio of the normal boiling points, e. g., 74/7, of the two liquids. This 
result is an expression of the rule discovered by U. Dühring (1878). Like the 
Ramsay-Young equation (27.26), the Dühring equation (27.27) is particularly 
applicable to pairs of similar liquids, although it has been found to hold with a 


= constant, (27.27) 
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moderate degree of accuracy for substances of different types, provided both are 
associated, e. g., hydroxylic compounds, or both are nonassociated. 

Provided the vapor pressures of a reference liquid are known over a range of 
temperatures, it is possible, by means of the Ramsay-Young or Dihring rules, to 
establish the complete vapor pressure-temperature variation of another substance 
from one datum for the latter. It should be noted that the results obtained cannot 
be very precise, for the equations (27.26) and (27.27) can be exact only if the 
vapor pressures are represented by the linear equations (27.15), and if the constant 
Ci in equation (27.25) is zero.! 

27j. Trouton’s Rule and Vapor Pressure Relationship.—It has been found 
experimentally that for a number of substances the molar entropy of vaporization 
AS, at the normal boiling point has approximately the same value of 21 cal. deg. 
mole. Thus, if AH, is the molar heat of vaporization at the normal boiling 
point T., i.e., at 1 atm. pressure, then 


_ AH, 
— Ti 


which is a statement of the generalization known as Trouton's rule (F. Trouton, 
1884). This rule holds for many familiar compounds with molecular weights in 
the region of 100, provided they are not associated in the liquid state. Various 
attempts have been made to modify the Trouton rule, so as to make it more widely 
applicable. According to J. H. Hildebrand (1915) the entropy of vaporization 
is more nearly constant if it is measured at the same concentration of the vapor 
in each case, instead of at the same pressure of the vapor, as in Trouton's rule. 

Although these empirical rules, strictly speaking, lie outside the realm of 
thermodynamics, they have been mentioned because of their practical value in 
certain cases. At the normal boiling point the vapor pressure of a liquid is equal 
to 1 atm.; hence, equation (27.16) can be written as 


a AH, 
4.576T, 
As seen above, however, AH. / T' may be taken as equal to 21 for many non- 


associated substances; hence, for such substances C should have a constant 
value, viz., 


AS, „ 21 cal. deg.-! mole“, 


+ C. 


log 1 = 


The expression for the vapor pressure p, in atm., of any substance to which 
Trouton’s law is applicable thus becomes 


All, 


4.5767 ＋ 4.59. (27.28) 


log p(atm.) = 


As a first approximation, the molar heat of vaporization at the boiling point may 
be used for AH,; an expression for the variation of the vapor pressure with tem- 
perature is thus obtained from the one datum. Alternatively, if the vapor pres- 


1 Ramsay and Young, Phil. Mag., 20, 515 (1885); 21, 33 (1886); 22, 32, 37 (1887); 
Diihring, Ann. Physik, 11, 163 (1880); Leslie and Carr, Ind. Eng. Chem., 17, 810 (1925): 
Perry and Smith, ibid., 25, 195 (1933); Carr and Murphy, J. Am. Chem. Soc., 51, 116 (1929); 
Lamb and Roper, tbid., 62, 806 (1940). 
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sure is known at one temperature, Al/, may be evaluated from equation (27.28) 
and the result may then be assumed to apply at other temperatures. Another 
possibility, which is equivalent to the use of Trouton’s law, is to choose the known 
vapor pressure as | atm. at the boiling point in order to determine AH,; this value 


can then be inserted in equation (27.28).? 
Problem: The normal boiling point of benzene is 80.1° C; estimate its vapor 


pressure at 40° C. 
Since Te is 80.1 + 273.2 = 353.3° K, then by Trouton’s law, AH, is 21 X 353.3 
= 7419 cal. mole; hence by equation (27.28), 


7419 


log p(atm.) = — 4.5767 ＋ 4.59. 
At 40° C, the value of T is 40.0 + 273.2 = 313.2 K, so that 
7419 
log p(atm.) = 4.576 X 313.2 + 4.59 = — 0.587, 
p = 0.259 atm. 


= 0.259 X 76.0 = 19.6 cm. 


(The experimental value is 18.1 cm. The agreement is not too good, but the 
calculation may be used to give an approximate indication of the vapor pressure 
when experimental data are lacking.) 

It is of interest to note that equation (27.28) is essentially equivalent to the 
Ramsay-Young rule. In the first place, it is based on equation (27.16), and in 
the second place, it supposes that the constant C has the same value for all liquids; 
if this were the case, Ca — Cn in equation (27.24) and hence Ci in equation (27.25) 
would have to be zero. Hence, (27.28) would lead directly to the Ramsay- 
Young equation. 


27k. Solid-Vapor (Sublimation) Equilibria.—An equation of exactly the 
same form as (27.10) is applicable to solid-vapor equilibria; thus, 


dp aH, 
aT (V. a V.) i 


where AH, is the molar (or specific) heat of sublimation, and V, and V, are 
the molar (or specific) volumes of vapor and solid, respectively, at the equi- 
librium temperature and pressure. This equation gives the variation of the 
vapor (sublimation) pressure of the solid. The Clausius modification in 
which V, is neglected and V, is taken as equal to RT/p, as for an ideal gas, 
is permissible, and hence an equation similar to (27.12) can be used for the 
vapor pressure of the solid. By means of this equation, or by the integrated 
form (27.14), the various calculations referred to in connection with liquid- 
vapor systems can be made. Since the procedure is obvious it is not 
necessary to enter into details. 


For estimation of heats of vaporization, see Watson, Ind. Eng. Chem., 23, 360 (1931); 
Meissner, ibid., 33, 1440 (1941); Othmer, ibid., 34, 1072 (1942). For vapor pressure charts, 
see Germann and Knight, ibid., 26, 1226 (1934); Cox, ibid., 28, 613 (1936); Killefer, ibid., 
30, 477, 565 (1938); Davis, ibid., 32, 226 (1940); 33, 401 (1941). 


(27.29) 
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It is well known that the vapor pressure curves of the solid and liquid 
phases of a given substance meet at the triple point; thus, in Fig. 16 the 
curve AO represents solid-vapor equilibria, OB is for liquid-vapor, and OC 
for solid-liquid equilibria. The three curves meet at the triple point O 
where solid, liquid and vapor can coexist in equilibrium. It will be observed 
that near the triple point, at least, the slope of the curve AO on the pressure- 
temperature diagram is greater than that of OB; in other words, near the 
point O, the value of dp/dT is greater 
along AO than along OB. That this 
must be the case can be readily shown 
by means of the Clausius-Clapeyron 
equation. For the solid-vapor system, 
this can be written in the form 


dy. „ AH, 

d P RT? 
whereas, for the liquid-vapor system, 
dpı _ AH. 
aT ~ PRT 


At the triple point p. and p., the vapor 
pressures of solid and liquid, respec- 
tively, are equal, and so also are the 
temperatures 7; the relative values of 


Temperature the slopes dp./d T and dp: /d are thus 
Fie. 16. Pressure- temperature determined by the heats of sublima- 
equilibrium diagram tion (AH.) and of vaporization (A H.), 


respectively. By the first law of 
thermodynamics, the change of heat content in the transition solid — vapor, 
at a given temperature, must be the same whether it is carried out directly 
or through the intermediate form of liquid. Hence, AH, must be equal to 
AH, + AH;, at the same temperature, so that AH, is greater than AH,; 
the slope dp,/dT of the curve AO is thus greater than dp: /dT of the curve 
OB, in the vicinity of the triple point. 


271. Variation of Equilibrium Latent Heat with Temperature.—If a given sub- 
stance can occur in two phases, A and B, one of which changes into the other as 
the temperature is raised, then the value of the accompanying latent heat and its 
variation with temperature depend on whether the pressure is maintained con- 
stant, e.g., 1 atm., or whether it is the equilibrium value. In the former case the 
Kirchhoff equation (12.7) will apply, as stated in § 12j, but if equilibrium condi- 
tions are postulated allowance must be made for the change of pressure with 
temperature. 

For any process, the change of AH with temperature and pressure can be 
represented by the general equation 


d(AH) = | oP | ar + 2572 ar, 
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and hence, 
d(AH) . (AH) o(AH) | dP 
d OT Ip ôP |rdT 
- a(aH)] aP 
= AC + l 55 7 27 (27.30) 


It can be seen from equation (20.20) that 


O(AH) |] _ d(AV) 
| 95 . 7 aT R 


and according to the Clapeyron equation (27.4), dP/dT = AH/TAV for a phase 
change; insertion of these results into equation (27.30) then leads to 


d(AH) _ AH f, T To) 
F Ar + 7 fi a7 T . (27.31) 


for the variation of the equilibrium latent heat AH with temperature. In this 
expression AC is equal to (C )B — (Cp)a, where the constant pressure is the 
equilibrium pressure of the system at the temperature T. 

For the liquid-vapor change the value of d(AH,)/dT is not greatly different 
from AC, as may be seen from the following considerations. As shown in § 27f, 
AV may be taken as equal to V., the volume of the liquid being neglected in com- 
parison with that of the vapor, and this may be replaced by R Typ, the vapor being 
assumed to behave as an ideal gas. In this event, 


a(AV)] _R_ AV 
| oT 1. —5 


and hence the quantity in the braces in equation (27.31) is equal to zero. It 
follows, therefore, that provided the temperature is not too near the critical point, 
and the foregoing approximations may be made with some justification, equation 
(27.31) becomes 

d AH.) 


apt) ar = (c. (c, (27.32) 


where (Cpr), and (Cp): are the heat capacities of vapor and liquid, respectively, 
at constant pressure equal to the vapor pressure at the given temperature. 

In connection with the variation of the equilibrium heat of fusion with tem- 
perature, this simplification is not permissible. However, [0(AV)/0T |p is usually 
small for the solid-liquid phase change, and so equation (27.31) reduces to 


d(AH AH AH 
ae = ACp + a = (Cp): (Cp). + - 


(27.33) 


27m. Dependence of Vapor Pressure on Total Pressure. When a liquid 
or a solid vaporizes into a vacuum and a state of equilibrium is reached, 
the same pressure, i.e., the vapor pressure, is exerted on the two phases in 
equilibrium. If by some means, e.g., by introducing an insoluble, inert 
gas in the free space above it, the pressure on the liquid (or solid) is changed, 
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the pressure of the vapor will be affected. The problem is treated below 
in a general manner, without restriction as to the nature of the two phases 
or the method of applying the pressure. 

Consider any two phases A and B of a given substance in equilibrium 
at a specified temperature; the pressures on the respective phases are then 
PA and PBR. Since the phases are in equilibrium, the molar free energies 
must be the same in each phase (§ 27a); hence, if a small change were made 
in the system in such a manner that the equilibrium was not disturbed, the 
free energy increase dF’, of one phase would be equal to the increase dF of 
the other phase. Suppose the pressure on the phase A is altered by an 
arbitrary amount d PA; let the accompanying change in the pressure on B, 
which is required to maintain equilibrium, be dPs. The molar free energy 
changes of the two phases are given by equation (25.24) as 


dF, = VadP 4 and dF g = V sdP B, 


where V14 and Vz are the molar volumes of the phases A and B, respectively, 
under the equilibrium conditions. As seen above, dF must be equal to 
dF B, 80 that 

VadPa = VBG Pz. 


Hence, the criterion of equilibrium, at constant temperature, is given by 


dP 4 = ðP a a Va 
d PB 5 ), “Va e 


which is a generalized form of the equation first derived by J. H. Poynting 
(1881). For equilibrium to be retained, the pressure changes on the two 
phases must evidently be inversely proportional to the respective molar 
(or specific) volumes. 

In the special case in which A is a liquid and B a vapor, the Poynting 
equation is 


dp Vi 


dP V,’ 


where P is the total pressure on the liquid and p is the vapor pressure. As- 
suming the vapor to behave as an ideal gas, V, is equal to RT /p, so that 


ap _ pvr (27.35) 


The effect of external (total) pressure on the vapor pressure of a liquid is 
small, so that dp/dP may be replaced by Ap/AP, where Ap is the increase 
of vapor pressure resulting from an appreciable increase AP in the total 
pressure exerted on the liquid. Hence, equation (27.35) may be written 
in the form 


Sp a E AP, (27.36) 
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from which the effect on the vapor pressure resulting from an increase ot 
the external pressure, e.g., by introducing an inert gas, can be readily 
evaluated. 


Problem: The true vapor pressure of water is 23.76 mm. at 25° C. Calculate 
the vapor pressure when water vaporizes into a space already containing an 
insoluble gas at 1 atm. pressure, assuming ideal behavior. 


In using equation (27.36), it will be seen that Ap and p must be in the same 
units, the exact nature of which is immaterial; further, the units of # are deter- 
mined by those of V;and AP. Thus, if V; is expressed in liters and AP in atm., 
R will be 0.082 liter-atm. deg.-! mole“. The specific volume of water may be 
taken, with sufficient accuracy, as 1.0, so that V; is about 18 ml. or 0.018 liter 
mole. 

When the water vaporizes into a vacuum, the vapor pressure p is equal to the 
total pressure, i.e., 23.76 mm. at 25° C or 298° K; the external pressure is increased 
by approximately 1 atm., assuming the vapor pressure not to alter greatly, so 
that AP is 1.0. Hence, by equation (27.36), 


Ap _ 0.018 x 1.0 
23.76 0.082 X 298 


Ap 0.018 X 23.76 
P = 0.082 X 298 


The vapor pressure is thus 23.76 + 0.018 ~ 27.78 mm. 


= 0.0175 mm. 


The effect of external pressure on the vapor pressure of a liquid is seen 
to be relatively small; nevertheless, the subject has some significance in 
connection with the theory of osmotic pressure.“ 
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28a. Conditions of Equilibrium.—lIf a system of several phases consists of 
more than one component, then the equilibrium condition .of equal molar 
free energies in each phase requires some modification. Because each phase 
may contain two or more components in different proportions, it is necessary 
to introduce partial molar free energies, in place of the molar free energies. 
Consider a closed system of P phases, indicated by the letters a, b, ..., P, 
containing a total of C components, designated by 1, 2, . . ., C, in equilibrium 
at constant temperature and pressure which are the same for all the phases. 
The chemical potentials, or partial molar free energies (§ 26c), of the various 
components in the P phases may be represented by nich, Maca), . , Oe); 
Hib), ud), . , UCR} ---3 Hi, A2, ., Ho. Suppose various small 
amounts dn moles of the components are transferred from one phase to 
another, the temperature and pressure remaining constant; the whole closed 
system is in equilibrium, and so according to equation (26.16) the sum of all 


3 See, for example, S. Glasstone, Textbook of Physical Chemistry,” 2nd ed., 1946, 
Chap. IX. 
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the udn terms for all the phases will be zero. It follows, therefore, that 


Hania) + modni + s+: + ui dn 
+ Beana + odno f + ua dnZ( Y 


+ ucadneca + ucmdnce) + ? + ucwmdnc = 0. (28.1) 


At equilibrium, the total mass of each component will be constant, since 
the whole system is a closed one; hence, 


dnia) —— dnig) + a dni) = 0 
dna) + dN) ＋ dna) = 0 


dnc + dncæ t dnem = 0. (28.2) 


If the expression in equation (28.1) is to remain zero for all possible var- 
iations dn in the numbers of moles of the components, subject only to the re- 
strictions represented by the equations (28.2), it is essential that 


Hila = Hi) = < = MIP) 
Maia) = A, = °° = Map) 
HCla) = Ce) = +t = UCP). (28.3) 


It is seen, therefore, that when a system consisting of a number of phases 
containing several components is in complete equilibrium, at a definite tem- 
perature and pressure which are uniform throughout, the chemical potential 
of each component is the same in all the phases. It may be noted that in the 
special case of a single component, the partial molar free energy (or chemical 
potential) is equal to the molar free energy (see footnote, § 26b), and the 
equations (28.3) become identical with (27.2). 

If the phases of a system are not in equilibrium, the chemical potentials 
of the components will not be the same in each phase. There will then be 
a tendency for each component, for which such a difference exists, to pass 
spontaneously from the phase in which its chemical potential is higher to 
that in which it is lower, until the values become identical in the two phases. 
In other words, matter tends to flow spontaneously from a region of higher 
to one of lower chemical potential. There is thus seen to be an analogy 
between chemical potential and other forms of potential, e.g., electrical 
potential, energy potential, etc. 

28b. The Phase Rule.—By means of the conclusion reached in the pre- 
ceding section, it is possible to derive the familiar phase rule which gives 
the relationship between the number of components and phases in equi- 
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librium in a system, and the number of variables, i.e., the degrees of freedom, 
which must be specified in order to define the system completely. The 
composition of a phase containing C components is given by C — 1 concen- 
tration terms, for if the concentrations of all but one of the components are 
known, that of the last component must be equal to the remainder. Hence, 
for the compositions of P phases to be defined it is necessary to state P(C — 1) 
concentration terms. The total number of concentration variables of the 
system is thus P(C — 1). In addition to the composition, the uniform 
temperature and pressure of the system must be specified, and assuming that 
no other factors, such as surface or electrical effects, influence the equi- 
librium, it follows that 


Total number of variables = P(C — 1) + 2. 


The fact of the closed system being in equilibrium, at a given temperature 
and pressure, leads to the result represented in the equations (28.3): this is 
equivalent to a set of C(P — 1) independent equations which automatically 
fix C(P — 1) of the possible variables. The number of variables remaining 
undetermined is then [P(C — 1) ＋ 21 — C(P—1)=C-—P+4+2. In 
order to define the system completely, therefore, this number of variables 
must be arbitrarily fixed, and hence must be equal to the number of degrees 
of freedom (F), or variance, of the system; hence, 


F=C—P+2, (28.4) 


which is the phase rule derived by J. W. Gibbs (1875). 

It may be noted that if a particular component is absent from any phase, 
the number of composition variables is reduced correspondingly. At the 
same time there will be a similar decrease in the number of independent 
equations determined by the equality of the chemical potentials, 1.e., equa- 
tions (28.3). The net effect will thus be to leave unchanged the number of 
degrees of freedom, as given by equation (28.4). The phase rule in its 
familiar form will then hold for the system even if all the components are 
not present in every phase 


28c. Univariant System of Several Components.—It was indicated in § 27b 
that an equation of the form of (27.4) is applicable to any univariant system, 
although its derivation was restricted to a system of one component. It is of 
interest to show, by a more detailed procedure, that the same result can be ob- 
tained if the univariant system consists of several components. However, to 
avoid too great a complication of symbols, etc., the discussion will be restricted 
to a system of two components. According to the phase rule, if such a system is 
to be univariant, i.e., F = 1, with C = 2, the value of P will be 3, so that there 
must be three phases in equilibrium. 

A simple example of such a system would be a saturated solution of a non- 
volatile solid in equilibrium with vapor of the solvent; the three phases would 
then be (i) the solid component 1, e.g., a salt, (ii) a saturated solution of this 
substance in the liquid component 2, e. g., water, and (iii) the vapor of the latter. 
Suppose a small change is made in the system, which is maintained in equilibrium, 
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involving changes of temperature dT and pressure dP and transfer of dn, moles 
of component 1 from the solid to the solution. The accompanying change in the 
partial molar free energy (chemical potential) of the substance in the solution is 


then given by 
dui = 944 0 + 3%) a dP + Sus ) dn, (28.5)* 
57 oP on T. P ' 


whereas the corresponding dune in the chemical potential of the pure solid, 
which is equivalent to the change in its molar free energy, is 


du! = dF’ = (37 , aT + (35 ) dP, (28.6) 


the primes being used to indicate the solid phase. Since the molar free energy 
of the solid is independent of the amount, there is no term involving dn, in equa- 
tion (28.6). By utilizing equations (26.23) and (26.26), i.e., (Ou:/OT) pn = — Si, 
and (ðu:;/ðP)r,n = P., equation (28.5) can be written as 


dui =— Sid T + VidP + (2) duni. (28.7) 
On / 7. t 
Similarly, by means of equations (25.20) and (25.21), i. e., (OF/OT)p = — S, and 
(OF/0P)r = V, equation (28.6) can be.transformed into 


dul = — SidT + ViaP. (28.8) 


Since the system has remained in equilibrium, the chemical potential of the given 
component must be the same in both phases, i.e., solid and solution; hence, the 
change of chemical potential in one phase must be equal to the accompanying 
change in the other phase. In other words, du, and dul, as given by equations 
(28.7) and (28.8), must be identical; it follows, therefore, by subtraction, that 


— (8, — Si) dT + (Fi — VI) dP + (552) dn dn, = 0. (28.9) 


Suppose that when the dn, moles of solid (solute) are transferred from the solid 
phase to the solution, as described above, it is necessary to transfer dn: moles of 
the component 2 (solvent) from the vapor to the solution in order to maintain the 
equilibrium. By proceeding in a manner precisely similar to that used in deriving 
equation (28.9), it is found that 


(S. — SHAT + (Pa Pd + (5 2. dns = 0, (28.10) 


where Sz and Vs refer to the molar entropy and volume of component 2 in the 
(pure) vapor phase. 

If equation (28.9) is multipliea by ni, the number of moles of constituent 1 
in the solution, and (28.10) is multiplied by nz, the number of moles of the sub- 
stance 2, and the results added, it is possible to eliminate the last term in each 
equation. The reason is that 


11 (527) an dn, + n: (32) dn: 
on, on: JT, Pj 


* As in § 26a, the subscript N is used to represent constant composition. 
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is equivalent to nid + nedue for the solution at constant temperature and pres- 
sure, and by the Gibbs-Duhem equation (26.15) this is zero. Hence, it follows that 


— (mS, 181 + n — nzSz) dT + (mV — nV; + 2202 — nzVZ)dP =0. (28.11) 


The expression in the first parentheses, which may be rearranged to take the form 
(n81 + nS2) — (nisi + n53), is equal to the increase of entropy accompanying 
the formation of a saturated solution from n, moles of solid 1 and ns moles of 
vapor 2, since iSi + nð: represents the entropy of the solution [ef. equation 
(26.6) J, 1181 is that of nı moles of the pure solid 1, and u28 that of the nz moles of 
pure vapor 2. This quantity may be represented by AS, and the quantity in the 
second parentheses may similarly be replaced by AV, the corresponding increase 
of volume. It follows, therefore, that equation (28.11) may be written as 


— ASaT + AV = 0, 


dP _ AS 
dT AV’ 
and since AS may be replaced by AH/T, this becomes 
dP AH 
IT TAV’ (28.12) 


which is identical in form with equation (27.4). 


It is thus seen that an equation analogous to that of Clapeyron has been 
derived for a univariant system of two components, and a similar result 
could be secured for any number of components. As obtained above, equa- 
tion (28.12) gives the variation with temperature of the vapor pressure of a 
saturated solution; AH is the change of heat content accompanying the 
formation of the given solution from the solid solute and the vapor of the 
solvent, and AV is the corresponding volume change. The same equation, 
when inverted, will give the influence of pressure on the eutectic temperature 
at which two pure solids 1 and 2 are in equilibrium with saturated solution. 
In this case AH and AV are the heat content and volume changes, respec- 
tively, for the formation of the equilibrium solution from the appropriate 
amounts of the two constituents in the solid state. 

28d. Properties of the Surface Phase.—In the thermodynamic treatment 
of systems in equilibrium it has been postulated, up to the present, that the 
only force acting upon the system is that due to the external pressure. The 
work done is then only work of expansion, represented by PdV. It is 
possible, however, that other forces may have to be taken into consideration. 
For example, thermodynamic systems are invariably subject to gravita- 
tional and surface forces, but in most instances their influence is so small as 
to be negligible. Electrical and magnetic forces may also be operative in 
special circumstances. Of particular physicochemical interest are surface 
forces, the effect of which becomes apparent when the quantity of matter 
contained in the surface is relatively large in comparison with that of the 
system as a whole. 
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Consider a heterogeneous system, of one or more components, consisting 
of two phases; there will then be a surface of separation between the phases. 
The transition from one phase to the other, across the bounding surface, is 
probably a gradual one, so that the surface of separation is not to be regarded 
as sharp, but as a region of more or less definite thickness. For the present 
purpose, the exact thickness of the region is immaterial, provided it contains 
all the parts of the system which are within the influence of the surface 
forces. Thus the two bulk phases, e.g., two liquids or a liquid and vapor, 
may be thought of as being separated by a surface phase. It may be 
remarked that the so-called surface phase is not a true phase in the usual 
physical sense, but the description is convenient. 

In order to derive the thermodynamic properties of the surface phase, 
consider a hypothetical state involving an exact geometrical surface placed 
between the two bulk phases. A suitable position for this imaginary surface 
will be proposed later. The surface excess, which may be positive or nega- 
tive, of any constituent of the system is then defined as the excess of that con- 
stituent in the actual surface phase over the amount there would have been if both 
bulk phases remained homogeneous right up to the geometrical surface. Thus 
if n; is the total number of moles of the constituent 7 in the system, c; and c% 
are the numbers of moles per unit volume, i.e., the concentrations, in the 
interior of the two bulk phases, and V’ and V” are the respective volumes 
of these phases right up to the imaginary geometrical surface, then the 
number of moles n; of surface excess of the constituent t is given by 


ni = GV! + AV” + nh. (28.13) 


The actual values ni, n2, ..., for the surface excesses of the various com- 
ponents of the system depend on the location postulated for the hypothetical 
surface. For the general treatment which follows, its exact position need 
not be specified, but subsequently this will be defined in a particularly 
convenient manner. 
The surface free energy F* may be expressed by a relationship similar to 
equation (28.13), viz., 
F = F' 4+ F" ＋ Fe, (28.14) 


where F is the total free energy of the system, consisting of the two bulk 
phases and the surface phase; F’ and F” are the free energies of the bulk 
phases calculated on the assumption that they both remain homogeneous 
right up to the hypothetical, geometrical surface. The free energy F* may 
thus be regarded as the contribution to the system made by the “surface 
excess amounts of the various constituents or, in other words, of the surface 
phase. Other thermodynamic properties of the surface phase are defined in 
a manner exactly analogous to equation (28.14), but the surface chemical 
potential (partial molar free energy) u’, and the surface entropy S’ only will 
be employed here. 

28e. Equilibrium of Surface Phase.—Consider a small change in the 
system described above. The free energy change dF is then equal to 
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dF’ + dF” + dI”. The first two terms, which refer to the homogeneous 
bulk phases, are given by equation (26.13) as 


dF’ =— S'dT + V'dP' + pidni + udn zZ + --- (28.15) 
and 
dF" = — S"dT + V"dP" + pidni + udn: + +... (28.16) 


In evaluating dF* for the surface phase, it 1s necessary to tuke into account 
the free energy change accompanying a change in the surface area. The 
work required to increase the area of the surface by an infinitesimal amount 
ds, at constant temperature, pressure and composition, is equal to yds, 
where y is the quantity usually referred to as the surface tension. The 
latter is a measure of the reversible work which must be done for unit in- 
crease in the surface area under the given conditions. Since the surface 
work does not involve work of expansion against the external pressure, it 
may be identified with the net work and hence with the free energy change 
(§ 25b). The expression for dF for a small change in the system should 
thus include the term yds. On the other hand, since the surface contribu- 
tion to the volume may be ignored, the quantity corresponding to VdP may 
be omitted. It follows, therefore, that 


dF! =— Sed + yds + pidni + un, + ---, (28.17) 


where ui, u2, . ., are the surface chemical potentials of the various con- 
stituents of the system. It is consequently seen from equations (28.15), 
(28.16) and (28.17), that dF, obtained by summing dF”, dF” and dF’, is 


dF =— SdT + V'dP’ + V"dP” + yds 
+ Yuidni + Suidni + Luidnt, (28.18) 


where S is the total entropy of the system, i.e., S + S” + S*. 

For a system in which the only force acting is that due to the external 
pressure, the condition of equilibrium is given by equation (25.39) as 
d Fr. p = O. When surface forces are significant, however, it is not difficult to 
show that this result must be modified by stipulating constant surface area, 
in addition to constant temperature and pressure, so that for equilibrium 


dF ry, P.. = 0. (28.19) 
Upon applying this conclusion to equation (28.18), it is seen that 
Dudu + L uidni + CLuidni = 0 (28.20) 


at equilibrium. If there is no restriction concerning the passage of matter 
between the two bulk phases and the surface phase, the variations dni, dni 
and dn; are independent, provided the sum for each component is equal to 
zero, since no matter passes in or out of the system as a whole. It follows, 
therefore, from equation (28.20) that for each constituent 


Bt = u = ut. (28.21) 
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This result is an extension of equation (28.3); the surface chemical potential 
of any constituent of a system is thus equal to its chemical potential in the bulk 
phases at equilibrium. 

28f. The Gibbs Adsorption Equation.—The surface free energy F" is the 
sum of the contributions of the various constituents, i.e., niui + nau? + ---, 
Def. equation (26.6) J, and of a quantity depending upon the area of the 
surface. The latter is equal to ys, where s is the total surface area; hence, 


Fe = ys + nimi + nope + , (28.22) 


where ni, n3, ..., are as defined by equation (28.13). Since F" is a definite 
property of the surface, depending only upon the thermodynamic state of 
the system, dF‘ is a complete differential, and hence differentiation of equa- 
tion (28.22) gives 


d F. = yds + sdy + nidui + niduz +---+ widni + udn + --- 
yds + sdy + Dinidui + Zuidn. (28.23) 


Upon comparison with equation (28.17), it is seen that 
Sed T + sdy + nidu: = O, 
and at constant temperature this becomes [ cf. equation (26.15) ] 
sdy + Tnidut = O, (28.24) 


thus providing a relationship between the change in surface tension and the 
corresponding changes in the surface chemical potentials. Dividing through 
by s, the surface area, the result is 


ni s nz s 
dy + — dui + — dua + “++ O, 
or, replacing ni/s by Ti, n2/s by Ta, and so on, 
dy + Vidui + Tedp2 ... = 0, (28.25) 
where Ti, I's, .., are the excess surface concentrations“ of the various 


constituents of the system; these concentrations“ are really the excess 
amounts per unit area of surface. For a system of two components, e. g., 
a solution of a single solute, equation (28.25) becomes 


dy + Tidui + Todu = 0. (28.26) 


at constant temperature. 

If the system is in equilibrium, at constant temperature, pressure and 
surface area, the surface chemical potential of any constituent must always 
be equal to its chemical potential in the bulk phase, i.e., the solution, by 
equation (28.21). It is thus permissible to write equation (28.26) in the 
form 

dy + Tidui + Pdp: = O, (28.27) 
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where ui and ye refer to the chemical potentials in the solution. It will be 
recalled (§ 28d) that ni and nz, and hence Ti and Tz, depend upon the arbi- 
trary position chosen for the geometrical surface. In connection with the 
study of dilute solutions it is convenient to choose the surface so as to 
make TI zero; that is to say, the surface excess of constituent 1, the solvent, 
is made equal to zero. In these circumstances equation (28.27) becomes 


dy + Vedpe = 0 


pis 95 (28.28 
02 / Tr 


It will be seen later [equation (31.2) ] that the chemical potential ye of 
any constituent of a solution, e.g., the solute, may be represented by 
u? + RT In az, where n' is a constant for the substance at constant tempera- 
ture, and az is called the activity“ of the solute, the activity being an 
idealized concentration for free energy changes. Upon making the substitu- 
tion for uz, equation (28.28) becomes 


r= (27 
í RT \ðlnazjJr 


42 . 


For dilute solutions, az may be replaced by c, the concentration of the solute, 
so that 


oY 
2 = — -— — . 28.30 
i & ), ( ) 


The equations (28.28), (28.29) and (28.30) are forms of the Gibbs 
adsorption equation, first derived by J. Willard Gibbs (1878); it relates the 
surface excess of the solute to the variation of the surface tension of the 
solution with the concentration (or activity). If an increase in the concen- 
tration of the solute causes the surface tension of the solution to decrease, 
i.e., (dy/dc)r, is negative, Ta will be positive, by equation (28.30), so that 
there is an actual excess of solute in the surface; in other words, adsorption 
of the solute occurs under these conditions. If (ðy/ðc)r is positive, Tz is 
negative and there is a deficiency of the solute in the surface; this phenom- 
enon is referred to as negative adsorption. 


28g. Vapor Pressure and Solubility of Small Particles. Another effect of 
surface forces relates to the change in certain physical properties, e.g., vapor 
pressure and solubility, resulting from the difference in size of the particles of a 
solid or drops of a liquid. Consider, on the one hand, a spherical drop or particle 
of a pure substance, of radius r, in equilibrium with vapor at a pressure p. On 
the other hand, consider a flat surface of the same substance, the vapor pressure 
po differing from that of the small particles. The free energy change dF for the 
transfer of dn moles of substance from the flat surface to the spheres is equivalent 
to the transfer of this quantity from pressure po to pressure p, at constant tem- 
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perature. If the vapor behaves as an ideal gas, then by equation (25.25) 
dF = ank T In 55. (28.31) 
0 


The increase of free energy for the process under consideration is to be attributed 
to the fact that the addition of material to the small drops causes an appreciable 
increase in the surface area, whereas for the flat surface the accompanying decrease 
is negligible. The increase of free energy for a change ds in the surface area is 
equal to yds, where y is the surface tension; hence it is possible to write equation 
(28.31) as 


dnRT In 5. = yds. (28.32) 
0 


If V is the molar volume of the substance under consideration, and the spher- 
ical drop of radius r contains n moles, then 


nV = $rr’, 
and upon differentiation it is found that 
2 
An a ae (28.33) 
The surface area s of the drop is equal to 4rr?, and hence 
ds = 8nrdr. (28.34) 
Consequently, by combining equations (28.32), (28.33) and (28.34), it is seen that 
Rin E = 2%". (28.35) 
Po r 


The vapor pressure of the spherical drops or particles is thus greater than that of the 
flat surface, the proportion increasing as the radius of the particles decreases. 
The higher vapor pressure of small drops or particles accounts for their tendency 
to disappear by distillation“ on to larger particles. Large drops or particles 
thus tend to grow at the expense of smaller ones. If the vapor does not behave 
ideally, equation (28.35) is not exact; as will be evident from the next chapter, the 
correct form is obtained by using the “fugacity” in place of the vapor pressure. 


Problem: The vapor pressure of a large (flat) body of water is 23.76 mm. at 
25° C. Calculate the vapor pressure of drops of 107-5 cm. radius. The surface 
tension of water may be taken as 72.0 dynes cm.~ and its molar volume is 18.0 
cc. mole“, 

If y is in dynes em. 1, V in cc. mole and r in cm., the right-hand side of 
equation (28.35) would be in ergs mole; hence, it is convenient to express 
R as 8.314 X 107 ergs deg. 1 mole- 1. Consequently, at 298.2° K, 


p 22 72.0 X 18.0 
23.76 10-5 
p = 24.01 mm. 


For particles in equilibrium with a saturated solution, the free energy of 
transfer from a flat surface, also in contact with its saturated solution, can be 


8.314 X 10’ X 2.303 X 298.2 log 
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expressed in terms of the concentrations of the solutions, at least for dilute solu- 
tions (cf. Chapter XV). In this case, equation (28.35) takes the form 


RT In Z = LL, (28.36) 
Co r 

where c and co represent the concentrations of saturated solutions in contact with 
small particles and a flat surface, e.g., large crystals, respectively. In this case 
-~y is the tension at the interface between the solid (or liquid) solute and the solu- 
tion. It is evident that fine particles can have an appreciably larger solubility 
than large crystals of the same substance. Strictly speaking, the activity of the 
solute should be used instead of the concentration in equation (28.36), but this 
refinement may be ignored for the present. 


EXERCISES 


1. The vapor pressures of carbon tetrachloride at several temperatures are 
as follows: 

t° 25° 35° 45° 55° C 

p 113.8 174.4 258.9 373.6 mm. 
Plot log p against 1/T and from the slope evaluate the mean heat of vaporization 
of carbon tetrachloride in the given range. 

2. From the results of the preceding exercise determine (approximately) the 
constant C in equation (27.16), and see how close the result is to that expected 
from Trouton’s law. Using the values of AH, and C just obtained estimate the 
normal boiling point of carbon tetrachloride. (The actual value is 76.8° C.) 

3. At its normal boiling point (77.15° C) the orthobaric densities of ethyl 
acetate are 0.828 (liquid) and 0.00323 (vapor) g. cc.~1. The rate of change of 
vapor pressure with temperature in the vicinity of the boiling point is 23.0 mm. 
deg... Calculate the heat of vaporization by (i) the Clapeyron equation, (ii) the 
Clapeyron-Clausius equation. 

4. Below its boiling point the variation of the vapor pressure of benzene with 
temperature is given by 

log p(mm.) = 7.2621 — — — — 1 


(Mathews, J. Am. Chem. Soc., 48, 562 (1926) ] from which the boiling point is 
found to be 80.20 C. The specific volume of benzene vapor at its boiling point at 
1 atm. is 356 ce. g. and that of the liquid is 1.2 cc. g. I. Calculate the heat of 
vaporization of benzene at this temperature and estimate the boiling point at 
77.0 cm. pressure. 

5. Use the equation for log p as a function of temperature in the preceding 
exercise to derive an expression for the variation of the heat of vaporization of 
benzene with temperature. (The vapor may be supposed to behave ideally.) 

6. Show that if 7,4 and Ts are the temperatures at which two liquids have the 
same vapor pressure, then by the Ramsay- Young rule, log Ta = log Tp + const.; 
the plot of lag TA against log TR should thus be linear. 

The vapor pressures of mesitylene at various temperatures are as follows: 


to 60° 80° 100° 120° C 
p 87.35 150.8 247.25 381.1 mm. 
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By means of these data and those given for carbon tetrachloride in Exercise 1, 
determine how closely the Ramsay-Young rule is obeyed. (Plot the vapor pres- 
sure as a function of temperature in each case, and determine the temperatures at 
which the two liquids have the vapor pressures 120, 240 and 360 mm., and then 
plot log TA against log TB.) 

7. At 110° C, dp/dT for water is 36.14 mm. deg. t; the orthobaric specific 
volumes are 1209 (vapor) and 1.05 (liquid) ec. g. 1. Calculate the heat of vapor- 
ization of water in cal. g. at 110° C. 

8. The mean heat capacity of water vapor in the range from 100° to 120° C 
is 0.479 cal. g.-!, and for liquid water it is 1.009 cal. g.-'. Taking the heat of 
vaporization of water as 539 cal. g.-! at 100° C, determine the approximate value 
at 110°C, and compare the result with that obtained in the preceding exercise. 

9. The melting point of benzene is found to increase from 5.50° to 5.78° C 
when the external pressure is increased by 100 atm. The heat of fusion of benzene 
is 30.48 cal. g.-'. What is the change of volume per gram accompanying the 
fusion of benzene? 

10. A liquid (mercury) normally boils at 357° C and its heat of vaporization is 
68 cal. g. 1. It is required to distil the liquid at 100° C; estimate the approximate 
pressure that would be used. 

11. The variation of the vapor pressure of solid iodine is given by 


3512.83 
T 


[Giauque, J. Am. Chem. Soc., 53, 507 (1931) J. The heat of sublimation at 25° C 
is 58.6 cal. g. 1, and the specific volume of the solid is 0.22 cc. gl. Estimate the 
molar volume of the vapor at its equilibrium pressure at 25° C, and compare with 
the ideal gas value. 

12. The heat of vaporization of chlorobenzene at its boiling point (132.0° C) 
is 73.4 cal. g.-!. Estimate the (approximate) pressure in cm. of mercury under 
which the liquid will boil at 130° C. Recalculate the result, taking V, — Vi as 
277.5 cc. g. at the normal boiling point. 

13. The true vapor pressure of ethyl acetate at 35° C is 59.0 mm. and its 
density is 0.788 g. cc.-!. Determine the change of vapor pressure resulting from 
the introduction of an inert gas at 2 atm. pressure. 

14. A hydrocarbon (n-heptane) is known to have a vapor pressure of 92 mm. 
at 40° C. Estimate its normal boiling point. (The experimental value is 98.5° C.) 

15. The normal boiling point of n-hexane is 69.0° C. Estimate its vapor 
pressure at 30° C. (The experimental value is 185 mm.) 

16. Dühring's rule has been found to apply to unsaturated solutions of a given 
solute, pure water being the reference liquid. An unsaturated solution of calcium 
chloride (30 g. per 100 g. solution) has a vapor pressure of 240 mm. at 75.7° C; 
pure water has this vapor pressure at 70.6° C. At what temperature will the 
given solution boil at 1 atm. pressure? 

17. Ramsay and Young (1886) found that in the vicinity of the boiling point 
the quantity T(dp/d ) is approximately constant for many liquids. Show that 
this is a consequence of the Ramsay-Young rule, and that it leads to the relation- 
ship AT = cTAP, where AT is the increase of boiling point for an increase AP in 
the external pressure; for liquids obeying Trouton’s rule, c should be approxi- 
mately constant and equal to 1.2 X 10 if AP isin mm. (Craft’s rule). Estimate 


log p(atm.) = — — 2.013 log T + 13.374 
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the boiling point of benzene at 77.0 cm. and compare the result with that obtained 
in Exercise 4. 

18. The vapor pressures of (a) solid, (b) liquid, hydrogen cyanide are given by 
[Perry and Porter, J. Am. Chem. Soc., 48, 299 (1926) J: 


(a) log p(mm.) = 9.33902 — 1864.8/T (from 243.7° to 258° K) 
(b) log p(mm.) = 7.74460 — 1453.06/7 (from 265° to 300.4° K). 


Calculate (i) the heat of sublimation, (ii) the heat of vaporization, (iii) the heat 
of fusion, (iv) the triple point temperature and pressure, (v) the normal boiling 
point. (Note that the latent heats are approximately constant in the given 
temperature ranges.) 

19. Calculate the difference in slope, in mm. deg. , between the vapor pressure 
curves of solid and liquid hydrogen cyanide at the triple point, using the data in 
the preceding exercise. 

20. Show that if the vapor behaves ideally, 


where p. and pi are the vapor pressures of solid and supercooled liquid, respec- 
tively, at the same temperature 7; AH, is the (mean) molar heat of fusion and 
7. is the melting point of the solid. Use the data in Exercise 10, Chapter X to 
calculate the mean heat of fusion of ice in the range from 0° to — 10° C. 

21. Give the complete derivation of equation (28.10). 

22. Give in full the derivation of an expression for the variation of a binary 
eutectic temperature, i. e., for a two-component system, with pressure. 

23. Prove the condition of equilibrium given by equation (28.19) which is 
used when surface forces must be taken into consideration. 

24. At appreciable concentrations, the variation of the surface tension y with 
concentration c of aqueous solutions of the lower fatty acids is given by 
y = A + B log c, where 4 is a constant for each acid and B is approximately the 
same for all the acids. Show that the extent of adsorption of a fatty acid at the 
surface of its aqueous solution is then roughly independent of the concentration 
of the solution and of the nature of the acid. Suggest a physical interpretation 
of this result. 


CHAPTER XII 
FUGACITY AND ACTIVITY 


29. FUGACITY or A SINGLE Gas 


29a. Definition of Fugacity. By utilizing the free energy function, G. N. 
Lewis (1901) introduced the concept of “fugacity,” which has proved of 
great value for representing the actual behavior of real gases, as distinct 
from the postulated behavior of ideal gases. It has been applied especially, 
as will be seen in § 32c, in the study of chemical equilibria involving gases 
at high pressures. The fugacity is chiefly employed in connection with gas 
mixtures, but the introductory treatment will be restricted to pure gases; 
at a later stage (§ 30b) it will be extended to systems consisting of mere than 
one component.! 

According to equation (25.24), for an infinitesimal, reversible stage of an 
isothermal change involving work of expansion only, 


dF = VadP. (29.7) 


If the system consists of 1 mole of an ideal gas, V may be replaced by RT/P, 


so that 


dF = ET = Rd In P, (29.2) 


where P is the pressure of the gas. For a gas which does not behave ideally, 
equation (29.2) will not hold, but a function f, known as the fugacity, may 
be (partially) defined in such a manner that the relationship 


dF = RTd\inf (29.3) 


is always satisfied, irrespective of whether the gas is ideal or not. Integra- 
tion of (29.3) at constant temperature gives 


F = RT Inf ＋ C, 29.4) 


where F is the molar free energy of the gas and f is its fugacity; the integra- 
tion constant C is dependent upon the temperature and the nature of the gas. 

Actually, equation (29.4) defines the ratio of the fugacities at two differ- 
ent pressures, i.e., the relative fugacity, at a given temperature. This may 
be seen by considering the definite integral of equation (29.3), viz., 


F, Pi = RT In =, (29.5) 


1 Lewis, Proc. Am. A cad. Arts Sci., 37, 49 (1901); Z. phys. Chem., 38, 205 (1901); G. N. 
I cwis and M. Randall, Thermodynamies and the Free Energy of Chemical Substances, 
1923, Chap. XVII. 
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where Fi and F: are the molar free energies of the gas in two states, i. e., 
pressures, at the same temperature, and fı and f: are the corresponding 
fugacities. The experimentally determinable quantity is the free energy 
difference F: — Fi (or AF), and this is seen by equation (29.5) to give the 
ratio of the fugacities fo/f:. In order to express the fugacity in any state, 
it is necessary therefore to assign it a specific value in a particular reference 
state. 

For an ideal gas the difference of molar free energy in two states at the 
same temperature is given by equation (25.25), which may be written as 


Fa — Vi = RT In 22, 


and comparison of this result with equation (29.5) shows that for an ideal 
gas the fugacity is proportional to the pressure. It is convenient to take 
the proportionality constant as unity, so that for an ideal gas f/P = 1, and 
the fugacity is always equal to the pressure. For a real gas, the fugacity 
and pressure are, in general, not proportional to one another, and f/P is not 
constant. As the pressure of the gas is decreased, however, the behavior 
approaches that for an ideal gas, and so the gas at very low pressure is chosen 
as the reference state and it is postulated that the ratio f/P of the fugacity 
to the pressure then approaches unity; thus, 

ee; 

eae’ 
or 


Poi as P — 0. 


It will be seen shortly that this postulate, which makes the fugacity of a real 
gas equal to its pressure at very low pressure, permits the evaluation of actual 
fugacities at various pressures. It may be mentioned that since gas pres- 
sures are usually expressed in atm., fugacities are recorded in the same units. 

29b. Determination of Fugacity: Graphical Method. For an ideal gas 
the fugacity is equal to the pressure at all pressures, but for a real gas this 
is only the case at very low pressures when it behaves ideally. To determine 
the fugacity of a gas at any pressure where it deviates from ideal behavior, 
the following procedure has been used. By combining equations (29.1) 
and (29.3), both of which apply to any gas, it follows that at constant 
temperature 


RTdìnf = VdP (29.6) 
or 
alaf) V. 
( ðP ) T N 


where V is the actual molar volume of the gas at the temperature 7 and 
pressure P. For an ideal gas the volume of 1 mole is RT/P, and for a real 
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gas the quantity a, which is a function of the temperature and pressure, 
may be defined by 


a= P — V. (29.8) 
Hence from equation (29.6), 


RTdinf = rvs — adP, 


dinf d ln P — 7 AP, 
192222 
din 5 pp P. 


If this result is integrated between a low, virtually zero, pressure and a given 
pressure P, at constant temperature, the 
result is i 


or 
E o 
Inf = n P — 5 Í adp, (29.9) 


since, as postulated above, f/P becomes 

equal to unity, and hence In (f/P) be- 

200 400 600 800 Atm. comes zero, at zero pressure.? To calcu- 

Pressure (P) late the fugacity, therefore, it is necessary 

Fid. 17. Determination of fugacity to plot a, derived from experimentally 

of nitrogen gas determined molar volumes of the gas at 

various pressures, against the pressure; 

the area under the curve between the pressures of zero and P gives the value 
of the integral in equation (29.9). 


Problem: Utilize the following data to calculate the fugacities of nitrogen gas 
at the various pressures at 0° C. 


P 50 100 200 400 800 1,000 atm. 
PV/RT 0.9846 0.9846 1.0365 1.2557 1.7959 2.0641 


It can be readily seen from equation (29.8), which defines a, that 


Since the PV/RT values for various P’s are given above, it is possible to derive 


2 Tunell, J. Phys. Chem., 35, 2885 (1931), has suggested that it would be preferable to 
define the fugacity by means of equation (29.9); the conditions f/P — 1 and f 0 as P — O 
then follow automatically. 
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the corresponding a/RT values; these may be plotted against P (Fig. 17),* and 
hence the integral of a/RT between zero and any pressure P may be evaluated 
graphically. By equation (29.9) this is equal to — ln (f/ P), and hence f/P and f 
can be determined; the results are given below. 


P a/RT Integral f/P f 
50 atm. 3.08 X 10-4 atm. —1 0.0206 0.979 48.95 atm. 
100 1.54 0.0320 0.967 96.7 
200 — 1.82 0.0288 0.971 194.2 
400 — 6.39 — 0.0596 1.061 424.4 
800 — 9.95 — 0.3980 1.489 1191 
1,000 — 10.64 — 0.6060 1.834 1834 


29c. Determination of Fugacity from Equation of State.—If F is the 
fugacity of a gas at pressure P, and f* is the value at a low pressure P*, then 
integration of equation (29.6) or (29.7) gives 


P 
in J. = f ver. (29.10) 


The variable of the integrand in equation (29.10) is now changed by inte- 
grating by parts; thus, 


P V V 
f VdP = Pv | — (" pay 
P v* v* 


* 
= PV — P*V* — Pd V, 
y* 
where V* is the molar volume corresponding to the low pressure P*. Since 
the gas then behaves almost ideally, it is permissible to replace P*V* by RT, 
and upon substituting the result in equation (29.10), it is seen that 


E gr (PY RT — Fav). 
f. RT 1 


Utilizing the postulate that / P approaches unity at low pressure, i. e., f*/P* 
is virtually unity, it follows that In (///) may be replaced by In (f/P*), 
that is, by In f — In P*; hence, 


Inf = ln P* + an (PY — RT — f Pav). (29.11) 
RT 


By means of an equation of state, it is possible to express P as a function of 
V, at constant temperature, and hence the integral in (29.11) can be 
evaluated analytically. 


* The shape of the curve at low pressures has been adjusted to the fact that a then 
tends to an approximately constant value (cf. § 29d). 
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The procedure may be illustrated by reference to a van der Waals gas, for 
which the equation of state is 
3 
V—b P?’ 
where a and b may be regarded as constants, independent of the pressure, that 


have been derived from experimental P-V data at the given temperature. By 
equation (29.12), 


P = (29.12) 


and hence 


Since V* is very large, V* — b may be replaced by V*, which is equal to RT/P*, 
and a/V* can be neglected; thus, 


á V —b a 
J Pay = ern f 
V -b 

RT 


It can be readily shown from the van der Waals equation (29.12) that 
RTb a 

V-b V?’ 

and combination of this result with equations (29.11) and (29.13) gives 


RT b 2a 
Dem o yab REV 
Consequently, the fugacity of a van der Waals gas at any pressure can be calcu- 
lated from the volume at that pressure, at the specified constant temperature, 
provided the van der Waals constants for the given gas are known. The values 
of a and b to be used here are those which have been derived from actual P-V 
measurements at the required temperature. Because of the incomplete quanti- 
tative nature of the van der Waals equation (cf. Chapter II), these will differ 
from one temperature to another; in any event they will not be identical with the 
tabulated a and b values, for the latter are usually based on the critical data (§ 5d). 
It is only when other information is lacking that these may be used to obtain an 
approximate indication of the fugacity. 


RT ìn 


+ RT In P* + F (29.13) 
PV RT = 


(29.14) 


The fugacities of oxygen at a number of pressures at 0° C have been 
calculated by G. N. Lewis and M. Randall? using equation (29.14); a was 
taken as 1.009 liter? atm. mole- and b as 2.64 X 107? liter mole“.* The 


Lewis and Randall, ref. 1, p. 196. 
* The conventional valucs of a and b for oxygen, derived from critical data, are 1.32 
and 3.12 X 10, respectively (sce Table I). 
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results are recorded in Table XX; the figures given under the heading Pia. 
are the pressures which an ideal gas would exert if it occupied the same 
volume as the actual gas at the given temperature. 


TABLE XX. FUGACITY OF OXYGEN AT 0° c 


P 7 Pua. JIP P/Pia. 
50 atm. 48.0 52.0 0.960 0.961 
100 92.5 108 0.925 0.929 
200 174 220 0.87 0.91 
400 338 381 0.85 1.05 
600 540 465 0.90 1.29 


Even though a and b are derived from actual P-V-T data, the fugacitics 
obtained from equation (29.14) may not be too reliable over a range of 
pressures because of the approximate nature of the van der Waals equation. 
By using a more exact equation of state, such as the Beattie-Bridgeman 
equation, better values for the fugacities can be obtained, but since this 
equation involves five empirical constants, in addition to R, the treatment 
is somewhat more complicated than that given above.‘ 

29d. Approximate Calculation of Fugacity.—It is an experimental fact, 
with which the van der Waals equation is in agreement (cf. Chapter II, 
Exercise 7), that at not too high pressures the value of PV for any gas is a 
linear function of its pressure at constant temperature; thus, 


PV = RT — AP, 
where A may be taken as constant at a given temperature. From this 
equation it is seen that a, defined by equation (29.8), is given by 


a= Ad, 


so that a is (approximately) constant over a range of pressures, provided 
they are not too high. Utilizing this result, equation (29.9) becomes 


Inf In ? — 17 
or 
m, ne 17 (29.15 


At moderate pressures f/P is not very different from unity (cf. Table XX), 
and so it is possible to make use of the fact that In x is approximately equal 
to x — 1 when x approaches unity; hence, equation (29.15) becomes 


7 aP 


P RT 


Maron and Turnbull, Ind. Eng. Chem., 33, 69, 246 (1941); see also, Brown, ibid., 33, 
1536 (1941); Maron and Turnbull, J. Am. Chem. Soc., 64, 44 (1942). 


256 FUGACITY AND ACTIVITY 20e 


Upon introducing the definition of a, it is seen that 


J = 5 (29.16) 


so that the approximate fugacity of the gas can be determined directly from 
its pressure and molar volume. This result may be put into another form 
of interest by introducing Pia., referred to above; this is equal to RT/ V, 
and hence, 


ink es 


It can be seen from Table XX that this relationship is approximately true 
for oxygen at 0° C up to pressures of about 100 atm., and so equation (29.16) 
may be utilized to give reasonable values of the fugacity at moderate pres- 
sures. For gases which depart from ideal behavior to a greater extent than 
does oxygen, however, equation (29.17), and hence (29.16), does not hold 
up to such high pressures, except at higher temperatures. 

It may be mentioned here that although the fugacities in Table XX are 
always less than the corresponding pressures, this is not always the case 
(ef. problem in § 29b). For hydrogen and helium, for example, even at 
moderate pressures, at ordinary temperatures, PV is greater than RT, and 
hence it is evident from equation (29.16) that the fugacity will then be 
greater than the pressure. The results obtained for hydrogen at 25° C are 
recorded in Table XXI.’ 


TABLE XXI. FUGACITY OF HYDROGEN Ar 25 
Pressure 25 50 100 200 500 1,000 atm. 
Fugacity 25.4 51.5 106.1 225.8 685 1,899 atm. 


29e. Generalized Method for Determining Fugacities.—The definition 
of a given by equation (29.8) may be written in an alternative form, viz., 


RT RT PV 
TER nE] 


The factor PV/RT is the compressibility factor x, considered in earlier 
sections (§§ 5i, 20e), so that 


a = (1 9. 


If this is inserted in equation (29.9), it follows that 


P 


5 Deming and Shupe, Phys. Rev., 40, 848 (1932); see also, idem., ibid., 37, 638 (1931); 
38, 2245 (1931); 56, 108 (1939). 


Pk— 1 
inf =InP + Í dP, (29.18) 
0 
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Fig. 18. Generalised fugacity curves 
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or, replacing the P terms in the integral by the corresponding reduced 
pressure 7, 


In 7 8 * ä (29.19) 


x being equal to P/ P., where P. is the critical pressure of the gas. 

It was seen in & 5i that at a given reduced temperature and pressure the 
compressibility factors x of all gases are approximately equal; hence equa- 
tion (29.19) is a generalized expression which may be plotted graphically on 
a chart so as to give the value of In (f/P), or of f/P itself, for any gas in 
terms of the reduced temperature and pressure. In constructing the chart 
the values of & are derived from Fig. 4, and the integral in equation (29.19) 
is evaluated graphically. An example of such a chart is given in Fig. 18 
in which f/P is plotted as ordinate with the reduced pressure * as the 
abscissa and the reduced temperature 0 as the parameter. For reasons 
which will be understood later (§ 30b), the ratio of the fugacity of the gas 
to its pressure, i. e., /P, is called the activity coefficient of the gas at the 
given pressure. 


Problem: Utilize Fig. 18 to estimate the fugacity of nitrogen gas at 0° C and 
pressures of 50, 100, 200 and 400 atm. 

Since 7. for nitrogen is 126° K, it follows that @ is 273/126 = 2.17; P. is 33.5 
atm., and the respective values of x are given below. By utilizing these results, 
the following data for f/P are obtained from Fig. 18, and hence the f’s can be 
calculated. 


P T f/P f 
50 atm. 1.5 0.98 49 atm. 
100 3.0 0.97 97 
200 6.0 0.98 196 
400 12 1.07 428 


(The results are seen to be in very good agreement with those obtained by the 
accurate procedure based on P-V data in the problem in § 29b.) 


29f. Variation of Fugacity with Temperature and Pressure. For two 
states of a gas in which the molar free energies are F and F“, and the corre- 
sponding fugacities are f and f*, equation (29.5) becomes 


F — F* = RT nk, (29.20) 


where F* and f* refer to a very low pressure when the gas behaves almost 
ideally. Upon dividing through equation (29.20) by 7, and rearranging, 


* Newton, Ind. Eng. Chem., 27, 302 (1935); see also, Selheimer, Souders, Smith and 
Brown, tbid., 24, 515 (1932); Lewis and Luke, ibid., 25, 725 (1933); Lewis, ibid., 28, 257 
(1936); for a nomograph applicable below the critical point, see Thomson, ibid., 35, 895 
(1943). 
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the result is 


By equation (25.28), 


ES E 
oT le. 72 


and so it is readily found by differentiation of equation (29.21) with respect 
to temperature, at constant pressure, that 


o Inf _ H*— H 
( aT ), KT ee) 


since f* is equal to the gas pressure at very low pressures and hence is inde- 
pendent of temperature. In this expression H is the molar heat content of 
the gas at the given pressure P, and H“ is the value at a very low, 1.e., zero, 
pressure; hence, H* — H is the increase of heat content accompanying the 
expansion of the gas to zero pressure from the pressure P, at constant tem- 
perature. This is, in fact, the quantity discussed in § 20e, so that the results 
in Fig. 14 may be utilized to calculate the change in the fugacity of a gas 
with temperature, at constant pressure. In a sense, Fig. 18 already includes 
the variation of fugacity with temperature, but more reliable values may 
be obtained from Fig. 14 if the fugacity is known accurately at one tempera- 
ture. However, because of the variation of H* — H itself with temperature, 
the direct use of equation (29.22), in conjunction with Fig. 14, is not simple. 


The temperature dependence of fugacity may be related to the Joule-Thomson 
coefficient ui. T. of the gas. Since (0///0P)r is equal to — u. r. Cy [equa- 


tion (11.5) J, 
P 79H P 
H* — H =— (5) dP = ur. T. Cyd P, (29.23) 
o \OP/r $ 


the low pressure, for which H* applies, being taken as zero, and combination of 
this result with equation (29.22) gives 


ð In 0 1 E 
~) =a] . r. CrdP. (29.24) 
( aT Je ~ RTJ, 


As a first approximation, Cp may be treated as independent of the pressure, and 
if Nu. T. is expressed as a function of the pressure, it is possible to carry out the 
integration in equation (29.24); alternatively, the integral may be evaluated 
graphically. It is thus possible to determine the variation of the fugacity with 
temperature. 


The influence of pressure on the fugacity of a gas at constant temperature 
is given by equation (29.7) which has been used in connection with the 
determination of fugacities. It is consequently unnecessary to discuss this 
expression further. 
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29g. Fugacity of Solids and Liquids. Every solid or liquid may be re- 
garded as having a definite vapor pressure at a given temperature; although 
this vapor pressure may be extremely small for so-called nonvolatile sub- 
stances, there is, nevertheless, always a definite pressure at which a solid 
or liquid is in equilibrium with its vapor, at constant temperature. Since 
the system is in equilibrium, the molar free energy of the liquid (or solid) 
must be the same as that of the vapor (§ 27a). It follows, therefore, from 
equation (29.4), that the fugacity of the liquid (or solid) will be equal to 
that of the vapor with which it is in equilibrium provided, of course, that 
the reference state is taken to be the same in each case. If the pressure of 
the vapor is not too high, its fugacity will be equal to the vapor pressure; 
hence the fugacity of a liquid (or solid) is measured, approximately, by its vapor 
pressure. This rule is frequently employed, although it is not exact. If the 
vapor pressure is high enough for departure from ideal behavior to be con- 
siderable, the fugacity may be derived by means of equation (29.16). 


Problem: The vapor pressure of liquid chlorine is 3.66 atm. at 0° C, and the 
molar volume of the vapor under these conditions is 6.01 liters mole- 1. Calculate 
the fugacity of liquid chlorine at 0° C. 


The fugacity of the liquid is equal to that of the vapor at 0° C and 3.66 atm., 
with V equal to 6.01 liters mole; hence, by equation (29.16), with 7 equal to 
273° K and R as 0.0820 liter-atm. deg.—! mole™, it follows that 


_ (3.66)? X 6.01 


Í = 0.082 x 273 3˙59 atm. 


The fugacity of liquid chlorine is thus 3.59 atm. at 0° C, which is somewhat less 
than its vapor pressure. 


The variation of the fugacity of a solid or liquid with pressure or tem- 
perature is expressed by equations similar to those applicable to gases. 
Since equations (29.1) and (29.3), the latter partially defining the fugacity, 
will hold for solid, liquid or gaseous substances, the result obtained by 
combining them, viz., equation (29.7), gives the effect of pressure on the 
fugacity at constant temperature in each case. It should be noted, however, 
that V refers to the molar volume of the particular phase under consideration, 
since this is its significance in equation (29.1). 

By following the procedure given in § 29f, with f representing the 
fugacity of pure liquid or solid, an equation exactly analogous to (29.22) is 
obtained for the variation of the fugacity with temperature at constant 
pressure. As before, H“ is the molar heat content of the gas, i.e., vapor, at 
low pressure, but H is now the molar heat content of the pure liquid or solid 
at the pressure P. The difference H* — H has been called the ideal heat 
of vaporization, for it is the heat absorbed, per mole, when a very small 
quantity of liquid or solid vapurizes into a vacuum. The pressure of the 
vapor is not the equilibrium value, but rather an extremely small pressure 
where it behaves as an ideal gas. 
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30. MIXTURES OF GASES 


30a. Mixture of Ideal Gases.—In the thermodynamic study of mixtures 
of gases it is necessary to utilize the partial molar free energy, i.e., the 
chemical potential, in place of the free energy. The treatment may be 
introduced by considering, first, a system consisting of a mixture of ideal 
gases. According to equation (26.28), the variation with total pressure P 
of the chemical potential u; of any constituent i in a mixture of ideal gases, 
can be expressed in the form 


du; = RT Č- = RTd ln P (30.1) 


at constant temperature and composition. Since n; and n are constant, 
it follows from equation (5.6) that d ln p; = dln P; hence, in a given mix- 
ture of ideal gases at constant temperature, 


du, = RTd ln p.. (30.2) 
Upon integration this gives 


A. = p* 4- RT ln Pi, (30.3) 


where * is the integration constant, the value of which depends on the 
nature of the gas, and also on the temperature. It will be seen from equation 
(30.3) that u* is the chemical potential of the gas i, at the given temperature, 
when its partial pressure p; is unity. According to equation (30.3), the 
chemical potential of any constituent of a mixture of ideal gases is deter- 
mined by its partial pressure in the mixture. 

The partial pressure p; of an ideal gas is related to its concentration c; 
in the mixture by p. = RT c; (S 5b), and if this is introduced into equation 
(30.3) the result is 

u: = (A* + RT In RT) + RT In c. 
= u + RT Inc, (30.4) 


where u* for the given gas is also dependent on the temperature. 

Another possibility is to express p; as N:P, where N. is the mole fraction 
of the gas ï in the mixture and P is the total pressure [equation (5.8) J. 
Insertion of N for p; in equation (30.3) then gives 


t = (* + RT ln P) + RT In N. 
= un + RT In N,, (30.5) 


where the quantity yx now depends on both temperature and the total pressure. 
30b. Mixtures of Real Gases.—For a mixture of real gases, the fore- 
going results are no longer applicable, but the introduction of the fugacity 
concept rectifies the situation. By comparison of equation (29.3) with 
(30.2), it is possible to write for a constituent 7 of a mixture of nonideal gases, 

at constant temperature, 
du: = RTd ln f;, (30.6) 
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where f: is the fugacity of the gas i in the given mixture. Upon integration, 
the result, analogous to equation (29.4) for a single gas, is 


ut = u + RT In f., (30.7) 


where the integration constant u* depends on the nature of the gas and the 
temperature of the system. The equation (30.7) partially defines the 
fugacity in a mixture, and in order to complete the definition it is necessary 
to specify the reference state. Comparison of equations (30.3) and (30.7) 
shows that, as for a single gas (§ 29a), the fugacity of an ideal gas in a mixture 
is proportional to its partial pressure, and, as before, the proportionality 
constant is chosen as unity, so that f:/p: is equal to unity, i.e., the fugacity 
and partial pressure are taken to be identical, at all pressures. For a real 
gas, the reference state is taken as the system at a very low total pressure, and 
it is postulated that f;/p: approaches unity as the total pressure of the mixture 
approaches zero. On the basis of this postulate, the constant * in equation 
(30.7) becomes equivalent to that in (80.3), and it may be regarded either 
as the chemical potential of a real gas when its fugacity in the mixture is 
unity [equation (30.7) ], or as the chemical potential of the same gas if it 
behaved ideally at unit (1 atm.) partial pressure [equation (30.3) J, at the 
same temperature. 

For certain purposes, it is useful to employ a different procedure to 
express the chemical potential of a real gas in a mixture; thus, equation 
(30.3), for an ideal gas, is modified so as to take the form 


ui = po + RT In di (30.8) 


where a; is called the activity of the given gas in the mixture, and u' is an 
arbitrary constant. This equation may be taken as partially defining the 
activity of any constituent of a mixture, the complete definition requiring 
specification of the condition which determines p°. 

Since u and u are both constants for a given substance at a specified 
temperature, it is evident from equations (30.7) and (30.8) that the activity 
is proportional to the fugacity, the actual value depending on the arbitrary 
choice of the proportionality constant. This conclusion is of general ap- 
plicability, as will be seen later. 

According to equation (30.8), u' is the chemical potential of the gas i 
when its activity a; is unity, but as the value of u? can be chosen arbitrarily, 
the condition of unit activity is also arbitrary. The state of unit activity is 
called the standard state, und there is some freedom in its choice (§ 37a); 
however, in practice there ure certain states that are more convenient than 
others in this connection. For a gaseous system it is advantageous to choose 
the standard state of unit activity as that in which the fugacity of the gas is unity, 
at the given temperature. In other words, the standard state is that of the 
gas behaving ideally at unit (1 atm.) pressure, i.e., the gas at unit fugacity. 
This particular choice makes u in equation (30.8) identical with “ in 
(30.7), for the latter gives the chemical potential of the gas under consider- 
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ation in the state of unit fugacity. It is then possible to write equation 
(30.8) in the form l 


ui = u* + RT ln apuy (30.9) 


where %% is the activity of the constituent 7 on the basis of the proposed 
standard state. 

Since the actual chemical potential n: must have a definite value, irre- 
spective of any choice of standard state, it follows that equations (30.7) and 
(30.9) must be identical. As already seen, the constants are made equal by 
the particular standard state chosen, and so the activity apa) of the given gas 
tn the mixture must be equal to its fugacity f: in that system. It should be 
clearly understood, however, that this coincidence of fugacity and activity 
is a consequence of the particular standard state defined above. It makes 
the arbitrary proportionality constant, which relates the activity to the 
fugacity, equal to unity. The two quantities are then expressed in terms of 
the same units, e.g., atm. 

In an ideal gas mixture, ap should be equal to the partial pressure p., 
since the latter is then identical with the fugacity; the ratio @pa)/p:, or the 
equivalent quantity f:/p:, may be taken as a measure of the approach to 
ideality. This dimensionless ratio, which tends to unity as the gas ap- 
proaches ideal behavior, i.e., at very low total pressure, is called the activity 
coefficient, and is represented by the symbol yp. Thus, omitting the sub- 
script i to avoid the multiplicity of symbols, equation (30.9), for any con- 
stituent of a mixture of gases, may be written as 


w= p* + RT In yp, (30.10) 


where p is the partial pressure of the given constituent. For the present 
purpose the partial pressure may be defined, as indicated in § 5i, by equation 
(5.8), i. e., p: = NP, where N, is the mole fraction of the gas and P is the 
total pressure of the mixture. 

The standard state chosen in the foregoing is a hypothetical one, viz,. 
an actual gas behaving ideally at 1 atm. pressure, which may be difficult to 
comprehend. Its use may be avoided, however, by means of a reference 
state which leads to exactly the same results. The reference state chosen 
is identical with that employed in connection with fugacity, namely, the gas 
at very low total pressure of the mixture. It is then postulated that the 
ratio of the activity of any gas to its partial pressure becomes unity in the refer- 
ence state, i.e., Ap(i)/pi approaches unity as the total pressure becomes very 
small. It will be evident that this postulate makes the activity of a gas in 
a mixture identical with its fugacity, just as does the standard state pro- 
posed above. 

In some cases the standard state is chosen as the ideal gas at unit molar 
concentration, and the chemical potential is expressed as 


u: = pe + RT In an); (30.11) 
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where ue is the chemical potential the gas i would have if it behaved ideally 
at unit concentration. This is equivalent to postulating that the ratio 
Qeti /c: of the activity to the molar concentration becomes unity in the reference 
state of low total pressure. t With this choice of standard state, uF of equation 
(30.4) is identical with u? of equation (30.11), and hence 


pe = už = u* + RT In RT, 
so that equation (30.11) becomes 
ut = u + RT In RT + RT In deo. (30.12) 
Comparison of this result with equation (30.9) shows that 
RT In RT + RT Ina = RT in ap = RT ln f., 


and so, omitting the subscripts i for simplicity, 


5 ö 
do RT R T (30.13) 
It is seen that the proportionality constant which relates the activity to the 
fugacity of a given gas is now equal to 1/RT. 

The activity coefficient y. in the present case is defined by a./c; this also 
approaches unity as the gas approximates to ideal behavior, i.e., at very low 
total pressure, but it is not equal to yp. By equation (30.13) 


de f 
5 30.14 
. c Te ( ) 
and, as seen above, 
Ap f 
yp = P =t (30.15 
eS ) 


but p for a nonideal gas is not equal to RT, and so the two activity coeffi- 
cients will not be identical, although they will approach one another, and 
unity, as the gas pressure is diminished. 

30c. Variation of Fugacity with Pressure.—The expressions for the varia- 
tion with pressure and temperature of the fugacity of a gas in a mixture are 
similar to those previously obtained for a pure gas [cf. equations (29.7) and 
(29.22) J. Since * of a gas depends only on the temperature, differentiation 
of equation (30.7) with respect to the total pressure, at constant temperature 
and composition of the gas mixture, f gives 


On; amf) , 
— = e 1 
(25) RT ( IP Jen (30.16) 


t It will be observed that whereas the standard state is that in which the defined 
activity is unity, the corresponding reference state is that in which the defincd activity 
coefficient is unity. 


t As in § 26a, the subscript N is used to imply constant composition. 
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Hence, by equation (26.26), i.e., (on, / P) z. N = P., where P. is the partial 
molar volume of the gas ¢ in the given mixture, it follows that 


( ð inf ) a (30.17) 


When the standard state is chosen so as to make the activity of a gas equal 
to its fugacity, as explained above, this expression also gives the variation of 
the activity with the total pressure. 

To determine the dependence of the activity coefficient yp of a gas in a 
mixture on the pressure, equation (30.15) is written in the logarithmic form, 


In yp = Inf; — ln p; 
= ln f; — InP In N; 


the defined partial pressure p; being replaced by the product of the mole 
fraction N; and the total pressure P. Upon differentiating with respect to P 
it is seen that, at constant temperature and composition, 


ð In yp eln. a) 
(Pe), - () , (I), G01 


the mole fraction N; being independent of the pressure. Upon introducing 
equation (80.17), it follows from (30.18) that 


(222) „„ a a (30.19) 
. N i 


where Vr, equal to RT/P, is the molar volume of the pure gag i at the total 
pressure P of the mixture on the supposition that it behaves ideally. 

For an ideal gas the activity coefficient yp is unity at all pressures, and 
hence, by equation (30.19), V; — FV is always zero, so that P. is equal to Vf. 
Further, YF is now identical with the actual molar volume V; of the gas, 
since the latter is supposed to be ideal. It follows, therefore, that the par- 
tial molar volume P. of a gas in a mixture of ideal gases is equal to its molar 
volume V; in the pure state, at the same temperature and (total) pressure. 

The total volume V of a mixture of gases, at constant temperature, 
pressure and composition, is given by equation (26.6) as 


V = mV + n: Hot nV: tn, 


where 71, uz, „ Ni, . . ., are the numbers of moles of the various gases 
whose partial molar volumes in the given mixture are Ji, Vo, ..., P., , 
respectively. As seen above, if all the gases are ideal, the partial molar 
volume of each is equal to its molar volume at the same temperature and 
pressure, so that 


V = mVi+ naV teet nV te, 


where Vi, Vz, ., Vs, . .., are the molar volumes of the constituent gases 
in the pure state. The right-hand side of this expression is, incidentally, 
also equal to the sum of the volumes of the individual gases before mixing. 
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It is seen, therefore, that there would be no volume change upon mixing a 
number of ideal gases. For real gases, Ñ; is, in general, not equal to V., 
and hence the total volume of the mixture will usually differ from the sum 
of volumes of the separate gases, and mixing will be accompanied by a 
change of volume (cf., however, § 5k). 

30d. Variation of Fugacity with Temperature.—If equation (30.7) is 
divided through by T and rearranged, the result is 


Making use of equation (26.25), it is found upon differentiation with respect 
to temperature, at constant pressure and composition, that 


o In fi a Ht == H. 
( oT 55 =~ RP ’ eon 


where H. is the partial molar heat content of the constituent i in the mixture, 
at the given temperature and pressure. As stated in § 30b, “ is equivalent 
to the chemical potential of the gas if it behaved ideally at a pressure of 
1 atm.; hence Hf refers to the partial molar heat content under these condi- 
tions. It will be shown below that for an ideal gas in a mixture the partial 
molar heat content is equal to the molar heat content of the pure gas at the 
same temperature. It is consequently permissible to replace Až in equation 
(30.20) by H*, where the latter is the molar heat content of the pure gas 17 
at very low pressures when it behaves ideally, i.e., in the reference state; 
hence the equation for the variation of fugacity with temperature may be 


written 5 
ð In f, _ AT - i, 
(r ha ae 60 20 


This equation also gives the dependence of the activity a, on the temperature, 
since this activity is equal to the fugacity. Further, since a, is equal to 
p, Where yp is the activity coefficient, the same equation represents the 
variation of the activity coefficient with temperature, p being constant. 

Since equation (30.20), like (30.21), also represents the variation with 
temperature of the activity coefficient of a gas in a mixture, it follows that 
for an ideal gas H¥ H. is constant, and consequently H. is equal to H; 
at all pressures. By utilizing exactly similar arguments to those employed 
in § 30c when considering the volume of a mixture of ideal gases, it can be 
shown that the partial molar heat content H. of any gas in a mixture of ideal 
gases is equal to its molar heat content H; in the pure state at the same 
temperature. It is unnecessary to specify the pressure because the molar 
heat content of an ideal gas is independent of the pressure (§ 9e). Since . 
for an ideal gas is identical with H,, it follows that the total heat content of 
a mixture of ideal gases is equal to the sum of the heat contents of the indi- 
vidual gases, and there is consequently no heat change upon mixing, at 
constant temperature. 
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30e. Determination of Fugacity in Gas Mixtures: The Lewis-Randall Rule.—- 
The principle involved in the determination of the fugacity of a gas in a mixture 
is analogous to that developed in § 29b for a pure gas. According to equation 
(30.17), at constant temperature and composition, 


Rd In f. = V.dP, 


and if a quantity a;, which is a function of the temperature, total pressure and 
composition of the mixture, is defined for the gas i by 


RT 
=? 


where P is the total pressure, it is readily found that 


ay 


ae P., (30.22) 


M 
d ln j. = dln P 5 dP. 


Upon integration, at constant temperature and composition, between the limits 
of the very low total pressure P“ and the appreciable pressure P, it is seen that 


1 fP 
1 7 eis 5 — 557 f o,dP. (30.23) 
4 * 


The partial pressure pf of the gas is equal to N. P“, where N, is the mole fraction 
of the gas in the given mixture; hence, equation (30.23) becomes 


i P 1 j 
Ings -in . +n — NT.. a dP 


* 
or 


l l in P + In È -L [7 aap 
nf; = n N. + in ruf pp fo ` 


If the low pressure P“ may be taken as virtually zero, fř/př is then unity, as 
postulated in & 30b, and hence In (F/ p,) is zero, so that 


1 P 
Iny. = lIn N; ＋ In P — at | a.dP. (30.24) 


If P-V data are available for the gas mixture, it is possible to determine the 
partial molar volume PV. of any constituent (see Chapter XVIII), and hence a; 
at various total pressures may be calculated from equation (30.22). The integral 
in equation (30.24) can thus be evaluated graphically, and hence the fugacity f; 
of the gas whose mole fraction is N; in the given mixture, at the total pressure P, 
can be determined.’ 


There is an interesting modification of equation (30.24) possible in the 
special case in which there is no volume change when the gases are mixed at 
constant temperature, at all pressures. In this event, the partial molar 
volume P. of each gas in the mixture must be equal to its molar volume. 

7 Gibson and Sosnick, J. Am. Chem. Soc., 49, 2172 (1927); see also, Gillespie, ibid., 47, 
305, 3106 (1925); 48, 28 (1926); Lurie and Gillespie, tbid., 49, 1146 (1927); Gillespie, Chem. 
Rev., 18, 359 (1936). 
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The last two terms in equation (30.24) are then equivalent to the fugacity 
Ji of the pure gas i at the total pressure P of the mixture [cf. equation (29.9) J. 
It follows, therefore, that 


In f; x In Ni + In fi 
or 


The fugacity of a gas in a mixture would then be equal to the product of its mole 
fraction in the mixture and its fugacity in the pure state at the total pressure of 
the mixture. This rule was proposed from general considerations by G. N. 
Lewis and M. Randall (1923). It follows from the arguments presented 
above that it can apply only to a mixture of gases which is formed without 
a volume change, sometimes called an ideal mixture, not necessarily con- 
sisting of ideal gases. Although the formation of gas mixtures is often 
accompanied by a volume change, the rule represented by equation (30.25) 
is frequently used, on account of its simplicity, to give an approximate indi- 
cation of the fugacity of a gas in a mixture (cf. § 32c). Actual determina- 
tions of fugacities have shown that the Lewis-Randall rule holds with a fair 
degree of accuracy at pressures up to about 100 atm. for a number of 
common gases.“ 


31. Liquip MIXTURES 


3la. Fugacity in Liquid Mixtures.—The fugacity of a constituent of a 
liquid mixture may be expressed in terms of the fugacity of the vapor of that 
constituent in equilibrium with the mixture, just as was seen to be the case 
for a pure liquid or solid (§ 29g). Since the chemical potential of a given 
substance must be the same in all phases at equilibrium, at constant tem- 
perature, it follows that the fugacities must be equal, provided the same 
reference state, namely the vapor at very low pressures, is used in each case. 
If the vapor pressures are not too high, the vapor may be regarded as be- 
having ideally, and so the fugacity of any constituent of a mixture is ap- 
proximately equal to its partial vapor pressure in equilibrium with the 
mixture; this approximation is frequently employed, especially for vapor 
pressures of the order of 1 atm. or less. 

The equations derived in §§ 30c, 30d thus also give the variation with 
pressure and temperature of the fugacity of a constituent of a liquid (or 
solid) solution. In equation (30.17), V; is now the partial molar volume 
of the particular constituent in the solution, and in (30.21), H. is the corre- 
sponding partial molar heat content. The numerator Hf — H. thus repre- 
sents the change in heat content, per mole, when the constituent is vaporized 
from the solution into a vacuum (cf. § 29g), and so it is the ideal“ heat of 
vaporization of the constituent i from the given solution, at the specified 
temperature and total pressure. 

s G. N. Lewis and M. Randall, ref. 1, pp. 225-227; see also, papers mentioned in ref. 7, 


and Merz and Whittaker, J. Am. Chem. Soc., 50, 1522 (1928); Krichevsky, ibid., 59, 2733 
(1937). 
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31b. Activities and Activity Coefficients in Liquid Solutions.—Since the 
chemical potential of any constituent of a liquid solution must be equal to 
that of the vapor in equilibrium with it, it follows from equation (30.7) that 


wi = ue + RT Inf; (31.1) 


is the general expression for the chemical potential of any constituent of a 
solution. Alternatively, this quantity may be stated in terms of the activity 
by means of the equation 


ut = u + RT In a,, (31.2) 


where a; is the activity in the given solution, and u' is the chemical potential 
when the activity of t is unity. Comparison of equations (31.1) and (31.2) 
shows, in agreement with the statement made in § 30b, that the activity of 
the constituent 7 of the given solution is proportional to its fugacity in that 
solution. The actual value of the activity, and of the proportionality con- 
stant relating it to the fugacity, depends upon the choice of the standard 
state of unit activity. 

For dilute solutions the best choice of standard state for the solute is 
different from that adopted here (see § 37b, III), but for the solvent in 
dilute solutions and for all constituents of solutions of completely miscible, 
or almost completely miscible, liquids, the standard state of unit activity 
is usually selected as that of the pure liquid at the same temperature and 1 atm. 
pressure. The activity scale is chosen, therefore, so as to make the activity 
of any constituent of a mixture equal to unity for that substance in the pure 
liquid state at 1 atm. pressure. According to the postulated standard state, 
the value of ' for a given liquid depends only on the temperature and is 
independent of the pressure. 

The standard state described above is equivalent to choosing the pure 
liquid form of any constituent at 1 atm. as the reference state in which the 
activity is equal to its mole fraction, i.e., unity. Thus, at 1 atm. pressure, 
the ratio of the activity a; to the mole fraction N,, i. e., a;/N;, tends to unity 
as the pure liquid state is approached. Except for an ideal solution (ef. 
§ 34a) at atmospheric pressure, the ratio a;/N;, which defines the activity 
coefficient Yy of 7 in the given solution, varies with the composition and may 
differ from unity. In general, the activity a; may be stated as the product 
of the activity coefficient and the mole fraction of the particular constituent, 
1.€., YNNi. 

The chemical potential of a pure liquid at a given temperature and 1 atm. 
pressure, i. e., u', can be expressed by means of equation (31.1) as 


u? = u + RT inf?, : (31.3) 


where f? is the fugacity of the pure liquid in its standard state at the specified 
temperature. If this result is inserted into equation (31.2), it is seen that 


n; = u + RT Inf? + RT In a,, (31.4) 
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and comparison with equation (31.1) yields 
Si 
a= >, 31.5 


which may be taken as an alternative definition of the activity. It is seen 
that the proportionality constant relating the activity to the fugacity of a 
constituent of a liquid mixture is 1/f?, where f? is numerically equal to the 
fugacity of the pure liquid at 1 atm. pressure, at the temperature of the 
mixture. 

31c. Variation of Activity in Liquid Mixtures with Temperature and 
Pressure.—If equation (31.2) is divided through by T, it is found upon 
rearrangement that 


and hence, upon differentiation with respect to temperature, at constant 
pressure and composition, utilizing equation (26.25), the result is 


ð In a; H — A; 
* = —__* (31.6)* 
( oT 0 RT? ol) 


where H. is the partial molar heat content of the constituent i in the given 
solution, and H:, written in place of H to which it is equivalent, is its molar 
heat content in the pure state at 1 atm. pressure, since ' is the chemical 
potential of the pure liquid i at this pressure. It will be seen later that 
for an ideal solution the partial molar heat content is equal to the molar heat 
content (cf. also § 30d), so that H. and H? are identical. In these circum- 
stances, the activity at constant composition and pressure, is independent 
of the temperature. 

It should be noted that equation (31.6) also gives the variation of the 
activity coefficient Yn with temperature. This follows from the definition of 
Yn AS a;/Ni; since N., the mole fraction of the given constituent, is constant, 
the variation of the activity coefficient with temperature will be exactly the 
same as that of the activity at constant composition and pressure. 

Upon differentiating equation (31.2) with respect to pressure, at con- 
stant temperature and composition, and utilizing equation (26.6), i. e., 
(o/ P) r. Nx P., it follows that 


dina) 2 (au) _ Pi 
( ðP Jaw 7 BE( GE) a RT’ (31:727 


where P. is the partial molar volume of the constituent 7 in the solution. It 
should be noted that since a pressure of 1 atm. was specified in the definition 
of the standard state, u“ is independent of pressure, as indicated earlier, 
and hence (0n°/0P)r is zero. In accordance with the remarks made above, 


* The same result can be obtained directly from equations (30.21) and (31.5). 
t This result can also be obtained from equations (30.17) and (31.5). 
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equation (31.7) also gives the variation of the activity coefficient Yn with 
pressure. 

Further reference to activities and activity coefficients in connection 
with the properties of various solutions will be made in later sections. 
Sufficient, however, has been given here for the present purpose, which is 
the application of the concept of activity to the study of chemical equi- 
librium to be taken up in the next chapter. 


EXERCISES 


1. Utilize the following data for 0° C to calculate the fugacity of carbon 
monoxide at 50, 100, 400 and 1,000 atm. by graphical integration based on 
equation (29.9): 


P 25 50 100 200 400 800 1000 atm. 
PV/RT 0.9890 0.9792 0.9741 1.0196 1.2482 1.8057 2.0819 


(Bartlett, J. Am. Chem. Soc., 52, 1374 (1932)]. Compare the results with those 
given by the approximate rule applicable at low pressures. 

2. Using the PV/RT values for 50 atm. and 400 atm. given in Exercise 1, 
calculate the van der Waals a and 6 for carbon monoxide. From these determine 
the fugacities at the various pressures and compare the results with those obtained 
in the preceding exercise. 

3. Show that at moderate and low pressures (and moderate temperatures) 
f/P of a pure gas is approximately equal to its compressibility factor (x). Verify 
this for x equal to 2 and values of @ of 1.20 or more by means of Figs. 4 and 18. 

4. The compressibility of a gas may be represented by 


PV/RT =A + BP + CP? + DP3, 


where A, B, C, D are functions of the temperature; hence, derive an expression 
for the fugacity as a function of the pressure at a given temperature. For nitrogen 
at 0° C, A is 1.000, Bis — 5.314 X 10-4, C is 4.276 X 10-* and Dis — 3.292 X 10 
with P in atm. up to 400 atm. [Bartlett, J. Am. Chem. Soc., 49, 687 (1927) ]. 
Evaluate the fugacity of the gas at 300 atm. pressure. 

5. At 25° C, the vapor pressure of water is 23.76 mm. and the specific volume 
of the vapor under these conditions is 43,400 cc. g. 1. Calculate the free energy 
change for the transfer of 1 mole of water from liquid at 25° C to vapor at unit 
fugacity. What error is involved in treating the vapor as an ideal gas (cf. 
Exercise 9, Chapter X)? 

6. By utilizing the form of the van der Waals equation applicable at low 
pressures, show that the function a, defined by equation (29.8), is usually not zero 
at zero pressure. 

7. Use the generalized fugacity diagram (Fig. 18) to determine the fugacity 
of (i) hydrogen at 25° C and 200 atm., (ii) oxygen at 0° C and 200 atm., (iii) 
carbon dioxide at 100° C and 250 atm. 

8. Utilize the relationship between the free energy change and the fugacities 
in the final and initial states to show how the generalized fugacity diagram can be 
used to determine the free energy change for an isothermal expansion or compres- 
sion of any gas. Calculate the free energy change in cal. for the compression of 
nitrogen gas from 1 to 200 atm. at 25° C. 
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9. Calculate the fugacity of liquid water at 100° C, at which temperature and 
1 atm. pressure the specific volume of the vapor is 1675 cc. g. , relative to the 
usual reference state of the gas at low pressure. What is the free energy change 
corresponding to the transfer of 1 mole of water vapor from 1 atm. at 100° C to 
unit fugacity at the same temperature? Is the value significant in magnitude? 

10. The following data were obtained for the molar volumes Vi and , in ml. 
for pure hydrogen and nitrogen, respectively, at various pressures P and 0° C. 
On the other hand, Pi and P;: are the partial molar volumes in a mixture containing 
0.6 mole hydrogen to 0.4 mole nitrogen, where P is now the total pressure. 


P Vi V2 91 52 

50 atm. 464.1 441.1 ml. 466.4 447.5 ml. 
100 239.4 220.6 241.3 226.7 
200 127.8 116.4 129.1 120.3 
300 90.5 85.0 91.1 86.9 
400 72.0 70.5 72.5 71.8 


Determine by the graphical method the fugacity of nitrogen in the mixture at 
the various total pressures, and compare the results with those obtained for the 
pure gases; hence, test the Lewis-Randall rule for the fugacity of a gas in a mixture 
Def. Merz and Whittaker, J. Am. Chem. Soc., 50, 1522 (1928) J. 

11. Use the Lewis-Randall rule and Fig. 18 to calculate the fugacities of carbon 
monoxide, oxygen and carbon dioxide in a mixture containing 23, 34 and 43 mole 
%, respectively, of these gases at 400° C and a total pressure of 250 atm. 

12. Give the alternative derivations of equations (31.6) and (31.7). 

13. Combine equation (29.11) with the Berthelot equation to derive an ex- 
pression for the fugacity of a Berthelot gas. Calculate the fugacities of carbon 
monoxide at various pressures at 0° C, and compare the results with those obtained 
in Exercises 1 and 2. 

14. By considering the influence of temperature and pressure on the fugacities, 
which must remain the same in both phases, derive a form of the Clapeyron 
equation (27.4) for the equilibrium between two phases of a single substance. 

15. The following values of PV/RT were obtained for nitrogen at high pres- 
sures at 0° C: 


P 1500 2000 2500 3000 atm. 
PV/RT 2.720 3.327 3.920 4.947 


Extend the results of the problem in § 29b and Fig. 17 to determine the fugacity 
of nitrogen gas at 3000 atm. pressure. (Note the high value of f/P.) 

16. Show that in its standard state the chemical potential u° of a gas is 
independent of the pressure. 


CHAPTER XIII 
FREE ENERGY AND CHEMICAL REACTIONS 


32. THe EQUILIBRIUM CONSTANT 


32a. Chemical Equilibrium. — When a particular chemical reaction can 
proceed simultaneously in both directions, a state of equilibrium will be 
reached when the system appears stationary at a given temperature and 
pressure. As is well known, it is highly probable that the apparently sta- 
tionary state is one of dynamic equilibrium in which the reactions are pro- 
ceeding in opposite directions at the same rate. When the state of equi- 
librium is attained, a condition which may take a considerable time if the 
reactions are relatively slow, the system still contains certain amounts of 
the reactants, as well as of the products. Many chemical reactions, on the 
other hand, appear to proceed to virtual completion, so that undetectable 
quantities of the reactants remain when the reaction is complete. However, 
even in such cases it is probable that the reverse reaction takes place, al- 
though to a very small extent, and a state of equilibrium is attained. By 
the use of the free energy concept, thermodynamics has been employed to 
throw light on the problems of chemical equilibrium. It is possible, for 
example, to define the conditions of equilibrium, and to show how they may 
vary with temperature and pressure. Further, by the use of heat content 
and entropy data, the actual state of chemical equilibrium can be determined. 

32b. The Equilibrium Constant.—Consider a closed system in which the 
perfectly general reaction represented by 


aA ＋ bB T.. LIM 


has been allowed to reach a state of equilibrium at a given temperature and 
external (total) pressure. Suppose an infinitesimal change is made to occur 
in this system, from left to right; thus dna moles of A, dng moles of B, etc., 
are consumed, while dni moles of L, dnm moles of M, etc., are formed. The 
free energy change accompanying this process is given by [cf. equation 
(26.14) ] 


d Fr. p = (urdny + umdnm + ++) — (uadna + ugdns + . .), (82.1) 


where the u's are the chemical potentials (partial molar free energies) of 
the indicated species. Since the closed system is in equilibrium, this free 
energy change dF r. p must be equal to sero [equation (25.39) J, so that 
(udn, + umdnm .) — (uadna + usdng + +) = 0. (32.2) 
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The various quantities dna, dug, .., dnt, dun, ..., taking part in the 
chemical reaction indicated above must be in the respective proportions of 
a, b, . „, m, . , 80 that equation (32.2) for the equilibrium condition may 
be written as 

(lun + mum + ---) — (Qua + bus .) = 0. (32.3) 


By equation (26.29) the left-hand side of (32.3) is equivalent to AF, the free 
energy change accompanying the complete reaction under equilibrium con- 
ditions; hence, 

AF =0 (32.4) 


at equilibrium (cf. equation (25.40)]. The equations (32.3) and (32.4) 
represent the fundamental condition for chemical (and physical) equilibria of 
all types. 

The chemical potential » of any constituent of a mixture, gaseous or 
liquid, may be represented by an equation of the form [ef. equations (30.8) 
and (31.2) | 

u = po + RT Ina, (32.5) 


where u' is the chemical potential of the given substance in the chosen 
standard state of unit activity, and a is its activity in the mixture under 
consideration. If the values of the chemical potential given by equation 
(32.5) are introduced into (32.3), the equilibrium condition becomes 


lug + RT In ar) + mA. + RT nam) + --- 


— alua + RT In aa) — b + RT In ag) +--+: = 0, 
so that 
ay X am X +: o 0 ö ü 
RT In a y T (aun + bug + ++) (% + m + +++) 
A B 
= — AF", (32.6) 


using equation (26.29). At constant temperature the right-hand side of 
equation (32.6) is constant; * since RT is also constant, it follows that 


al. Xan X 
a, Xan X 


where the constant K is called the equilibrium constant of the reaction. 
The expression is sometimes known as the law of equilibrium, for it provides 
a simple relationship between the activities of the reactants and products 
when equilibrium is attained in a chemical reaction at a given temperature. 
In the form given in equation (32.7) the law holds for any equilibrium irre- 
spective of whether it involves one or more phases; the results are applicable, 
however, to the whole (closed) system, and not to each phase separately. 
The special forms to be taken by the expression for the equilibrium constant 
in a number of reactions of different types will now be considered. 

*Since standard states are commonly defined in terms of unit fugacity for gases 


and 1 atm. pressure for liquids, solids and solutions, the „° values, and hence AF”, are 
independent of pressure (cf. § 31b and Chapter XII, Exercise 16). 


= constant, i. e., K, (32.7) 
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32c. Equilibrium in Homogeneous Gaseous Systems.—lIf the reaction is 
one involving gases only, it will be homogeneous, taking place in a single 
phase. If the standard state of unit activity is taken as the state of unit 
fugacity, i.e., ideal gas at 1 atm. pressure, the activity of each reacting 
substance may then be replaced by its fugacity (cf. § 30b) in the equilibrium 
system, so that the equation (32.7) for the equilibrium constant becomes 


Ji XX 
Ky HN (32.8) 


where the f’s are the respective fugacities. It will be noted that the equi- 
librium constant is now represented by K., the subscript F being used to 
indicate that the activities are expressed by the fugacities. 

Since the ratio of the fugacity f; to the partial pressure p; of any gas in 
a mixture is equal to the activity coefficient y; (§ 30b), it is possible to replace 
each fugacity factor by the product p X y. If this substitution is made, 
equation (32.8) becomes 


t m eee l m eee 
K, . „ (32.9) 
Pa X PB X Ya XX 


The data necessary for the evaluation of the activity coefficients (or 
fugacities) of the individual gases in a mixture (§ 30e) are not usually avail- 
able, and an alternative treatment for allowing for departure from ideal 
behavior is frequently adopted. 

According to the approximate rule referred to in § 30e, the fugacity f; of 
any gas in a mixture, in which its mole fraction is N., is given by equation 


(30.25), viz., 
fi = Nfi, (32.10) 


where f; is the fugacity of the pure gas i at the total pressure of the mixture. 
Making this substitution in equation (32.8), it is possible to write 


NI. X NM X. LX X 
NA XNR X „ 


the symbol K / being used, in place of K,, to show that the expression in 
equation (32.11) is based on an approximation [equation (32. 10) ] and hence 
K; cannot be exactly constant. If each of the f terms is divided by P, the 
total pressure, the result, i. e., f;/P, is the corresponding activity coefficient 
yı of the particular gas in the pure state when its pressure is equal to P, hence 
equation (32.11) may be written as 


K; = (32.11) 


l m SNE t im oe 
Ki = NLX Neu XM e | paw (32.12) 
Na X Ng X ° Ya X Ys X 


where An, the change in the number of molecules in the gas reaction, 18 equal 
tod +m+---)—-(a+b+---). The first and third factors in equation 
(32.12) can be obtained by experiment, and so these may be combined to 
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give K;; thus, 


l i 2 @ a 
Kt = Nur Nm % "| pan, (32.13) 
Na X Nn > 
and hence, equation (32.12) may be written in the form 
K; = Ky X J, (32.14) 


where the function J,, of the activity coefficients is defined by 


I XM xX 
J, Vex PX (32.15) 

It may be noted that if the gases taking part in the reaction were ideal, 
the activity coefficient factor in equation (32.9) would be unity; further, the 
partial pressure p; of each gas would be equal to N. P, by equation (5.8). In 
this event, the result would be identical with the expression in (32.13), so 
that the quantity defined by K, would represent the true equilibrium con- 
stant. When the departure of the reacting gases from ideal behavior is not 
large, e.g., when the total pressures are of the order of 1 atm. or less, a very 
satisfactory approximation to the equilibrium constant K, can be obtained 
from equation (32.13). At high pressures, however, the values of K; deviate 
considerably from constancy, as will be seen below, but a great improvement 
is possible by the introduction of the activity coefficient factor, as in equa- 
tion (32.14). 


Although it is not commonly used in the study of gaseous equilibria, mention 
may be made of the form taken by the equilibrium constant when the activities 
a, are expressed on the basis of the standard state of unit activity as equal to 
that of an ideal gas at unit molar concentration (§ 30b); thus, equation (32.7) 
may be written 
_ (a)i aN X =: 

(a) A X (Ac) X 


According to equation (30.13), a, is equal to f/ KT, where f is the fugacity, so that 


K. (32.16) 


LX a 
K. = i (RT) Ax. 32.17 

H N N ED ö ( ) 
The first term on the right-hand side is obviously equal to Ky, as defined by equa- 
tion (32.8), and hence 


K; = K. X (RT)4". (32.18) 


For a gas reaction in which there is no change in the number of molecules, An is zero, 
and K; and K, are identical; the equilibrium constant is then independent of the 
chosen standard state. 

An alternative form of equation (32.16) is obtained by replacing each activity 
factor by the product of the concentration and the appropriate activity coefficient, 


* The symbol J will be used for a function having the same form as the equilibrium 
constant, the nature of the variable being indicated by the subscript. 
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i.e., dg = € X Ye; then 


cl N ch NK. (JLX (ve) Xoo 
e ch K (vA X OO X- 


The concentration function may be represented by K, and the activity coefficient 
function by Jy so that 


K. (32.19) 


K. = K, X J (32.20) 


This equation is exact, but for many approximate purposes J is taken as unity, 
and then the law of equilibrium is expressed in the form 


_ cL X om K 
CA x ch X see i 
where K, is not precisely constant. 


K; (32.21) 


32d. The Ammonia Equilibrium.—A homogeneous gaseous equilibrium 
which has been studied in some detail, over a considerable range of pressure 
and temperature, is the reaction 


$N: + 3H. = NH; 


cmployed in the Haber process for the production of ammonia. For the 
equilibrium, 


= fns, 
K; = fk Xfi, , (32.22) 


and a proper application of this equation requires a knowledge of the fugacity 
of each gas in the particular equilibrium mixture. Since the data are not 
available, it is more convenient for practical purposes to employ the some- 
what less exact equation (32.12) or (32. 14); in the present case this takes 
the form 


7 
K, = Kix Nm 32.23 


where the experimental quantity K; is given by 
1 


K a i a (32.24) 
k. X N. P 


In the investigation of the equilibrium, mixtures containing nitrogen and 
hydrogen in the molar ratio of 1 to 3 were allowed to come to equilibrium 
at various temperatures and pressures; the proportion of ammonia in the 
resulting mixture was then determined by analysis. From this the mole 
fractions Nnu,, Nn, 20d Nu, at equilibrium could be readily calculated, and 
hence K; could be evaluated by equation (32.24). A selection of the results 
obtained in this manner by A. T. Larson and R. L. Dodge (1923-24) is given 
in Table XXII for a temperature of 450° C. 


1 Larson and Dodge, J. Am. Chem. Soc., 45, 2918 (1923); Larson, ibid., 46, 367 (1924). 
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TABLE XXII. THE N. + H. = NH; Equitiprium AT 450°C 


Pressure K; Jy Ký 
10 atm. 6.59 X 1078 0.988 6.51 Xx 10 
30 6.76 0.969 6.55 
50 6.90 0.953 6.57 
100 7.25 0.905 6.56 
300 8.84 0.750 6.63 
600 12.94 0.573 7.42 
1000 23.28 0.443 10.32 


An examination of the values of K; shows that they are fairly constant 
up to a pressure of about 50 atm.; below this pressure the deviations of the 
gases from ideal behavior at 450° C are evidently not very large. At higher 
pressures, however, the deviations are considerable, and the value of K; is 
seen to increase rapidly with increasing pressure. By using the method 
described in § 29e, based on Fig. 18 which gives the activity coefficient f/P 
at any (reduced) pressure directly, the function J, has been calculated for 
various values of the total pressure. The. results, together with the corre- 
sponding values of Kj, that is, of K X Jy, are recorded in Table XXII. 
It is seen that K; is remarkably constant up to 300 atm., and fairly constant 
up to 600 atm. total pressure. At 1000 atm. there is appreciable deviation 
from constancy, and this is undoubtedly due to the failure at high pres- 
sures of the fugacity rule for mixtures, as given by equation (32.10).? 

32e. Homogeneous Reactions in Liquid Solution.—For a reaction taking 
place in a homogeneous liquid system, the standard state of unit activity 
for each substance is taken as the pure liquid at the temperature of the 
reaction and 1 atm. pressure, as described in § 31b. The activity of each 
species may then be set equal to the product of its mole fraction and the 
appropriate activity coefficient in the equilibrium mixture, i. e., a = Nx, SO 
that equation (32.7) gives the expression for the equilibrium constant as 


4 m t m 
p soe 
* N K N N Cnt X my Xo e 


The approximately constant equilibrium function 


„ N. X Nu X í 

Kx Nt N NS (32.26) 

is often employed, but this should be multiplied by the activity coefficient 

function JN, represented by the second factor in equation (32.25), to give 

the true equilibrium constant. Unfortunately, no liquid phase reaction has 

been studied in sufficient detail to enable equation (32. 25) to be verified 

completely, but the equilibrium mole fraction function K has been deter- 

mined for some esterification processes. The approximate constancy ob- 

2 Newton, Ind. Eng. Chem., 27, 302 (1935); Newton and Dodge, ibid., 27, 577 (1935); 

see also, Gillespie, Chem. Nev., 18, 359 (1936); R. N. Pease, Equilibrium and Kinetics of 
Gas Reactions, 1942, pp. 13 et seq. 
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tained in these cases is mainly due to the parual cancellation of the activity 
coefficients on both sides of the reaction, so that Jy, is not very different 
from unity. 

32f. Homogeneous Reactions in Dilute Solution.— Most equilibrium re- 
actions that have been studied in dilute solution involve electrolytes, and 
for these substances a special standard state is used (§ 37b, IV). However, 
it is possible to derive a modification of equation (32.25) which is applicable 
to all reactions in sufficiently dilute solution. If a solution contains na moles 
of A, ng moles of B, . ., nı moles of L, nm moles of M, etc., dissolved in 
no moles of an inert solvent, the mole fraction of any constituent, A for 
instance, is given by 


ie „5 ᷣͤ E N 
SA n F na I me T. TAL T A Lin a 


The concentration (molarity) ca, in moles per liter, of the same constituent 
is obtained by dividing na by the volume of the solution in liters; the latter 
can be derived from the total mass of the constituents of the solution and 
its density p. Thus, if Mo is the molecular weight of the solvent, and 
Ma, Mz, ..., MIL, Mo, etc., are the molecular weights of the substances tak- 
ing part in the reaction, the mass of the solution is given by 


Mass of Solution = noMo + naMa + BHR +--> 


The volume of the solution in liters is then obtained upon dividing the mass 
in grams by p to obtain the volume in ml., and then by 1000 to convert. into 


liters; thus, 


Volume of solution = 10005 liters, (32.29) 


and consequently, the concentration of A is given by 


_ NA — 1000 n 
is Vol. of solution > nM 92:20) 


If this expression is compared with equation (32.27) it is seen that 


e ÈnM 
1000 Ln (32.31) 


a result which is of completely general applicability for the relationship be- 
tween the mole fraction of a given constituent of a solution and its molarity, 
i.e., its concentration in moles per liter. 

If the solution is dilute, the number of moles of solvent is greatly in 
excess of the total number of moles of the reacting substances, so that 


> 2M = NoMo and Tu = No, 


NA 
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and hence equation (32.31) reduces to 


Na = 1000p Ca. (32.32) 
For a dilute solution, also, p is not greatly different from the density po of 
the pure solvent, and since this and its molecular weight Mo are constant, 
it follows from equation (32.32) that the concentration (molarity) of any solute 
an a dilute solution is approximately proportional to ts mole fraction. It is 
possible, therefore, to modify equation (32.25) in the following manner. In 
the first place, if the solution is dilute, and particularly if it contains no 
electrolytes, the activity coefficient factor may be taken as unity, so that 
equation (32.25) reduces to (32.26). If the mole fractions are replaced by 
the corresponding molarities, utilizing equation (32.32), it is found that 


è m 
„ c X c & Mo * 
Ky = Se ( man) (32.33) 


where An, as before, is equal to (l + m ...) — (arb...). Since the 
final factor in the expression is constant, it follows that 


l m 
Ki, = Se om (32.34) 
C 4 xX Cr X S 
where Ki is approximately constant at equilibrium, provided the solution 


is dilute. 

The use of equation (32.34) may be justified by means of the results 
obtained by J. T. Cundall (1891) for the dissociation of nitrogen tetroxide 
in dilute chloroform solution. The equilibrium is represented by 


N20, = 2NOz, 
and the concentration equilibrium function K, is given by 
2 
Ki = No. 
CNzO. 


The data over a range of concentrations, for a temperature of 8.25 C, are 
given in Table XXIII.3 The relative constancy of the values of K in the 


TABLE XXIII 


CN 204 NO Ke 
0.129 mole liter 1.17 X 10-3 mole liter=! 1.07 X 10-5 
0.227 1.61 1.14 
0.324 1.85 1.05 
0.405 2.13 1.13 
0.778 2.84 1.04 


last column shows that the solutions are sufficiently dilute for the activity 
coefficient factor to be close to unity. 


3 Cundall, J. Chem. Soc., 59, 1076 (1891); 67, 794 (1895). 
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Another form of representation of the equilibrium in dilute solutions is 
based on the expression of concentrations in terms of molality, that is, the 
number of molcs of solute to 1000 grams of solvent. The mass of the solvent 
corresponding to ma moles of solute A is noMo; hence the molality ma is 
given by = 


A= 99 55 (32.35) 
and consequently, 
M 
NA = 1000 MA. (32.36) 
If this result is introduced into equation (32.27), the mole fraction is 
Ma 0 0. 
Na = 1000 On (32.37) 


If the solution is dilute, Ln may be taken as approximately equal to no, 
as seen above; equation (32.37) then reduces to 


Na = Mi MA, (32.38) 


so that the molality of any solute in a dilute solution is approximately propor- 
tional to its mole fraction in that solution. It is thus possible to derive from 
equation (32.25) a molality equilibrium function, viz., 


Kove mX mine Xo 32.3 
ma X m} X eee ( 9) 


32g. Chemical Equilibria in Heterogeneous Systems.—The most com- 
mon heterogeneous chemical equilibria involve gases and solids, or liquid 
solutions and solids. In all cases the general equation (32.7) is applicable, 
but the situation is considerably simplified by the universally adopted con- 
vention that the activity of every pure solid or pure liquid is to be taken as unity 
at atmospheric pressure. This is, of course, in accord with the usual choice 
of the standard state of unit activity of a liquid as the pure liquid at the 
same temperature and 1 atm. pressure; an analogous standard state, viz., 
pure solid at 1 atm. pressure, is chosen for substances present in the solid 
form. It should be understood that if the solid or liquid involved in a 
heterogeneous system is not present in the pure state, but as solid or liquid 
solution, its activity is no longer unity; as a first approximation, it may then 
be taken as equal to the mole fraction. 

The result of taking the activity of a pure solid or pure liquid as unity 
is that the corresponding factor may be omitted from the expression for the 
equilibrium constant. Strictly speaking, this is only true if the total pres- 
sure on the system is 1 atm., in accordance with the defined standard states. 
At other pressures, the activities of solid and liquid phases are constant, 
but their values are not unity. If the corresponding factors are then 
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omitted from the expression for the equilibrium constant, the result is a 
quantity which varies with pressure, as well as with temperature. This 
quantity is not the true equilibrium constant, and it should not be used in 
equations such as (33.6), etc., to be considered shortly, to determine standard 
free energy changes. Since the effect of pressure on the activity of a liquid 
or solid is usually small [cf. equation (31.7) J, and there is frequently a par- 
tial cancellation of terms for reactants and products, the constants obtained 
at pressures other than atmospheric, on the assumption that the activities of 
pure solids and liquids are unity, do not differ appreciably from the true 
equilibrium constants. In practice, therefore, the variation of the constant 
with pressure is frequently neglected. 

A simple illustration of a heterogeneous reaction, in which, incidentally, 
the effect of pressure is likely to be small, is 


Fe(s) + H:0(g9) = FeO(s) + H:(g), 
the Fe and FeO being present as pure solids. Consequently, strictly at a 


total pressure of 1 atm., and with a good degree of approximation at all 
moderate pressures, 


and hence, 


— ee eee — — 


f H,O PH,0 N HO 


Numerous instances of reactions of this type are to be found in the literature 
of physical chemistry, and need not be considered here. It is of interest to 
mention, however, that vaporization (cf. § 33g), freezing, solubility, and 
other heterogeneous physical equilibria can be treated in the same manner, 
although other methods are often preferable (see Chapter XIV). 


33. FREE ENERGY CHANGE IN CHEMICAL REACTIONS 
33a. The Reaction Isotherm.—Consider, once again, the general reaction 
aA ＋ BTE... LIM. 


The free energy of any mixture of a moles of A, b moles of B, etc., is given 
in terms of the chemical potentials, i.e., the partial molar free energies, by 
means of equation (26.6), as 


F(reactants) = aua + bugs T, 
and the free energy of a mixture of l moles of L, m moles of M, etc., is 
F (products) = lur + mum , 


at constant temperature, pressure and composition, in each case. These 
expressions are applicable to the systems of reactants and products at any 


For review, see Austin and Day, Ind. Eng. Chem., 33, 23 (1941). 
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arbitrary concentrations, not necessarily the equilibrium values. The free 
energy increase AF accompanying the reaction depicted above, at constant 
temperature and pressure, is thus given by 


AF 7, p = F(products) — F (reactants) 
= (lun + mum ) — (Qua + bun ). (33.1) 


Utilizing the general equation (32.5), i.e., 4 = u + RT Ina, for the chemical 
potential of any substance, u' being the value in the standard state, it 
follows from equations (33.1) and (26.29) that 

* 


xar 8 
AFr p = AF} + RT In „„ 
T, P T + 47 K ab E 


where the activities are any arbitrary values. 
It is evident from a comparison of equation (32.6) and (32.7) that 


AFT =— RT In K. (33.3) 


The same result can be derived from equation (33.2), for if the arbitrary 
activities were the equilibrium values, the last term would be identical with 
RT In K, while AF. p would then be zero, thus leading to the expression in 
equation (33.3). If this is substituted in (33.2), it is found that, in general, 


(33.2) * 


AFrp =— RT In K T RT maxX (33.4) 
as xa an X 
=— RTìn K + RT In Ja, (33.5) 


where, as indicated in the footnote in § 32c, Ja is a function of the same form 
as the equilibrium constant involving, in this case, the arbitrary values of 
the activities of reactants and products. The important equations (33.4) 
and (33.5) are forms of the reaction isotherm first derived by J. H. van't 
Hoff (1886). It gives the increase of free energy accompanying the transfer of 
reactants at any arbitrary concentrations (activities) to products at arbitrary 
concentrations (activities). As seen above, if the arbitrary concentrations are 
chosen so as to correspond to the equilibrium state, the two terms on the 
right-hand side become identical, and hence AF7 p is then zero. 

33b. Standard Free Energy of Reaction.—The standard free energy in- 
crease AF, often referred to as the standard free energy, of the reaction 
at a specified temperature 7’, is given by equation (33.3) which, because of 
its importance, will be repeated here; thus, 


AF7 =— RT In K. (33.6) 


It gives the increase of free energy when the reactants, all in their standard 
states of unit activity, are converted into the products, in their standard 
states. The relationship (33.6) is extremely useful, as will be seen shortly, 


* As stated earlier, AF” is independent of pressure, if the usual definitions of standard 
states are employed; hence, the symbol AF*. is sufficient. 
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for it provides a convenient method for tabulating the equilibrium constants 
of reactions, especially for processes which appear to go to virtual completion. 
Substitution of the value for AF, given by equation (33.6), into (33.5), 

leads to 
AF r p = AF? + RT In Sás (33.7) 


and the reaction isotherm is frequently encountered in this form. In gen- 
eral, the subscripts T and P are omitted, it being understood that constant 
temperature and pressure are implied. 

As seen earlier, the actual values of the activities and of the equilibrium 
constant depend on the choice of the standard state; this must also be the 
case, therefore, for the standard free energy changes, as defined above. Itis 
consequently necessary to specify clearly the standard state employed in every 
case. For gas reactions, the standard state is usually that of unit fugacity, 
i.e., ideal gas at 1 atm. pressure; the form of equation (33.7) is then 


AF = AF? + RT In J; (33.8) 


where 
AF? =— RT In K,. (33.9) 


If the gases behave ideally, or approximately ideally, the fugacities may 
be replaced by the corresponding partial pressures, so that equation (33.8) 


becomes 
AF = AF + RT In Js, (33.10) 


in which form the reaction isotherm is sometimes employed for gas reactions. 
If the standard state is chosen as the ideal gas at unit concentration, the 
corresponding equation is 
AF = AF? + RT In J. (33.11) 
where 
AF? =— RT In K,, (33.12) 


the definition of K. being given by equation (32.19). 
For reactions in solution, the reaction isotherm may take the form 


AF = AFN + RT InJx, (33.13) 
where 
AF. = — RT In Ky, (33.14) 


the equilibrium constant Ky being defined by equation (32.25). In connec- 
tion with these expressions, the standard state of each substance is chosen 
so that the activity is equal to the mole fraction in the reference state. 
33c. The Direction of Chemical Change.—From the chemical point of 
view the great significance of the reaction isotherm lies in the fact that it 
provides a means of determining whether a particular reaction is possible or 
not under a given set of conditions. It was seen in § 25f that for a process, 
at constant pressure and temperature, to be spontaneous it must be ac- 
companied by a decrease of free energy; that is to say, for a spontaneous 
reaction, AF 7, p must be negative. If the value of AF under a given set of 


33c FREE ENERGY CHANGE IN CHEMICAL REACTIONS 285 


conditions is positive, the reaction cannot possibly take place under those 
conditions, although it may do so if the conditions are altered. 

An examination of the general equation (33.5) shows that the sign of 
AF depends on the relative values of the quanities K and J,; if the reaction 
is to be spontaneous, the latter must be less than the former, for then AF 
will be negative. If the conditions are such that J, is greater than K, 
the reaction will not be possible under those conditions, but there are two 
ways in which the situation can be changed. First, the arbitrary activities, 
i. e., pressures or concentrations, of the substances concerned in the reaction 
may be changed so as to decrease the value of Ja below that of K; this 
means that the activities of the products must be decreased or those of the 
reactants increased, or both. Second, the temperature may be changed in 
such a manner as to increase K; in this way, without altering the arbitrary 
activity function Ja, the latter may become less than K, so that AF is 
negative and the reaction is possible. The foregoing arguments are applica- 
ble to processes of all types; for heterogeneous reactions, the activity of each 
pure solid is taken as unity, as mentioned earlier. This is equivalent to its 
omission from In Ja, since the logarithm of unity is zero. 

An analogous significance to that just described can be given to the 
standard free energy AF” of a reaction. If AF” is negative, the reaction with 
all the reactants and the products in their respective chosen standard states 
can take place spontaneously. On the other hand, if AF is positive, the 
reaction cannot occur under those conditions. 

It can now be seen that thermodynamics provides a simple solution of 
the problem, concerning the conditions determining the direction of chem- 
ical change, which had puzzled investigators for many years until J. H. 
van’t Hoff (1883) indicated the importance of the free energy change. Inci- 
dentally, it may be mentioned that the same idea was undoubtedly in the 
minds of J. W. Gibbs (1876) and of H. von Helmholtz (1882), although it 
was not stated explicitly. 


Problem: It is required to pass carbon monoxide at 10 atm. and water vapor 
at 5 atm. pressure into a reaction chamber at 700° C and to withdraw carbon 
dioxide and hydrogen at partial pressures of 1.5 atm. Is this possible theoreti- 
cally? The equilibrium constant for the reaction is known to be 0.71. 


The reaction is 
CO(g) + HzO (09) = CO2(g) + H:(g), 


and since there is no change in the number of molecules, the equilibrium constant 
is independent of the standard state. However, since the arbitrary concentra- 
tions (activities) of the reactants and products are stated in terms of pressures, 
it will be assumed that the equilibrium constant is Ky or K. For the present 
purpose, it is sufficient to assume ideal behavior, so that the free energy change is 
given by equation (33.10); this takes the form 


AF =— RT In K, + RT In Te Pus 
co X PH. o 
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where the p’s are the arbitrary values given in the problem. All that it is required 
to know is the relative values of K, and J,*, but it is instructive to calculate the 
actual free energy change. This is usually expressed in calories, so that R is taken 
as 1.987 cal. deg.-! mole; the temperature T is 700° C or 973° K, and K, is 
0.71 as given above. Hence, converting the logarithms, 


AF =~ 4.576 X 973 log 0.71 + 4.576 X 973 log “5 1-3 
= — 4.576 X 973 (log 0.71 — log 0.045) 


= 5,340 cal. 


Since AF is negative, the process is theoretically possible. 


The reaction isotherm is of particular value in the study of chemical 
processes, but it has also been used in connection with physical changes, 
to which it is equally applicable. The general criterion of a decrease of free 
energy for a process to be spontaneous is applicable, of course, to all proc- 
esses, physical or chemical. 

Although any reaction accompanied by a free energy decrease is theo- 
retically possible, it is important to note that this is no indication that the 
process will occur with a measurable speed. In a series of analogous reac- 
tions the rates at which the processes occur are often roughly in the order 
of the free energy decreases, but in general, for different reactions, there is 
no connection between the magnitude of the decrease of free energy and the 
rate of the reaction. For example, at ordinary temperature and pressure 
the free energy change for the combination of hydrogen and oxygen has a 
very large negative value, yet the reaction is so slow that no detectable 
amount of water would be formed in years. The passage of an electric spark 
or the presence of a suitable catalyst, however, facilitates in this case the 
occurrence of a reaction which the free energy change shows to be theo- 
retically possible. 

33d. Variation of Equilibrium Constant with Pressure.—The extent to 
which the equilibrium constant of a reaction is affected by pressure can be 
determined by utilizing equation (33.6), in the form 


Ink =— - (33.15) 


Differentiation with respect to the total pressure P, at constant tempera- 


ture, gives 
ð ln K -al Se | =0 
ðP Jr RT ôP jr 


Since standard states have been defined so as to be independent of the 
pressure of the system, the standard free energy change AF, and conse- 
quently the equilibrium constant K, will not vary with the external pressure. 


The latter is 1.5 X 1.5/10 X 5, i.e., 0.045, and since this is less than K,, i.e., 0.71, 
the reaction is obviously possible. 


33e FREE ENERGY CHANGE IN CHEMICAL REACTOINS 287 


It should be noted that although K, and hence K,, is independent of the 
pressure, the equilibrium functions K; and K, for a homogeneous gas reac- 
tion should vary with the pressure, as is actually found to be the case (see 
Table XXII). This is, of course, due to the dependence of the activity 
coefficients on the pressure at constant temperature, as indicated in § 32d. 
Since a change of pressure is usually accompanied by a change in the com- 
position of the system it is not possible to use equation (30.19) to determine 
the effect of pressure on the activity coefficient factor. The calculation can 
be made by thermodynamic methods, along lines which will be described 
in Chapter XIV in connection with physical equilibria, but the results 
have no direct practical application without introducing a number of 
approximations. 

Similar considerations apply to the influence of pressure on other equi- 
librium functions, such as Ky, etc., for reactions in solution. In general, 
however, the changes due to increase of pressure can be neglected at all 
moderate pressures. 

It is opportune to recall here the remarks made in § 32g in connection 
with heterogeneous reactions. If the activities of pure solids and liquids 
taking part in the process are taken as unity, then the true equilibrium 
constant is obtained only if the total pressure of the system is 1 atm. Unless 
allowance is made for the effect of pressure on the activities, the constants 
obtained at other pressures vary with pressure in a manner dependent on 
the volume change of the solid and liquid phases involved in the reaction 
Def. equation (31.7) J. 

33e. Effect of Pressure on Position of Equilibrium.—Although the true 
equilibrium constant of a gas reaction is not affected by the pressure, the 
actual position of equilibrium will be altered if the reaction is one involving 
a change in the number of molecules. The subject is dealt with adequately 
in physical chemistry texts, in connection with the Le Chatelier principle of 
mobile equilibrium. As is well known, increase of pressure will favor the 
reaction which is accompanied by a decrease in the number of molecules. 
Such a change is necessary in order that the equilibrium constant may remain 
unaltered. However, there is another aspect of this matter that merits 
attention here. Because of the effect of pressure on K}, there will be an 
additional change in the equilibrium composition. The increase of K, with 
pressure in the ammonia equilibrium, for example, means that there is a 
larger proportion of ammonia present when equilibrium is attained at high 
pressures than would have been the case if the system had consisted of ideal 
gases. This factor, therefore, operates to the advantage of the yield of am- 
monia in the Haber process. The effect of pressure on K; due to departure 
from ideal behavior will alter the position of equilibrium even when there is 
no change in the number of molecules. 


Problem: Estimate qualitatively the effect of a pressure of 500 atm. on the 
gaseous equilibrium CO + H;0 = CO; + EH: at 600° C. 
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If the four gases behaved ideally, pressure would have no effect on the position 
of equilibrium, since there is no change in the number of molecules accompanying 
the homogeneous reaction. However, because of deviations from ideal behavior, 
a shift in the composition is possible when the pressure is changed. The equi- 
librium constant may be written as 


K, = PCO: X Pu, ‘Yoo: X Yn: 
PO X pu:o ‘Yoo X YR 


and it is desired to find the value of the activity coefficient factor J, at 600° C, 
i.e., 873° K, and 500 atm. At 1 atm. pressure, the value may be taken as virtually 
unity. At the higher pressure use may be made of the fugacity chart in Fig. 18, 
and for this purpose the reduced temperature (0) and pressure (r) of each gas 
are required. 


For COz: T. is 304° K, 
P. is 72.9 atm., 
For II:: T. is 33.2° K, 
P. is 12.8 atm., 
For CO: T. is 134° K, 
Pe is 34.6 atm., 
For HzO: T. is 647° K, 
P. is 218 atm., 


The values of y given at the right are those based on the approximation that 
the activity coefficient of a gaseous constituent of a mixture is equal to the value 
for the pure gas at the total pressure of the mixture. In this case, 


1.09 X 1.10 
1.23 X 0.77 


1 1 Z 6.85 Yoo: = 1.09. 
9995 ii i B 24.0) r. = 1.10. 
Snare 3 1 Yco = 1.23. 
a 2 oe H0 = 0.77. 


y 2H GH DY D 
H ee eee 


Jy = 1.27. 

Since J, has increased when the pressure is increased to 500 atm., it follows that 
the product pco, X pu, must decrease, or pco X pro increase, in order to retain 
K; constant. Thus, increase of pressure to 500 atm. causes the equilibrium to 
shift to the left, because of deviations from ideal behavior. 


33f. Variation of Equilibrium Constant with Temperature.—The effect of 
temperature on the equilibrium constant may be determined by differentia- 
tion of equation (33.15) with respect to temperature. Since K is independ- 
ent of the external pressure, the constant pressure condition and the ac- 
companying partial differential notation can be omitted, so that 
d In K 1 (AF /) 


— — — è 


aT R dT 
and hence, by equation (25.33), it follows that 


dln K AH 


where 


AH? = (HY, + mH% +--+) — (HA + bH + ++) 
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or, in general, 
AH® = $ nH°(final state) — LnH(initial state). 


The equation (33.16) is the rigorous form of a relationship originally derived 
by J. H. van’t Hoff; it is consequently sometimes referred to as the van’t 
Hoff equation. It is to be understood, of course, that the particular stand- 
ard states chosen for the activities of the reactants and products in the ex- 
pression for K, i.e., in equation (32.7), must also apply to AH’, as defined 
above. 

For a homogeneous gas reaction the equilibrium constant is K, and equa- 
tion (33.16) takes the form 

din K 17 AH 
dT RT?’ 

where AH” is the heat of reaction adjusted to a low value of the total pres- 
sure, when the gases behave ideally. It was seen in § 20e that at moderate 
pressures the heat content of a real gas does not differ appreciably from the 
ideal gas value, and for most purposes it is possible to replace AH?’ in equa- 
tion (33.17) by AH, the ordinary heat of reaction in the vicinity of atmos- 
pheric pressure. 

If the standard state is that of an ideal gas at unit molar concentration, 
the equilibrium constant K. is related to K; by equation (32.18), viz., 


K; = K. X (KT) Ax, 
so that, taking logarithms, 
In K; = ln K, + An ln R + An ln 7, 


and hence, upon differentiation with respect to temperature, and utilizing 
equation (33.16), 


(33.17) 


d in K, d ln K. An AH 


aT aT T RT? 


It follows, therefore, that 
din K. AH — An(RT) | 
dT RT? 
Since AH is the heat of reaction at constant pressure, adjusted to ideal 


behavior, it follows that AH® = AE’ + PAV = AE’ + An(RT), so that 
equation (33.18) becomes 


(33.18) 


dink, AE 

dT RT? 

The variation of the functions K; and K, with temperature is not quite 
the same as that given above for K, because of the change in the activity 
coefficient factor with temperature. Since the composition of the system 


does not remain constant when the temperature is changed, equation (30.21) 
cannot be employed, but a method similar to that described in §§ 34f, 34i 


(33.19) 
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could be used. However, without introducing approximations, the results 
are of no practical value. Provided the pressures are not too high, it is 
therefore the common practice to employ equation (33.17) in the approxi- 
mate form 
d In K; A 
dT RT?’ 


where AH is taken as the ordinary heat of reaction at constant pressure, 
usually 1 atm. The variation of K; with pressure is ignored. 

For a homogeneous reaction in a liquid system the equilibrium constant 
is conveniently expressed in the form of equation (82.25), the standard state 
of each substance being the pure liquid at the equilibrium temperature and 
1 atm. pressure. Differentiation with respect to temperature then gives 
Def. equation (33.16) | 


(33.20) 


d ln Ky = AH 
dT RT?’ 


where AH is the heat of reaction starting with pure liquid reactants and 
ending with pure liquid products, at 1 atm. pressure and temperature T. 
It will be noted that, as before, the constant pressure condition has been 
omitted from equation (33.21), since the equilibrium constant on the basis 
of the chosen standard states is independent of the pressure. For many 
purposes it is sufficiently accurate to replace Ky by the equilibrium function 
Kx involving mole fractions; at the same time AH, the ordinary heat of 
reaction is substituted for AH, giving the approximate result 


d ln Kx AH 
dT RT? 


(33.21) 


(33.22) 


For reactions in dilute solution, it is convenient to use the concentration 
equilibrium function Ke, defined by equation (32.34). Upon taking log- 
arithms, it follows from equations (32.33) and (32.34) that 


In Ky = In Ke + An ln (ae) (33.23) 


Provided the temperature range is not too great, the variation of the density 
po of the solvent will not be large, and the last term in equation (33.23) may 
be taken as approximately independent of temperature. The difference 
between d In Kx /d and d ln K./dT may thus be neglected, and it is possible 
to write 

din K. AH 


dT ~“ RP (33.40) 


It is important that this result, for a reaction in dilute solution, should not 
be confused with equation (33.19), which gives the variation of K, for a 
homogeneous gaseous equilibrium; the latter involves AE, and not AH. 
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In the foregoing discussion various forms of the van’t Hoff equation, 
some exact and others approximate, have been derived for equilibria of 
different types. It is necessary to bear in mind, however, that in the form 
of equation (33.16) the relationship is applicable precisely to any equilibrium, 
chemical or physical. 

33g. Heterogeneous Reactions: Influence of Temperature.—The equa- 
tions derived above for homogeneous reactions apply equally to heterogene- 
ous equilibria. ‘The various AH values refer to the complete reaction, in- 
cluding the solid phases, although, as mentioned in § 32g, the activity is 
unity for every pure solid taking part in the reaction; the corresponding 
factor may thus be omitted from the expression for the equilibrium constant. 
Because they present certain features of interest, brief reference will be 
made here to some heterogeneous equilibria, and others will be considered 
later. 

In reactions involving one or more solids and one gas, as, for example, 


CaCO,(s) = CaQ(s) + CO2(g) 
4CuSO,.5H20(s) = 4CuSO,.3H20(s) + H.O(g), 


the true equilibrium constant, e.g., K,, is equal to the fugacity of the gas in 
equilibrium with the solid at a total pressure of I atm. (cf. § 32g). The varia- 
tion of Inf with the temperature is then given by equation (33.16), with 
AH® equal to the heat of reaction adjusted to the value for the gas at low 
pressure. In studying these equilibria, the experimentally determined 
quantity is the partial pressure p, which is equivalent to K, and as a general 
rule no attempt is made to keep the total pressure at 1 atm., or even con- 
stant, although the dissociation pressure should vary to some extent with 
the total pressure. The dependence of the pressure p on temperature is 
thus usually expressed by the approximate equation (33.20) in the form 


dinp _ AH 
dT RT?’ 
where AH is the ordinary heat of reaction at the temperature 7. 


(33.25) 


Heterogeneous physical equilibria, e.g., between a pure solid and its vapor or 
a pure liquid and its vapor, can be treated in a manner similar to that just de- 
scribed. If the total pressure of the system is 1 atm., the fugacity of the vapor 
is here also equivalent to the equilibrium constant. The variation of Inf with 
temperature is again given by equation (33.16), where AH” is now the ideal molar 
heat of vaporization of the liquid (or of sublimation of the solid) at the temperature 
T and a pressure of 1 atm. If the total pressure is not 1 atm., but is maintained 
constant at some other value, the dependence of the fugacity on the temperature 
can be expressed by equation (29.22), since the solid or liquid is in the pure 


state; thus, 
ôl AH, 
(572 ). et (33.26) 


where, according to the remarks in 5 29g, the numerator on the right-hand side 
is equal to the ideal molar heat of vaporization (or sublimation) at temperature 
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T and pressure P. It should be noted that equation (33.26) is the exact form of 
the Clausius-Clapeyron equation (27.12). If the vapor is assumed to be leal, 
so that the fugacity may be replaced by the vapor pressure, and the total pressure 
is taken as equal to the equilibrium pressure, the two equations become identical. 
In this simplification the assumption is made that the activity of the liquid or 
solid does not vary with pressure; this is exactly equivalent to the approximation 
used in deriving the Clausius-Clapeyron equation, that the volume of the liquid 
or solid is negligible. 


33h. Integration of the van’t Hoff Equation.—If the change of heat con- 
tent AH? were independent of temperature, general integration of the van’t 
Hoff equation would give [cf. equation (27.15) ] 


AH? 
ln K =— RT + constant, 


or 
AH’ 


log K 4.5767 


+C, (33.27) 
so that the plot of log K against 1/T should be a straight line of slope 
- AH?/4.576 with AH’ in calories. Integration between the temperature 
limits of Tı and Tz, the corresponding values of the equilibrium constant 
being Ki and Ke, gives 

in Ka _ * — m) 

KI R 7172 

or, converting the logarithms and expressing R in cal. deg.—! mole, 


K2 oa AH® 72 EE 71 R 
BR ial TT, ) oe) 


This equation, or (33.27), may be used to evaluate the heat of reaction if the 
equilibrium constant is known at two temperatures; alternatively, if AH 
is available, the equilibrium constant at any temperature can be determined 
provided it is known at one particular temperature. 

The results obtained in this manner are approximate only, for heats of 
reaction are known to vary with the temperature, as seen in 58 12j, 12k.° 
The standard change of heat content can be expressed as a function of tem- 
perature in accordance with equation (12.16), so that 


AH’ = AH + AaT + 4487? + IAT . , (33.29) 


where Ac, A$, Ay, etc., are derived from the heat capacities of the reactants 
and products and their variation with temperature. If this expression is 
* For a more exact significance of AH” in equation (33.28), even when the heat content 


varies with temperature, see Douglas and Crockford, J. Am. Chem. Soc., $7, 97 (1935); 
Walde, J. Phys. Chem., 45, 481 (1939). 
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substituted into (33.16), the result is 


din K _ AH 
dT RT? +o tR 


and upon integration it is found that 


AH» S£ 7 2 
F + In nT ＋ % THET +---+ I, (33.30) 


Ap i 
e+ 55 7 ee 


Ink =— 


where K is either K, or Ky, for reactions in the gas or liquid phase, respec- 
tively, and J’ is the integration constant. 

If AH’ and Aa, Af, etc., are available from thermal measurements, it is 
possible to derive AH by utilizing the procedure described in § 12k; if K is 
known at any one temperature, it is possible to evaluate the integration 
constant I’, and the variation of In K (or log K) with temperature can then 
be expressed in the form of equation (33.30). The accuracy of the resulting 
expression is limited largely by the thermal data, for these are often not 
known with great certainty. Care should be taken to ensure that the 
standard states used in connection with the heat of reaction AH’ are also 
those employed for the equilibrium constant. Actually, the standard states 
chosen in §§ 30b, 31b correspond with those almost invariably employed in 
both equilibrium studies and heat of reaction measurements. 


Problem: Taking the gg rea constant (K;) for the $N: + Hz NH: 
equilibrium to be 0.00655 at 450° C (Table XXII), and utilizing the heat of 
reaction and heat capacity data in § 12k, derive a general expression for the varia- 
tion of the equilibrium constant with temperature. Determine the value of K; 
at 327° C. 


According to the result obtained in the problem in § 12k, which is supposed 
to refer to the standard states, it follows that 


AH® = — 9.13 — 7.46 X 10°T + 3.69 X 10-*T? — 0.47 X 10-°T? Kcal. 
= 9,130 — 7.46T + 3.69 X 1072 — 0.47 X 107 cal., 


and hence, 
AH? =— 9, 130; Aa =— 7.46; 348 = 3.69 X 1073; JA = — 0.47 X 10 cal 
Upon insertion of these values into equation (33.30), it is seen that 


9,130 7.46 3.69 X 10, 0.47 X 10 „ y 
In K; = Rr Re R In T + TR T — oR FT: 


At 450° C, i.e., 723° K, the value of K, is 0.00655, and utilizing these data it is 
found that J’ is 12.07, so that, taking R as 1.987 cal. deg. ~! mole™!, the expression 
for K; becomes 


In K; = 2.303 log Ky = a — §.64 log T 
+ 1.86 X 10°37 — 0.12 X 1072 + 12.07. 
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At, 327° C, i.e., 600° K, In Ky is thus found to be — 3.19, and hence K / is 0.041. 
(The experimental value is about 0.040.) 


It can be seen that if Aa, Af, etc., are known, the right-hand side of 
equation (33.30) still contains two unknowns, viz., AHo and I’. If the 
equilibrium constant K has been determined at two or more temperatures, 
therefore, equation (33.30) can be solved for the unknowns, and hence 
In K can be expressed as a function of the temperature. If the value of K 
is known at several temperatures, a simple graphical procedure is possible 
which permits the use of all the available data. By writing equation 
(33.30) in the form 


0 
E In K + Aa In T + 4467 + T +---= 422 TR, (33.31) 


it is seen that the plot of the left-hand side against 1/7 should yield a 
straight line of slope equal to AH. With AH known, the integration 
constant J’ can be readily evaluated.“ 

Attention may be called to the fact that the procedure just described 
provides a useful method for determining heats of reaction from equilibrium 
constant data. Since AH? has been derived above, and Aa, Af, etc., are 
available, it is possible to express AH?’ as a function of the temperature by 
means of equation (33.29). The standard heat of reaction can then be 
determined at any temperature in the range in which Aa, A$, etc., are 
applicable. 


Problem: Utilize the following values of K; for the ammonia equilibrium to 
derive an expression for AH“ as a function of the temperature. Determine the 
standard heat of reaction, i. e., heat of formation of ammonia, at 25° C. 

Temp. 350° 400° 450° 500° C 
Ky 2.62 X 107 1.27 X 107? 6.55 X 107% 3.78 X 10 


Inserting the values for Aa, Af and Ay given in the preceding problem, equa- 
tion (33.31) becomes 


0 
— 4.576 log K — 7.46 ln T + 3.69 X 10°T — 4 X 0.47 X 10°67? = =i — TR. 
The values of the left-hand side (L. H. S.), obtained from the equilibrium constants 
given above, and the corresponding 1/ T's are then found to be as follows: 


L. H. S. — 38.56 — 37.53 — 36.58 — 35.82 
177 1.605 X 10-8 1.486 X 107° 1.383 X 10~ 1.294 X 10. 


These results are plotted in Fig. 19; the points are seen to fall almost exactly on a 
straight line, the slope of which is — 8,810 cal. This is consequently the value 
of AH}, so that by equation (33.29), 


AH? = — 8,810 — 7.46T + 3.69 X 10°72? — 0.47 X 102 cal. 
6 Randall, et al., J. Chem. Ed., 8, 1062 (1931); Ind. Eng. Chem., 23, 388 (1931). 


331 FREE ENERGY CHANGE IN CHBMICAL REACTIONS 295 


At 25° C, i.e., 298° K, it is found that 
AH’ = — 8,810 — 2,223 + 328 — 12 = — 10,717 cal. 


(It will be noted that AH; obtained here differs by about 320 cal. from that adopted 
in the preceding problem. The discrepancy may be due partly to an error in the 
thermal AH’ value upon which AH; in the previous problem is based, and partly 
to uncertainties in Aa, Af, etc., which give the variation of heat capacities with 
temperature. It is also possible that the K, values are not exact.) 


4-37. 0 
-Í 


— 36.0 


1.30 1.40 1.50 1.60 
1/T x 10° 


Fic. 19. Determination of AH} from equilibrium constants 


33i. Variation of Standard Free Energy with Temperature.—If equation 
(33.30) is multiplied through by RT, the result is RT In K; by equation 
(33.6) this is equal to — AF”, the standard free energy of the reaction under 
consideration. It follows, therefore, that 


AFo = AH O — Aa In T — 348 T2 — fAYT —---+ IT, (33.32) 


where the constant I is equal to — T'R. This highly important equation 
gives the variation of the standard free energy of a reaction with tempera- 
ture, and since — AF” is equal to RT In K it is also, in effect, an expression 
for the equilibrium constant as a function of temperature. The value of 
AF® given by equation (33.32) applies to the reaction as written for the 
determination of the equilibrium constant. For example, if the ammonia 


equilibrium is written as 
$N: + $H: = NH; 
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the equilibrium constant K, is fxu,/fk, X Fin, as stated earlier, and AF® 
is the standard free energy increase for the formation of 1 mole of ammonia. 
If the reaction were written 


N. + 3IL = 2N III, 


the equilibrium constant would be fn, Tx: X Th, Which would be the square 
of the preceding value. Since AF” is equal to — RT In K, the free energy 
change would consequently be doubled, as it should be for the formation 
of two moles of ammonia instead of one. 

In order to utilize equation (33.32) it is necessary to know AH, Aa, ete., 
and the integration constant J. It will be assumed, as before, that heat 
capacity data are available, so that Aa, A£, etc., may be regarded as known. 
The procedure for the derivation of AH and I, the latter being equal to 
— T'R, is then similar to that described in & 33h in connection with equation 
(33.30); this is based either on a single value of the equilibrium constant 
together with AH’ at any temperature or, alternatively, on the equilibrium 
constants at two or more temperatures. If the constants in equation 
(33.30) have previously been evaluated it is, of course, a simple matter to 
derive the corresponding equation for AF. 


Problem: Derive an expression for the standard free energy of formation of 
1 mole of ammonia as a function of temperature, and evaluate AF at 25° C. 


By utilizing the results obtained in the first problem in & 33h, with AH? equal 
to — 9,130 cal. and I’ equal to 12.07, it is readily seen that 


AF® = 9, 130 + 7.46T In T — 3.69 X 10-°7? + 0.235 X 107 — 12.07RT. 


This gives AF” in cal. per mole of ammonia. Setting R equal to 1.987, and taking 
T as 25° C, i.e., 298° K, it is found that 


AF3,. = — 9,130 + 12,660 — 328 + 6 — 7,145 = — 3,936 cal. 


It may be noted that if a slightly different value of AH® were employed, 
e.g., — 8,810 cal. as derived in the second problem in § 33h, T’ and hence I would 
be also changed, with the result that AF, would not be greatly affected. 


Attention may be drawn to the fact that the constant J in equation 
(33.32) is related to the entropy change AS accompanying the reaction, 
and might be evaluated if AS were known. This may be seen, in a general 
manner, by comparing equation (33.32) with (25.8) for the standard states, 
i. e., AF? = AH?’ — TAS’. However, it is more convenient to use entropy 
values in another manner for calculating free energy changes, as will be 
seen shortly. 

33j. Simultaneous Equilitria: Addition of Free Energies.—In some sys- 
tems there may be two or more equilibria which are established simul- 
taneously. In the water gas” reaction s 


(1) CO: + H: = CO -+ H:O, 


for example, at high temperatures, there will be a partial dissociation of 
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carbon dioxide, viz., 

(2) CO, = CO + 40, 
and of water vapor, viz., 

(8) H:O = He + 102, 


so that three simultaneous equilibria, at least, will exist. For reaction (1) 
the equilibrium constant Ki is given by 


_ aco X d. o 
Ky = 
aco, X an, 
whereas, for reactions (2) and (3), the constants are 


4 1 
Ke aco X ao, ma K, = an, X Go, 


aco, An. o 


Since these equilibria occur in the same system, the equilibrium activity of 
any substance involved in Kı, K: and K; will be the same; hence, it follows, 
immediately, that 


KI = oee (33.33) 


It is thus possible to calculate any one of these equilibrium constants if the 
other two are known. This fact has proved useful in the determination of 
equilibria which cannot be readily studied directly by experiment. 

By taking logarithms of equation (33.33) and multiplying each side by 
— RT, it is seen that 


— RT In Kı =— RT ln K: + RT In K,, 


and consequently, by equation (33.6), 
AFi = AF? — AF3. 


An examination of the chemical equations for the three equilibria given 
above shows that, as written, reaction (1) is equivalent to reaction (2) 
minus reaction (3). Consequently, if standard free energy equations are 
written out in a manner similar to that used for thermochemical (heat of 
reaction) equations in § 12d, etc., they can be added and subtracted in an 
analogous manner. 


Problem: The standard free energy AF? for reaction (2) is 61.44 kcal. and 
that for reaction (3) is 54.65 kcal. at 25° C. Calculate K, for the “water gas” 
reaction at this temperature. 


The standard free energy is equal to AF} — AF%, i.e., 61.44 — 54.65 = 6.79 
kcal., or 6,790 cal. Since AF} = — RT In Ky, it follows at 25° C, i. e., 298.2° K, 


6,790 = — 4.576 X 298.2 log K., 
with R, like AF, expressed in calorie units; hence, 


log K; = — 4.98, 
K; = 1.05 X 10-5 at 25° C. 
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33k. Standard Free Energies of Formation.— Because of their additivity 
and their relationship to equilibrium constants, and for other reasons, it is 
useful to tabulate standard free energies, like heats of reaction; the methods 
available for the determination of free energy changes for chemical reactions 
will be reviewed in the next section. The results are conveniently recorded 
in the form of standard free energies of formation of compounds, and these 
are derived from the free energies of reactions in a manner similar to that 
used to obtain standard heats of formation from the heats of reaction in 
§ 12f. There is no method known for the experimental determination of 
absolute free energies, but this is of no consequence, since the solution of 
thermodynamic problems requires a knowledge of free energy changes. For 
the purpose of evaluating free energies of compounds, the convention is 
adopted of taking the free energies of all elements in their standard states to be 
zero at all temperatures. The standard states of solid and liquid elements 
are their respective pure stable forms at 1 atm.; for gaseous elements the 
standard states are the ideal gases at 1 atm. pressure, i.e., at unit fugacity. 
On the basis of these conventions, the standard free energy of a compound is 
equal to its standard free energy of formation, that is, to the increase of free 
energy accompanying the formation of 1 mole of the compound from its 
elements, all the substances being in their respective standard states. For 
example, for the reaction between hydrogen and oxygen at 25° C, 


Ha(g) + 402(9) = H.O(g), AFꝛes = 54.65 kcal., 


the standard states being the gases at unit fugacity, so that the standard 
free energy of formation of water vapor is — 54.65 kcal. mole at 25° C. 
This means that the free energy of 1 mole of water vapor in its standard state 
is less by 54.65 kcal. than the sum of the free energies of 1 mole of hydrogen 
gas and } mole of oxygen gas in their respective standard states at 25° C; 


hence, . 
AF ig = F°(H20, g) — [F°(H2, g) + 4F°(Oz, g)] =— 54.65 kcal. 


If the standard free energies of the elements are set equal to zero, by con- 
vention, the standard free energy of 1 mole of water vapor becomes equal to 
the standard free energy of formation from its elements. 

The standard free energies of formation of a number of compounds at 
25° C are given in Table XXIV. They can be utilized, like heats of forma- 
tion (standard heat contents) in Chapter V, to calculate the standard free 
energies of many reactions, for several of which the values could not be 
obtained in any other way. This is especially the case for reactions, par- 


7 Data mainly from W. M. Latimer, The Oxidation States of the Elements, etc., 
1938; see also International Critical Tables, Vol. V; G. S. Parks and H. M. Huffman, The 
Free Energies of Some Organic Compounds,” 1932; Kelley, U. S. Bur. Mines Bull., 384 
(1935); 406, 407 (1937); Pitzer, Chem. Rev., 27, 39 (1940); Parks, ibid., 27, 75 (1940); 
Thacker, Folkins and Miller, Ind. Eng. Chem., 33, 584 (1941); Wagman, Kilpatrick, Taylor 
Pitzer and Rossini, J. Res. Nat. Bur. Stand., 34, 143 (1945); Prosen, Pitzer and Rossini, 
ibid., 34, 255, 403 (1945); Wagman, Kilpatrick, Pitzer and Rossini, ibid., 35, 467 (1945); 
Kilpatrick, Prosen, Pitzer and Rossini, ibid., 36, 559 (1946). 
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ticularly those involving organic compounds, which proceed to virtual 
completion, and for which equilibrium constants could not be determined 
experimentally. 

It is sometimes required to know the free energy of formation of a sub- 
stance in one physical state when that in another is given. For example, 
the free energy of formation of liquid water is recorded in Table XXIV, since 


TABLE XXIV. STANDARD FREE ENERGIES OF FORMATION 
AT 25° C IN KCAL. PER MOLE * 


Inorganic Compounds 


Substance AFo Substance AFo Substance AF’ 
HF (g) — 31.8 NO (q) 20.66 SbzOs (s) — 149.0 
HCl (g) — 22.74 H: S () — 7.87 Asz03 (8) — 137.7 
HBr (g) — 12.54 SO2 (9) — 71.7 BaCO;(s) — 271.6 
CO(g) — 32.81 NH: () — 3.94 BizOs (s) — 116.6 
CO2(g) — 94.26 HzO () — 56.70 CaCO: (8) — 270.4 

Organic Compounds 
Substance AFo Substance AFo 
Methane (q) — 12.14 Methyl alcohol (0) — 40.0 
Ethane (g) — 7.86 Ethyl alcohol (0) — 40.2 
Propane () — 5.61 Acetaldehyde () — 31.9 
Ethylene (g) 16.34 Acetic acid () — 94.5 
Acetylene (g) 50.7 Benzene (0) 29.06 


* For further data, see Table 5 at end of book. 


this is the standard state at ordinary temperatures, but for certain purposes 
the standard free energy of water vapor, i.e., at unit fugacity, is required. 
For this purpose, it is necessary to determine the standard free energy change 
of the process HzO („“) = H2O(g). Since the molar free energy of the liquid 
water is equal to the molar free energy of the vapor with which it is in 
equilibrium (§ 27a), the problem is simply to calculate the difference in.free 
energy of 1 mole of water vapor at its equilibrium (vapor) pressure, at the 
given temperature, and in the standard state of unit fugacity, i. e., ideal gas 
at 1 atm. For this purpose, use may be made of equation (29.5), viz., 


AF = F; — F, = RT In a (33.34) 
1 


where f» is unit fugacity, and fı is that corresponding to the vapor pressure. 
For most purposes, except near the critical point, the ratio of the fugacities 
may be replaced by the ratio of the vapor pressures, that is, ideal behavior 
is assumed (cf. Chapter XII, Exercise 5); equation (33.34) then becomes 


AF = RT In 5 (33.35) 
1 


which, incidentally, is identical with the expression in § 25d for the free energy 
change accompanying the expansion of an ideal gas. The vapor pressure 
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of water at 25° C is 23.76 mm., and since equation (33.35) involves a ratio 
of pressures, the units are immaterial. Thus pz may be set equal to 760 
mm. and pi to 23.76 mm., so that at 298.2° K, with R in cal. deg.—! mole, 


760.0 
23.76 


The standard free energy of formation of liquid water is — 56.70 kcal., and 
hence for water vapor, AF”? is — 56.70 + 2.05, i.e., — 54.65 kcal., at 25° C. 


Problem: The standard free energy change for the reaction CO(g) + 2H:2(g) 
= CH,OH(g) is — 5.88 kcal. at 25° C. Calculate the standard free energy of 
formation of liquid methanol at 25° C, the vapor pressure being 122 mm. at that 
temperature. 

For the process CH;OH(g) = CH, OH (0), the standard free energy change at 
298.2° K, assuming ideal behavior of the vapor, is given by 


E pi _ 122 
DETR 4.576 X 298.2 log 760 


= — 1,084 cal., 


since pz, the vapor pressure of the final state, i.e., liquid, is 122 mm., and pi, for 
the initial state, i.e., vapor at 1 atm., is 760 mm. Hence, for the reaction 


CO(g) + 2H.(g) = CH:OH (l), AF = — 5.88 — 1.08 = 6.96 kcal. 
(— 33.0) (0) (x) 

Writing the free energy of formation of each species below its formula, it is seen 

that for liquid methanol at 25°, AF es is given by 


z — ( 33.0 + 0) = — 6.96, 
= 40.0 kcal. 


AF = 1.987 X 298.2 X 2.303 log = 2,054 cal. 


331. Determination of Standard Free Energies.— Three main procedures 
have been used for the evaluation of standard free energies of reactions. 
The first is based on the experimental determination of equilibrium con- 
stants, and their combination in the manner indicated above. By the pro- 
cedure described in & 33i, an expression can then be obtained for AF as a 
function of temperature, so that the value at any particular temperature 
can be evaluated. 

The second method, which has been largely used for reactions involving 
ionized substances, is based on the measurement of the ©.M.¥.’s of certain 
galvanic cells. It was seen in § 25b that the decrease of free energy ac- 
companying any process at constant temperature and pressure, i.e., — AF, p, 
is equal to the maximum (reversible) work, other than work of expansion, 
obtainable from that process. If the particular reaction can be performed 
in such a manner that, apart from work of expansion, all the work is elec- 
trical in nature, then the free energy change is equal in magnitude to the 
electrical work. Many processes can be carried out reversibly in a suitable 
galvanic cell, and the (maximum) E. M. r. of the cell may be used to derive 
the accompanying free energy change. 
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The subject will be considered more fully in Chapter XIX, but for the 
present it will be sufficient to accept the fact that cells can be devised in 
which particular chemical and physical changes take place. In order that 
the E. M. r. may be employed for free energy calculations, it is necessary that 
the cell should function reversibly; the tests of reversibility are as follows. 
When the cell is connected to an external source of E.M.¥., which is adjusted 
so as exactly to balance the E. M. r. of the cell, i.e., so that no current flows, 
there should be no chemical change in the cell. If the external E. M. F. is 
decreased by an infinitesimally small amount, current will flow from the cell 
and a chemical change, proportional in extent to the quantity of electricity 
passing, should take place. On the other hand, if the external E. M. r. is 
increased by a small amount, the current should pass in the opposite direc- 
tion and the cell reaction should be exactly reversed. To determine the 
maximum, or reversible, BE. M. F. of such a cell, it is necessary that the cell 
should be operated reversibly, that is, the current drawn should be in- 
finitesimally small so that the system is always virtually in equilibrium. 
Fortunately, the potentiometer method, almost universally employed for 
the accurate determination of E. M. r. s, involves the exact balancing of the 
E. M. F. of the cell by an external E. M. F. of known value, so that the flow of 
current is zero or infinitesimal. The external E. M. F. applied from the po- 
tentiometer thus gives an accurate measure of the reversible (maximum) 
E. M. F. of the cell. It may be mentioned that if large currents flow through 
the cell when its E. M. F. is measured, concentration gradients arise within the 
cell, because of the slowness of diffusion, etc., and the BE. M. r. observed is less 
than the reversible value. 

If the E. M. F. of a voltaic cell is E int. volts, and the process taking place 
within it is accompanied by the passage of N faradays of electricity, i. e., 
NF coulombs, where F represents 96,500 int. coulombs, the work done by 
the cell is NFE int. volt-coulombs, or int. joules (ef. § 3b). If the cell isa 
reversible one, as described above, and E is its reversible, i.e., maximum, 
E.M.F., at a given temperature and pressure, usually atmospheric, it follows 
from the arguments presented earlier that 


— AF = NFE, (33.36) 


where AF is the increase in the free energy accompanying the process taking 
place in the cell. The value of AF refers, of course, to a definite temperature 
and pressure, and instead of writing AF. p this is usually understood. The 
number N of faradays required for the cell reaction can be readily obtained 
by inspection of the chemical equation. In general, this number of faradays 
is equal to the number of equivalents of electricity, or number of unit 
charges, transferred in the cell reaction (cf. § 45b). 

At the present moment, the chief interest is the evaluation of the stand- 
ard free energy AF”? of a process. It will be seen in Chapter XIX that this 
can be calculated from AF and the activities of the substances present in the 
cell, by utilizing a form of the reaction isotherm [equation (33.5) J. It can 
be stated, however, that if the substances involved in the cell reaction are 
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all present in their respective standard states, the resulting B. kr. r. will be 
the standard value EC. The standard free energy change is then given by 
the appropriate form of equation (33.36), viz., 


— AF’ = NFE”. (33.37) 


The measurement of E.M.F.’s, of reversible cells thus provides a simple, and 
accurate, method for evaluating standard free energy changes. Various 
applications of this procedure will be given in later chapters. 

The third method commonly employed for obtaining standard free 
energies depends on the use of entropy values; this will be discussed in some 
detail in the following section, as it provides a highly important practical 
application of the results obtained in the earlier study of entropy. 

33m. Standard Free Energies and Entropy Changes.—lIt is apparent 
from the general equation 


AF? = AR’ — TAS’, (33.38) 


that AF” for any reaction could be calculated if AH’ and AS° were known. 
In many cases where direct determinations of free energy changes are not 
possible, it is a relatively simple matter to obtain the heat of reaction AH“ 
with reactants and products in their standard states. This is true, for 
instance, for many reactions involving organic compounds. If the corre- 
sponding entropy change AS?’ were known, the problem of obtaining the 
standard free energy change would be solved. 

If the entropies in their standard states are known for all the substances 
concerned in a reaction, it is possible to evaluate the entropy change AS“ 
for the process at the same temperature. It was seen in Chapter IX that 
the entropies of solids, liquids and gases can be obtained from heat capacity 
measurements, utilizing the third law of thermodynamics. For gases, the 
entropies can frequently be derived from the respective partition functions, 
and these can be converted into the values for the solid and liquid states by 
means of the entropies accompanying the phase changes as obtained from 
the corresponding latent heats. Another procedure which has been found 
useful is to determine the entropy of an element or compound from a 
knowledge of the standard entropy change of the reaction and the entropies 
of all but one of the substances taking part in the reaction. The entropy 
change for the whole reaction can, of course, be evaluated if AH’ and AF 
are known, by means of equation (33.38). 

If the reaction can be made to take place in a reversible galvanic cell, 
a direct method for the determination of the standard entropy change is 
possible. For a substance in its standard state, equation (25.20) takes 
the form 

dF’ 


ZE Se, 


dT 


the constant, pressure condition being omitted as unnecessary; hence, for 
a process involving reactants and products in their respective standard 
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states, 
d 


AS = 
> aT 


(33.39) 


If the reaction can take place in a reversible cell, whose E. M. x. is Ee, it follows, 
by combining equations (33.37) and (33.39), that 
d Eo 
AS = NF . À 
S N. 47 (33.40) 
The standard entropy change of the reaction can thus be determined from 
the temperature coefficient of the E. M. F. of the cell. 


Problem: For the cell Ag (s) AgCl (s) KCl soln. HgzClz(s) Hg (“), in which the 
reaction is Ag (s) + 1HgzClz(s) = AgCl (s) + Hg(l), the temperature coefficient of 
the B. M. r. is 3.38 X 10 volt deg. -! at 25° C. The entropies at this temperature 
of Ag(s), AgCl(s) and Hg(l) are known from heat capacity measurements to be 
10.2, 23.0 and 18.5 E. v. mole (or g. atom™), respectively. Calculate AS? for 
the reaction, and the standard molar entropy of HgzClz(s) at 25° C. 


It may be noted that in this particular cell all the substances taking part in 
the reaction are in their respective standard states, thus simplifying the problem. 
In this case dE°/dT is equal to dE/dT, which is 3.38 X 10 volt deg... Since 
silver is univalent, the cell process would require the passage of J faraday, i. e., 
N is 1 equiv. Since the entropy is required in cal. deg.—! mole™, it is convenient 
o express F as 23,070 cal. volt g. equiv.—! (Table 1, Appendix), so that 


AS? = 1 X 23,070 X 3.38 X 10~ 
7.80 cal. deg. 1, i. e., E. u. 


uf 


For the given reaction, 


AS? = [S(AgCl) + S°(Hg)] — [S%(Ag) + $8°(Hg:Cl.)], 
7.80 = (23.0 + 18.5) — [10.2 + 4S8°(Hg,Cls) J, 
S°(Hg2Cl.2) = 47.0 E. U. mole™. 


By definition, the entropy change in a reaction is equal to the heat 
shange, when the process is carried out reversibly, divided by the absolute 
emperature. If the amount of heat liberated in a reversible cell when it 
yperates could be measured, the entropy change for the reaction could be 
letermined. Because of experimental difficulties this method does not 
ppear to have been used. 

33n. Application of Free Energy and Entropy Data.— With the standard 
ntropies for many elements and compounds known (see Tables XV and 
CIX), a highly valuable means is available for the determination of free 
nergy changes, and hence of equilibrium constants, for numerous reactions. 
dor many of the processes no direct experimental methods for obtaining 
hese quantities have yet been developed. An important application of the 
lata is to decide whether a particular reaction is possible, or not, at a certain 
emperature before attempting to carry it out experimentally. 
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Problem: Determine the standard free energy change of the reaction CH. (g) 
+ 20:(g) = CO.(g) + 2H;O(l) at 25° C, using the following standard entropies 
and heats of formation: 


CH. () 02(9) CO,:(g) HzO () 
80 44.5 49.00 51.06 16.75 cal. deg. 1 mole! 
AH® — 17.9 0 — 94.0 — 68.3 kcal. mole. 


For the reaction as written above, 


AS® = [51.06 + (2 X 16.75)] — [44.5 + (2 X 49.00)] = 57.9 E. v. 
AH’ = - 94.0 + (- 2 „ 68.3)] — [— 17.9 + (2 X 0)] = — 212.7 kcal. 


TAS’ = — 298 X 57.9 = — 17,250 cal. = — 17.3 kcal. 


AF’ = AH’ — TAS = — 212.7 + 17.3 
= 195.4 kcal. at 25° C. 


Problem: A mixture of hydrogen and carbon monoxide in the molecular pro- 
portion of 2 to 1 is allowed to come to equilibrium, in the presence of a catalyst, 
at 600° K and 250 atm. Disregarding side reactions, determine the extent of 
conversion into methanol according to the reaction 2H: + CO = CH,; OH (g), using 
heat capacity, heat content and entropy data, together with the generalized 
fugacity chart.’ 

At 25° C, AH” of formation of CH; OH (g) is — 48.1 kcal., that of CO is — 26.4 
keal., and that of hydrogen is zero by convention. Hence, for the methanol 
reaction, AH?’ is — 48.1 — (— 26.4 + 0) =— 21.7 kcal., or — 21,700 cal. 

The values of Cp in cal. deg.~! mole are as follows: 


Cp(CH;0H) = 4.394 + 24.274 X 10T — 68.55 X 107° T? 
2 X Cy(H:) = 13.894 — 0.399 X 10°T + 9.62 X 10777 
Cp(CO) = 6.342 + 1.836 X 102 + 2.80 X 10 T:, 
so that 
ACp = — 15.842 + 22.837 X 10°°T — 80.97 X 107772. 


Hence, 
Aa = — 15.84, AB = 22.84 X 10°, Ay = — 80.97 Xx 107. 


Inserting these results, together with AH’ at 298.2° K, into equation (33.29), 


— 21,700 = AH? — 15.84 X 298.2 + 11.42 X 107? X (298.2)? 
— 26.99 X 1077 X (298.2) 


= AH? — 4,723 + 1,015 — 72, 
AH? = — 17,920 cal. 


The standard entropies are 56.63 for CH,OH(g), 2 X 31.21 = 62.42 for 2H:, 
and 47.30 E. u. for CO, so that for the reaction AS? is — 53.09 cal. deg.—'. Hence, 
at 298.2° K, 

AFo = AH’ — TAS’ 
= — 21,700 + 298.2 X 53.09 = — 5,870 cal. 


$ Cf. Ewell, Ind. Eng. Chem., 32, 147 (1940). 
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Using this value of AF”, together with AH}, Aa, AB and Ay, it is possible to 
determine the integration constant J in equation (33.32); thus, with T equal 
to 298.2° K, 


— 5,870 = — 17,920 + 15.84 X 298.2 X In 298.2 — 11.42 X 10-3 X (298.2)? 
+ 13.5 X 1077 X (298.2) + 298.21 
= — 17,920 + 26,920 — 1,015 + 36 + 298.2/, 
I =— 46.59. 


At 600° K, the value of AF” is given by 


AFo = — 17,920 + 15.84 X 600 X In 600 — 11.42 X 10 X (600)? 
+ 13.5 X 10-7 X (600)? — 46.59 X 600 
= — 17,920 + 60,820 — 4,111 + 292 — 27,950 
= 11,130 cal. 


Since AF? = — RT In Ky, with fugacities in atm. in this case, it follows that K, 
at 600° K is equal to 8.9 X 1075. 

The data for the determination of the activity coefficient function Jy at 
600° K at 250 atm. are as follows: 


T. P: 0 T y’ 
CHOH 513.2° K 98.7 atm. 1.17 2.53 0.58 
Hz 33.2°(+ 8°) 12.8(+ 8) 14.56 12.02 1.10 
CO 134.40 34.6 4.65 7.23 1.13 
Jy 3 0.42. 


~ (1,10)? X 1.13 


If this may be taken as equal to the true activity function, then as a good 
approximation Ky = Jy X Kj; hence, K, is 8.9 X 1075/0.42 = 2.1 X 10~. 

If the system initially contains 2 moles of Hz and 1 mole of CO, and z is the 
extent of conversion at equilibrium, the numbers of moles at equilibrium are 
2 — 2K (Hz), 1 - (CO) and z(CH;0H). Hence, the respective mole fractions 
are (2 — 2x)/(3 — 22), (1 — z)/(3 — 2x) and z/(3 — 2), and so for the reaction 
2H. + CO = CHOH (g), for which An is — 2, 


K, = Nehzoen p-: 20 — 20)? 
2 Ni, X Nco (1 — x)(2 — 2c P? 


Since Kis 2.1 X 10-4 and P is 250 atm., K; and K, being based on the fugacity 
of 1 atm. as standard state, solution of the equation by successive approximation 
gives z equal to 0.67. There is consequently 67 per cent conversion of hydrogen 
and carbon monoxide into methanol under the given conditions. 


Attention may be called to the omission of the entropies and heat con- 
tents of ions from the foregoing discussion, so that the data for the calcula- 
tion of the free energies of ionic reactions are not yet available. However, 
the subject will be taken up in Chapter XIX, when the omission will be 
rectified. 

330. Confirmation of Third Law of Thermodynamics.—It was stated in 
§ 23d that confirmation of the third law is to be found in the agreement with 
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experiment obtained by using thermal entropies in conjunction with other 
data. Numerous examples of such agreement are to be found in the literature 
of thermodynamics, but two simple cases will be considered here. In the 
problem in § 33m, the entropy of mercurous chloride was derived from 
E.M.F. measurements and from the third law entropies of mercury, silver 
and silver chloride. The fact that an almost identical result, viz., 47 cal. 
deg.— mole, has been obtained by direct heat capacity measurements on 
solid mercurous chloride, assuming the entropy to be zero at the absolute 
zero, may be regarded as confirmation of this (third law) postulate. Very 
satisfactory agreement has been found in other instances of a similar type. 

Another procedure for testing the third law of thermodynamics is to 
combine heat content with entropy data for a given reaction, and so to 
determine the free energy change, the value of which is known from direct 
measurement. ‘The standard free energy change for the formation of silver 
oxide, i.e., for the reaction 2Ag(s) + $02(g) = Ag2O(s), can be derived from 
the dissociation pressure (cf. Exercise 11); this is found to be — 2.59 kcal. 
at 25° C. The third law entropies of silver oxide, silver and oxygen are 
29.1, 10.2 and 49.0 cal. deg. mole“, respectively, at 25° C, and hence for 
the reaction in which 1 mole of silver oxide is formed, AS“ is 29.1 — (2 X 10.2 
+4 X 49.0), i.e., — 15.8 cal. or —0.0158 kcal. deg.—'. The standard heat 
of formation of the oxide is known to be — 7.30 kcal. mole, and hence 
the free energy of formation, given by AH? — TAS’, should be — 7.30 
— (298.2 X — 0.0158) = — 2.59 kcal. mole, in complete agreement with 
the direct experimental value. Analogous results have been obtained in 
many cases involving both inorganic and organic compounds. 

33p. Free Energy Functions.—In connection with homogeneous gas re- 
actions in particular, an alternative method of presenting what amounts 
essentially to entropy data is to utilize certain free energy functions based 
on the use of partition functions. It was seen in § 25g [equation (25.42) ], 
that 

F — EO =— RT ln z ; (33.41) 

where F is the molar free energy and Q is the partition function of the given 
species; Eo is the molar energy content when all the molecules are in their 
lowest energy state, i.e., at 0° K; N is the Avogadro number. The partition 
functions invariably refer to the ideal gaseous state, and if the pressure of 
the gas is taken as 1 atm., the values apply to the usual standard state. It 
follows, therefore, that equation (33.41) may be written as 


so that 
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By definition, H = E + PV, and for 1 mole of an ideal gas, this may 
be written as H = E + RT, or H’ = E’ + RT if the substance is in its 
standard state, i.e., 1 atm. pressure. It follows, therefore, that at 0° K, 
when RT is zero, 


H = Es. 
It is consequently possible to substitute H$ for E9 in equation (33.42), giving 
F° — HÌ Q 
2 = R Iin =. ; 
7 Rin X (33.43) 


The quantity — (F° — Ee) / T or — (F° — Ho)/T, that is, the left-hand side 
of equation (33.42) or (33.43), is known as the free energy function of the 
substance; its value for any gaseous substance, at a given temperature, can 
be readily derived from the partition function for that temperature, at 1 
atm. pressure. The data for a number of substances, for temperatures up to 
1500° K, have been determined in this manner and tabulated (Table XXV).° 


TABLE XXV. FREE ENERGY FUNCTIONS IN CAL. DEG. 1 MOLE! 


— (F° — H/T 
Substance 298.16° 400° 600° 800° 1000° 1500° K 
H: 24.423 26.422 29.203 31.186 32.738 35.590 
02 42.061 44.112 46.968 49.044 50.697 53. 808 
N: 38.817 40.861 43.688 45.711 47.306 50.284 
Graphite 0.517 0.824 1.477 2.138 2.771 4.181 
CO 40.350 42.393 45.222 47.254 48.860 51.884 
CO: 43.555 45.828 49.238 51.895 54.109 58.461 
H: O00) 37.172 39.508 43.688 45.711 47.306 50.622 
Cl: 45.951 48.148 51.298 53.614 55.453 58.876 
HCI 37.734 39.771 42.588 44.597 46.171 49.096 
NO 42.985 45.141 48.100 50.314 51.878 54.979 
HS 41.174 43.53 46.83 49.27 51.24 55.06 
CH, 36.46 38.86 42.39 45.21 47.65 52.84 
Cali. 45.25 48.20 53.06 57.28 61.12 69.49 
CzH. 44.05 46.7 50.8 54.4 57.5 64.2 
CzHz 40.01 42.49 46.38 49.50 52.14 57.43 
NH; 37.989 40.380 43.826 46.450 48.634 53.033 
SO; 50.95 53.49 57.21 60.05 62.39 66.91 
80.000 51.94 54.81 59.31 62.98 66.12 — 


It will be observed that Table XXV contains values for the free energy function 


of graphite; this has not been obtained from equation (33.43), which is applicable 
to gases only. The method for the calculation of — (F° — Hg) / T for solids is 
based on the use of heat capacities. For a pure solid, since So is zero, by the 
third law of thermodynamics, equation (23.1) becomes 


T 
s= f Ce ar, 
OT 


For main 80 of data, see references in Wilson, Chem. Rev., 27, 17 (1940); also, 
Wagman. et al., ref. 7, Kilpatrick, et al., ref. 7, Pitzer, ref. 7. 
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the symbol S° being employed since the pure solid, at 1 atm. pressure, represents 
the standard state. Further, since Cy is equal to (0H/0T)p, it follows upon 
integration that 


T 
— H? = f CpdT. (33.44) 
0 


Upon combining these two expressions with the relationship F° = H? — 78, for 
the standard state, it follows immediately that 


0 T 
— . -f ar- odT. 
0 


Hence, if Cp of the solid is known as a function of the temperature, — (F° — 100% T 
can be obtained by analytical or graphical integration. 


339. Calculation of Standard Free Energies. — The free energy functions 
can be utilized to calculate equilibrium constants or the standard free energy 
changes of gas reactions in the following manner. The change in the free 
energy function accompanying a particular reaction is — A(F° — H@)/T, 
and this may be written as 


Fo — H? AF® AH 
Ke — 
( T ) T F T 7 


0 — 0 
Abo = TA ( + Az. (33.45 


so that 


The first term on the right-hand side can be derived directly from the table 
of free energy functions, and hence for the determination of the standard free 
energy change AF” it is necessary to know AH for the given reaction. 
Several methods are available for arriving at the proper values of AH@, but 
these all require a knowledge of heat content changes, that is, of heats of 
reaction. From this fact it will be evident that the foregoing method of 
obtaining AF9 is really equivalent to the use of the entropy change. 

As seen earlier (§ 12k), AH@ for a reaction may be evaluated from thermal 
measurements, including heat capacities at several temperatures. How- 
ever, instead of using experimental heat capacity data to derive Ad from 
AH® values, the results may be obtained indirectly from partition functions 
(cf. § 16c). The energy content of an ideal gas is independent of the pres- 
sure, at a given temperature; hence, E — EK, in equation (16.8) may be re- 
placed by EO — E}, so that 


E = o In Q 
Eo — E$ RT ( aT E (33.46) 


and since Ho = Eo + RT for 1 mole, and Eò and HÌ are identical, it follows 
that 


Ho Hg = RT? 5 a) + RT. (33.47) 
V 
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Values of H° — H$, known as the relative heat content, for a number of 
gases at various temperatures, calculated from partition functions by means 
of equation (33.47), have been recorded (Table XXVI).!° For pure solids, 


TABLE XXVI. RELATIVE HEAT CONTENTS IN KCAL, PER MOLE * 


H’ — H} 

Substance 298.16° 400° 600° 800° 1000° 1500° K 
IH: 2.024 2.731 4.129 5.537 6.966 10.694 
O2 2.070 2.792 4.279 5.854 7.497 11.776 
N: 2.072 2.782 4.198 5.669 7.203 11.254 
Graphite 0.252 0.503 1.198 2.082 3.075 5.814 
CO 2.073 2.784 4.210 5.700 7.257 11.359 
CO: 2.238 3.195 5.322 7.689 10.222 17.004 
H:0 (g) 2.365 3.190 4.873 6.666 8.580 13.876 
Cl: 2.11 — — — — — 
HCI 2.00 — — — — — 
NO 2.206 2.923 4.385 5.834 7.584 11.701 
HS 2.386 3.22 4.99 6.92 9.01 14.79 
CH, 2.397 3.323 5.549 8.321 11.560 21.130 
CzH e 2.865 4.27 8.03 12.78 18.37 34.56 
CH, 2.59 — — — — — 
C-H: 2.41 — — — — — 
NH, 2.407 3.2992 5.2656 7.5720 10.123 17.460 
SO: 2.53 3.53 5.75 8.17 10.70 17.29 
SO3(g) 2.77 4.10 7.22 10.78 14.63 — 


* The entropy at any temperature may be derived from the free energy function and the 


relative heat content by utilizing the relationship S° 


— LC — H) / 7 + C(H° — H/ T9. 


H? — HÌ at any temperature may be derived from heat capacity measure- 
ments by means of equation (33.44). 
If AH for the reaction is known at any temperature (Chapter V), it is 


then a simple matter to obtain AH by means of the relationship 
AH = AH’ — A(H® — Ho), 


the last term being evaluated from Table XX VI. 
A third method for obtaining AH” has been employed in certain instances 


(33.48) 


by utilizing heats of dissociation derived from spectroscopic measurements. 
These results refer to the substances in their lowest energy state, and hence 
correspond to AH); the corrections required to convert the results to AHd, i. e., 
to the standard states, are usually small, and can be calculated if necessary. 


Problem: For the reaction He(g) + $0.(g) = H:2O(g), the value of AH at 
25° Cis — 57.80 kcal. Utilize Tables XXV and XXVI to determine the standard 
free energy change of the reaction. 


From Tables XXV and XXVI the following data are obtained at 25° C, 


i.e., 298.2° K: 
H.(g) 10:09) H:O(g) 


— (F° — H/T 24.423 21.031 37.172 — AL (Fe — H!)/T] = — 8.282 cal. deg. 
H’ — H? 2.024 1.035 2.365 A(H® — 118) = — 0.694 kcal. 


10 See ref. 9. 
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Since AH? is — 57.80 kcal., AH§ is — 57.80 — (— 0.69) = — 57.11 kcal. By 
equation (33.45), AF? = — (- 298.2 X 8.282 X 107°) + (— 57.11) = — 54.64 kcal. 


33r. Equilibrium Constant and Partition Functions.—There is another ap- 
proach to the problem of evaluating free energy changes of gas reactions from 
partition functions which, although formulated somewhat differently, is funda- 
mentally the same as that described above. Since, by equation (33.43), 


0 
Fo = RT in & + Ht, = 


it follows that for any homogeneous gas reaction, 
AF’ = — RT ln Jo + AH}, wee 


using a notation similar to that in § 32c (see footnote, p. 276). Since AF’ is 
equal to — RT ln K,, in this case, it is seen that 


0 
i 12 (33.40) 


For the general reaction 
aA ＋ UB +. ILT mM... ,, 


equation (33.49) becomes 


In K, = In TME X AHS 
r= (CY X (ONE XRT’ 
and hence, 
O/AT\E 0 on hee i 
K; = (QUUN 1 X (QIN ir X: A/ RT. (33.50) 


(Q°/N)4 X (Q°/N)B X 


The method of calculating K, based on equation (33.50) thus also requires a 
knowledge of AH’, which can be obtained by the methods described in § 33q. If 
this and the partition functions of the reactants and products of the process are 
known, the equilibrium constants can be readily calculated. 

For many purposes it is not necessary to know the actual partition functions, 
for they may be derived with sufficient accuracy by means of the equations given 
in Chapter VI. The calculations may be illustrated by reference to the simple 
case of the dissociation of a gaseous molecule into two atoms, viz., 


Az = 2A, 
for which 


_ (QYN)i an Rr 
Ky (QN) € 0 7 (33.51) 
where the subscripts 1 and 2 refer to the atoms and molecules, respectively. 

The partition function of the atomic species consists of the electronic and 
translational contributions only, but for the diatomic molecule Az the partition 
function involves the electronic, translational and rotational factors, and also the 
contribution of one vibrational mode. The translational partition function is 
given by equation (16.16) as 


3/2 
Q: = Gem y, (33.52) 
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where V is the molar volume. For the present purpose the partition function is 
required for each substance in its standard state. In order to obtain Ky, the 
standard state is that of the ideal gas at 1 atm. pressure. It is, therefore, con- 
venient to write Q; in a slightly different form, by replacing V by RT/P, where P 
is the pressure of the gas; hence, equation (33.52) becomes 


Oe (2rmkT)*? RT 
* P 
As seen in § 16b, the partition functions are based on the postulate of ideal be- 
havior of gases; hence if P in equation (33.53) is set equal to 1 atm. the result will 


be the translational contribution to the partition function of the gas in the standard 
state, i. e., 


(33.53) 


(2m r) 
Sg ee 


with R in cc.-atm. deg.—-1 mole. This result is applicable to both atoms and 
molecules, using the appropriate value of the mass m of each unit particle, i.e., 
the atom A or the molecule Az, respectively. 

The rotational and vibrational factors in the partition function of the diatomic 
molecule Az are given by equations (16.24) and (16.30), respectively. These are 
independent of the pressure (or volume) and require no adjustment or correction 
to the standard state. 

Utilizing the foregoing facts, and representing the masses of the atoms and 
molecules by mi and ma, respectively, equation (33.51) becomes 


e (21mibT) / W 
— eee 

(21m) RT | 8rIkT 
N. | h? | oh? 


where Qi and Qe: are the respective electronic factors; J is the moment of inertia 
of the molecule Ag, o is its symmetry number, i. e., 2, and w is the vibration fre- 
quency in m. -i. In addition to AH}, which is derived in the manner already 
described, the masses mi and ma, obtained from the atomic and molecular weights, 
respectively, and the universal constants x, k, h, R, N and c, the other information 
required for the evaluation of the equilibrium constant K, can be obtained from 
spectroscopic data. In some cases, e.g., dissociation of hydrogen, oxygen, nitrogen 
and the halogens, the value of AH? can also be derived from spectroscopic studies, 
and so the equilibrium constant can be calculated without any chemical or thermal 
measurements. 


Q: (33.54) 


0 
K AH / RT 
J7 € of , 


(1 — hewl kT\—1 


Problem: Calculate the equilibrium constant K; for the dissociation of molecu- 
lar iodine into atoms at 1000° C. The electronic state of the molecules may be 
taken as a singlet, and all the atoms may be regarded as being in the state for 
which the resultant quantum number j is J. The value of AH? is known from 
spectroscopic measurements to be 35,480 cal. The moment of inertia of molecular 
iodine is 743 X 10 g. cm.? and the vibration frequency is 214 m. 1. 


For atomic iodine, Q.: is 27 + 1, i.e., 4.00; mi is 127/N, where N is the Avo- 
gadro number. For molecular iodine, Q.: is 1, m: is 254/N, and the symmetry 
number is 2. Inberting these values in the equation given above, together with 
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h, cand k in c. g. s. units and N in the brackets in cc.-Mtin. deg. ! mole7!, it is found 
that at 1000 C, i.e., 1273° N, 


Ky (for l = 21) - 0.184. 


The example given above provides a simple illustration of the use of moments 
of inertia and vibration frequencies to calculate equilibrium constants. The 
method can, of course, be extended to reactions involving more complex sub- 
stances. For polyatomic, nonlinear molecules the rotational contributions to the 
partition functions would be given by equation (16.34), and there would be an 
appropriate term of the form of (16.30) for each vibrational mode." 

33s. Equilibrium Constants of Metathetic Reactions.—When a reaction in- 
volves a metathesis, or double decomposition, a very simple, if somewhat approxi- 
mate, expression can be derived for the equilibrium constant, particularly if 
diatomic molecules only take part in the process, as in the case, for example, of 
the gas reaction 

AB + CD = AC + BD. 
1 2 3 4 


For such a reaction, in which there is no change in the number of molecules, the 
equilibrium constant is independent of the standard state (§ 32c), so that it is 
possible to write equation (33.50) as 


(Q°/N)s X de anyer _ OX Qs ander, 
(O / Vi X (NV O O (33.55) 


where, for simplicity, the symbols Qı, 2, Q3 and Q, are used to represent the 
partition functions, in their standard states, of the diatomic molecules AB, CD, 
AC and BD, respectively. For the diatomic molecules the electronic factors may 
be taken as unity; if they are not individually unity, the cancellation of the terms 
in equation (33.55) will lead to a value not very different from unity. The ex- 
pression for the translational partition function [equation (33.54) ] may be simpli- 
fied in form; thus, 


K = 


(21m T) / 
Q? = i AT = aM32, 


where M is the molecular weight of the gas, and a is the same for all gases at 
definite temperature, independent of the nature of the substance. In a similar 
manner, the equation for the rotational partition function for a diatomic molecule 


may be written as 
S IT 5 1 


oo o’ 

where b is also a constant, at a given temperature; J is the moment of inertia of 
the molecule. The four vibrational factors, i. e., (1 — )-, are not very 
different from unity, and, in any event, because of cancellation of terms, the com- 
plete contribution is virtually unity, and so they may be omitted. Making the 
appropriate substitutions, equation (33.55) becomes 


K = (:)“ F.. 7102 6 -AHGIRT 
MIM: III: 020. 


11 For extensive reviews, see Zeise, Z. Elek., 39, 758, 895 (1933); 40, 662, 885 (1934); 
48, 425, 476, 693 (1942). 
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or 
OHe , 3), MM: EL T103, 

In K = RT + z ln MM, + in 777, + in 5 (33.56) 
The value of the equilibrium constant may thus be derived from AH} for the reac- 
tion, and the molecular weights, moments of inertia, and the symmetry numbers 
of the substances taking part. Equations of the type of (33.56) have been em- 
ployed particularly in the study of isotopic exchange reactions, where the error 
due to the cancellation of the vibrational partition functions is very small, espe- 
cially if the temperatures are not too high.” 


Problem: Determine the equilibrium constant of the homogeneous gaseous 
isotopic exchange reaction between hydrogen and deuterium iodide, viz., 
Hz + 2DI = 2HI + D: 


at 25° C. From spectroscopic measurements, AH is found to be 83 cal., and 
the moments of inertia are as follows: H:2(0.459 X 10-19), DI(8.55 X 1040), 
HI(4.31 X 1074°), D2(0.920 X 10 g. um.?). 


The symmetry numbers for Hz and Dz are each 2, and for HI and DI they are 
both 1; consequently the symmetry numbers cancel, so that the corresponding 
factor is unity, and its logarithm in equation (33.56) is zero. The molecular 
weights are 2 for Hz, 129 for DI, 128 for HI and 4 for Da, so that by equation 
(33.56), after converting the logarithms, at 298° K, 


AH? Mix X Mp: 
2.303RT Ma, X Mi, 108 


a 83.0 (128)? X 4 
4.576 X 298 2 X (129)? 


= 0.0876, 
K = 1.22. 


Tig X Ip; 
Ig, x Ibi 
(4.31)? X 0.920 
0.459 X (8.55)? 


log K = — + 3 log 


+ 4 log + log 


EXERCISES * 


1. At 250° C and 170 atm. pressure the value of K, for the methanol equi- 
librium, i.e., CO + 2H: = CH:OH(g), was found to be 2.1 X 10-2. Apply the 
corrections for deviation from ideal behavior, and hence calculate K, at 250° C. 

2. The following equilibrium constants K,, with fugacities in atm., were 
obtained at 700° C, the Fe, FeO and C being present as solids: 


Fe + H.0(g) = FeO + H: K, = 2.35 
Fe + CO. = FeO + CO 1.52 
C+ H.0(g) = CO + Hz 1.55. 


Utilizing the free energy concept, and disregarding departure from ideal behavior, 
answer the following questions: (i) Will a mixture consisting of equimolecular pro- 
portions of water vapor and hydrogen at 1 atm. total pressure be capable of re- 


12 Cf. Urey and Rittenberg, J. Chem. Phys., 1, 137 (1933); Rittenberg, Bleakney and 
Urey, ibid., 2, 48 (1934); Urey and Greiff, J. Am. Chem. Soc., 57, 321 (1935); Libby, J. Chem. 
Phys., 11, 101 (1943). 

* For heat content, heat capacity, entropy and free energy data, see tables in text or 
at end of book. 


314 FREE ENERGY AND CHEMICAL REACTIONS 


ducing FeO at 700° C? What is likely to be the effect of increasing the total 
pressure? (ii) Will a gas mixture consisting of 12 mole % carbon monoxide, 9 
mole % carbon dioxide and 79 mole % of an inert gas (e.g., nitrogen) at a total 
pressure of 1 atm. tend to deposit carbon at 700° C? Above or below what pres- 
sure is this likely to occur? [Cf. Austin and Day, Ind. Eng. Chem., 33, 23 (1941). . 

3. The values of K, for the ammonia equilibrium at 500° C and various pres- 
sures were found (Larson and Dodge, ref. 1) to be as follows: 


P 50 100 300 600 atm. 
K; 3.88 X 10— 4.02 X 10 3.98 X 10-73 6.51 X 10 


Calculate the fugacity correction (i) by using the generalized fugacity diagram, 
(ii) by means of the van der Waals constants (ef. § 29c); hence, determine the true 
equilibrium constant at 500° C. (Cf. Pease, ref. 2.) 

4. Show that in the reaction 4N: + 3H: = NHs, assuming ideal behavior of 
the gases, the maximum (equilibrium) conversion of nitrogen and hydrogen into 
ammonia, at any definite temperature and pressure, is obtained when the reacting 
gases are in the proportion of 1 to 3. (Suppose the equilibr‘um system consists of 
N: and H: molecules in the ratio of 1 to r; let x be the mole fraction of NH, formed 
at equilibrium. Hence, set up an expression for K, in terms of mole fractions and 
total pressure, and find the condition which makes dz/dr equal to zero, i. e., for 
maximum conversion to NHs.) 

5. The following values were obtained for the equilibrium constant of the 
homogeneous gas reaction Hz + CO, = CO + H0: 


t° 600° 700° 800° 900° C 
K 0.39 0.64 0.95 1.30 


Use a graphical method, based on heat capacities, etc., to derive AH? for this 
reaction, and hence develop expressions for AF° and AH’ as functions of the 
temperature. What are the standard free energy and entropy changes for the 
reaction at 25° C? 

6. Check the results derived for 25° C in the preceding exercise by using 
tabulated free energy and entropy data. Also check the value for A(H® — Ha), 
i.e., AH? — AH}, obtained. 

7. For the reaction C(s) + H:O(g) = CO + H:, the equilibrium constant 
K; is 2.78 X 102 at 800° K. Calculate the free energy change in cal. accom- 
panying the reaction of steam at 100 atm. with carbon to form carbon monoxide 
and hydrogen each at 50 atm, (i) assuming ideal behavior of the gases, (ii) allowing 
for departure from ideal behavior. What is the standard free energy change of 
the reaction at 800° K? 

8. Use AF® values at 25° C, together with heat capacity data, to derive an 
expression for the variation with temperature of the equilibrium constant of the 
reaction SO, + 40: = 80: (9). What would be the value of K; at 450° C? 

9. A mixture of sulfur dioxide and oxygen, in the molecular proportion of 2 
to 1, is allowed to come to equilibrium at 450° C at (i) 1 atm. (ii) 200 atm., total 
pressure; estimate the composition of the final mixture in each case, allowing for 
allen from ideal behavior. (Use the value of Ky obtained in the preceding 
exercise. 

10. Utilizing heat content, heat capacity and entropy data, together with the 
generalized fugacity diagram, make a thermodynamic study of the reaction 
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C:Hi(g) + H:O(g) = C.H;OH(g). Determine the extent of conversion of an 
equimolar mixture of ethylene and water vapor into ethanol at 450° C and 200 
atm. [cf. Aston, Ind. Eng. Chem., 34, 514 (1942) J. 

11. The dissociation pressures of silver oxide at several temperatures were 
found by Benton and Drake [J. Am. Chem. Soc., 54, 2186 (1932) J to be as follows: 


t° 173° 178° 183.1° 188.2? C 
p 422 509 605 717 mm. 


In this temperature range Cy for Ag is given by 5.60 + 1.5 X 1027, for Ag: O by 
13.87 + 8.9 X 10, and for O, by 6.50 + 1.0 X 10°T. Determine AH’, AF° 
and AS’ for the reaction Ag:O = 2Ag + 40: at 25° C. 

12. The R. M. r. of the cell H:(g) | KOH aq|HgO(s), Hg), in which the reaction 
for the passage of two faradays is H.(g) + HgO(s) = H:0(}) + Hg), is 0.9264 
volt at 25° C. Use this result together with the known free energy of formation of 
mercuric oxide to calculate the standard free energy of formation of liquid water 
at 25° C. (The fugacity of the hydrogen gas may be taken as 1 atm.) 

13. The temperature coefficient of the standard E. M. r. of the cell Pb|PbCl; 
sat. soln. | AgCl (s), Ag is — 1.86 X 107‘ volt deg. -I; the cell reaction for the passage 
of two faradays is Pb + 2AgCl(s) = PbCl.(s) + 2Ag. Determine the standard 
entropy change for the reaction at 25° C. Calculate AS? by using the third law 
entropies in Table XV, and state whether the results tend to confirm the third 
law of thermodynamics. 

14. Using heat content data, determine AH? at 25° C for the reaction con- 
sidered in the preceding exercise; hence calculate AF for the reaction at 25° C. 
What is the B. M. r. of the cell at this temperature? (The experimental value is 
0.4900 volt.) 

15. The reaction Ag(s) + }Hg2Cl.(s) = AgCl(s) + Hg(l) takes place in a 
reversible cell whose E. M. F. is 0.0455 volt at 25° C and 1 atm. pressure. Calculate 
the free energy change of the reaction. By using equation (25.21), estimate 
(i) the free energy change of the cell reaction, (ii) the E. M. r. of the cell, at 1000 
at m. and 25° C. (The following densities, which may be taken as the mean values 
over the pressure range, may be used: Ag, 10.50; AgCl, 5.56; Hg, 13.55; HgCl, 
7.15 g. ec. (.) 

16. Utilize the free energy function and relative heat content tables to deter- 
mine the standard free energy change of the reaction CH, + CO, = 2CO + 2H; 
at 1000° K. (Use heat content data from Table V to obtain AH® at 25° C.) 

17. Suppose nothing were known of the 4N: + 1H: NH, reaction except 
the heat of reaction at 25° C. Using the moments of inertia and vibration fre- 
quencies of the molecules given in Chapter VI, calculate the free energy functions 
and relative heat contents, by equations (33.43) and (33.47), and utilize them to 
determine the equilibrium constant of the reaction at 500° C (cf. Exercise 3). 
[See Stephenson and McMahon, J. Am. Chem. Soc., 61, 437 (1939). ] 

18. By making use of the expression for the variation of Cy for graphite with 
temperature, calculate its free energy function and heat content, relative to the 
value at 0° K, at 1000° K. 

19. Calculate the equilibrium degree of dissociation of molecular hydrogen 
into atoms at 3000° K and 1 atm. pressure. The j value for atomic hydrogen in 
the ground state is 4 and no higher electronic states need be considered; molecular 
hydrogen exists in a singlet state. The value of AH? for the reaction H. = 2H is 
known from spectroscopic measurements to be 102.8 kcal. 
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20. Determine the equilibrium constant of the isotopic exchange reaction 
Hs + 95 = 2H D at 25° C, given that AH} is 157 cal. (The experimental value 
is 3.28. 

21. Estimate the extent of dissociation of water vapor into hydrogen atoms 
and hydroxyl radicals, by calculating the equilibrium constant of the reaction 
H:O = H + OH, at 2000° K, using the method of partition functions. The 
electronic statistical weights in the normal state are 1 for H: O, 2 for H and 4 for 
OH; higher energy states may be neglected. (Utilize the vibration frequencies 
and moments of inertia in Chapter VI, and take AH? as equal to the bond energy 
of the O—H bond which is broken in the reaction.) 

22. In the reaction Fe(s) + H,O(g) = FeO(s) + H: (g), the density of the 
iron is greater than that of the oxide. How does the constant fu,/fa,o0 vary 
with pressure? 

23. Determine the standard free energy change for the process CH., OH (g) 
CH. OH () at 25° C on the assumption that the vapor behaves as a Berthelot 
gas. The vapor pressure of liquid CH, OH is 122 mm. at 25° C. (Cf. problem in 
§ 33k, where the vapor is treated as an ideal gas.) 


CHAPTER XIV 
THE PROPERTIES OF SOLUTIONS 


34. IDEAL SOLUTIONS 


34a. Properties of Ideal Solutions.—An ideal liquid solution is defined 
as one which obeys an idealized form of Raoult’s law over the whole range of 
composition at all temperatures and pressures. According to the original 
form of this law, the partial vapor pressure p; of any constituent of a liquid 
solution is equal to the product of its mole fraction N, and its vapor pressure 
pr in the pure state, i. e., 


P. = N. pf. 
For thermodynamic purposes, however, it is preferable to use the idealized 
form 

J. ND (34.1) 


where f: is the fugacity of the constituent 7, either in the vapor or in the 
solution in equilibrium with it, since they are identical (§ 31a), and fẸF is the 
fugacity of the pure liquid at the same temperature and pressure. It will 
be seen below, at least for a solution of two components, that if equation 
(34.1) applies to one constituent over the whole range of composition it 
must also apply to the other. It follows, therefore, that in an ideal solution 
the fugacity of each component is proportional to the mole fraction in the given 
solution at all concentrations; the proportionality constant is equal to the 
fugacity of that component in the pure state at the temperature and pressure 
of the system.“ 

The use of the foregoing definition of an ideal solution implies certain 
properties of such a solution. The variation of the fugacity ff of a pure 
liquid + with temperature, at constant pressure and composition, is given 
by equation (29.22), viz., 


dln fr Hi — H? 
( au ), — 7775 t (34.2) 


where Hr is the molar heat content of the pure liquid at pressure P, and 
Hf is that of the ideal vapor, i.e., at low pressure, so that HT? — Hp is the 


t It is the common practice to represent the fugacity of a pure liquid by the symbol e; 
this is misleading, since the fugacity in the standard state is thus implied. To avoid the 
possibility of confusion the symbol f© is used here for the pure liquid, and fe is retained for 
the standard state, i.e., pure liquid at I atm. pressure. At this pressure fO and f° become 
identical, but in general the quantity fO is dependent on the pressure, whereas f° is not. 

1 For a review of the properties of ideal solutions, see J. H. Hildebrand, “Solubility of 
Non. electrolytes, 2nd ed., 1936, Chapter II. 
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ideal heat of vaporization (§ 29g). For the same substance when prescnt 
in solution, equation (30.21) is applicable (cf. § 31a); thus, 


o In /. 9 Hr? ~ H. 
( aT 57 RT?’ (34.33) 


where H. is here the partial molar heat content of ¢ in the liquid solution. 
Upon subtracting equation (34.2) from (34.3), the result is 


ð In (f/f?) Hr II. 
| 57 J. N (34:4) 


This expression will hold for any solution, but in the special case of an ideal 
solution, f:/fẸ? is equal to N, the mole fraction of that constituent, by equa- 
tion (34.1). Since the mole fraction, for a mixture of definite composition, 
is independent of the temperature, it follows that for an ideal solution 
Hy — F. must be zero, i.e., HỌ? and H. are identical. Consequently, the 
partial molar heat content of any constituent of an ideal solution (H.) is 
equal to the molar heat content of that substance in the pure liquid state 
(H?). As a result, equation (26.6), which for heat contents takes the form 


H = ny + nA. + * 5 
becomes 
H = milf + nz: + --:. 


The total heat content H of the mixture is thus equal to the sum of individual 
heat contents of the pure liquid constituents; hence, there is no heat change 
upon mixing the components of an ideal solution. In this respect, therefore, 
an ideal liquid solution resembles an ideal gas mixture (§ 30d). 

By differentiating In f; and In ff with respect to pressure, at constant 
temperature and composition, utilizing equations (29.7) and (30.17), and 
adopting a procedure similar to that given above, it can be readily shown that 


ain (/ [y)]! _ V- VP 
| i J 77 — (34.5 


As before, ./ Ir is constant for an ideal solution, so that the partial molar 
volume V; of each constituent must always be equal to the molar volume 
V# of the substance in the pure liquid state, at the same temperature and 
pressure. It follows then that there is no change of volume when the liquid 
components of an ideal solution are mixed, so that in this respect, also, an 
ideal liquid solution resembles an ideal gas mixture (§ 30c). 

34b. The Duhem-Margules Equation.—For a system consisting of a 
liquid solution of two components in equilibrium with their vapors, at 
constant temperature and pressure, the condition for- an infinitesimal change 
of composition is given by the Gibbs-Duhem equation (26.15) in the form 


midi + nadu: = O, 84.6) 
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where ni and n: are the numbers of moles of the constituents 1 and 2, respec- 
tively, present in the solution, and pı and u: are their partial molar free 
energies or chemical potentials. If equation (34.6) is divided by nı + Ns, 
the result is 


Neo 
in 
771 + No 111 + 772 


Niduy + Nad uz 0, (34.7) 


where Ni and N: are the mole fractions of the respective components. 

The chemical potential of any constituent of a solution depends on the 
temperature, (total) pressure and composition of the solution; if the tem- 
perature and pressure are maintained constant, however, the chemical po- 
tential is determined by the composition only. It is then possible, therefore, 
to write, for an infinitesimal change of composition, 


du, = 0, 


and upon substitution in equation (34.7) it follows that 


xs (2) dN; + Ne (2) Na 
ONi /r. 7 N2 Jr. 7 


du Ope L e 
(Inv.) m (zs) m (34.9) 


Since the sum of the two mole fractions is equal to unity, i.e., Ni + Ne = 1, 
it is seen that 


0, (34.8) 


aN + dN? = 0 or dN, = dN», 


so that equation (34.9) can be written 


Ou = 042 2 
( ð ln Ni J, ( ð In No Jaa 0, (34.10) 


giving a useful form of the Gibbs-Duhem equation. 
According to equation (31.1), the chemical potential of any constituent 
of a liquid mixture is represented by 


M:i = u* + RT In J., 


where f. represents the fugacity of the given constituent in the liquid or in 
the vapor phase with which it is in equilibrium; “ is a constant for the 
substance at constant temperature. Upon differentiation at constant tem- 
perature, it is seen that 


du: = RTd In fi (34.11) 
Lef. equation (30.6) ], and insertion of this result into {34.10) gives 


ə In fi em fi 
. (34.12) 
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This is the precise form of what is known as the Duhem-Margules equation, 
derived independently, and in various ways, by J. W. Gibbs (1876), P. 
Duhem (1886), M. Margules (1895), and R. A. Lehfeldt (1895). It is fre- 
quently encountered and employed in a less exact form which is based on 
the approximation that the vapor behaves as an ideal gas. In this event, 
the fugacity of each component in the vapor may be replaced by its respec- 
tive partial (vapor) pressure, so that equation (34.12) becomes 


dln pi 7 ò ln pe 
(In Bt) , (In P) Gat?) 
where pi and pz are the partial vapor pressures of the two constituents in 
equilibrium with the liquid containing the mole fractions Ni and Ne, respec- 
tively, of these constituents. 

It is important to note that equation (34.12) is applicable to any liquid 
solution of two constituents, irrespective of whether the solution (or vapor) is 
ideal or not. In the derivation of this equation no assumption or postulate 
was made concerning the properties of the solution; the results are based 
only on thermodynamic considerations, and hence they are of completely 
general applicability. The form given in equation (34.13) is also independ- 
ent of the ideality or otherwise of the solution, but it involves the supposition 
that the vapor in equilibrium with it behaves ideally. 

34c. Application of Raoult’s Law to Both Constituents of an Ideal Solu- 
tion.— By means of the Duhem-Margules equation, it can be shown that if 
the Raoult equation (34.1) is applicable to one constituent of an ideal 
binary solution, over the whoie range of composition, it must also apply to 
the other constituent. Suppose the law holds for the constituent 1, so that 


fi = iff. 


Upon taking logarithms and differentiating with respect to Ni, at constant 
temperature and pressure, it is found that 


d In fi d ln NI 


(Gat In fi ) sd (34.14) 
T, P 


ô ln Ni 


or 


since f p is constant for a given temperature and external pressure. If this 
result, which is applicable at all concentrations, is compared with equation 


(34.12), it is seen that 
ð ìn 
(: in h ), woh (34.15) 


also at all concentrations. Upon integration, bearing in mind that 7: be- 
comes equal to ff when N is unity, it follows that 


72 = NzF F. 
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It is clear, therefore, that if Raoult’s law is applicable to one of the constituents 
of aliquid mixture, at all compositions, it must be equally applicable to the other 
constituent. 


Attention may be called here to the restriction in connection with Raoult’s law 
that the total (external) pressure, under which the system is in equilibrium, should 
remain constant as the composition is changed, at a given temperature. This has 
been implied in the foregoing treatment. At moderate pressures, however, the 
fugacity (or vapor pressure) is virtually independent of the external pressure 
(§ 27m); hence, in many of the practical applications of Raoult’s law given below, 
the restriction of constant total pressure is not emphasized, although for strict 
accuracy it should be understood.? 


4 


34d. Vapor Pressure Curves.—Although precise thermodynamic treat- 
ment always requires the use of the fugacity in the equations given above, 
it 1s the vapor pressure which is the corresponding property of practical 
interest. Provided the pressure is 
not too high, the vapor will not de- 
part greatly from ideal behavior, and 0 
it is permissible to use Raoult’s law 
in its original form 


Pi = NAF, (34.16) 


as given at the commencement of 
this chapter. If equation (34.16) is 
applicable over the whole range of 
concentrations for one constituent, 
it must hold for the other, so that 


pı = Nip? and 2 = Nzp 7 
for all mixtures of the two consti- 


Vapor Pressure 


tuents 1 and 2. The plot of the yj Mole Fraction Ni- 0 
partial pressure of each constituent N- 0 N,71 
against its mole fraction in the liquid Fra. 20. Vapor pressure curves 
phase, at constant temperature, for ideal solution 


should be a straight line passing 

through the origin, as shown by the thin lines in Fig. 20. The total vapor 
pressure P is the sum of the two partial pressures, i.e., P = pi + Pz; seues; 
since Nz is equal to 1 — Ni, 


P = Np? + nop? 


Np? + (1 — Ni)p? = p? + ni(p? — p9), (34.17) 


so that the total vapor pressure also varies in a linear manner with the mole 
fraction of-either component in the liquid phase. 


Cf. Krichevsky and Kasarnowsky, J. Am. Chem. Soc., 57, 2168 (1935); Bury, Trans. 
Farad. Soc., 36, 795 (1940). 
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34e. Composition of Liquid and Vapor in Equilibrium.—The composition 

of the vapor phase in equilibrium with any liquid solution is readily derived 

from the fact that the number of moles (or the mole fraction) of each con- 

stituent in the vapor must be proportional to its partial pressure, assuming 

the vapor to behave as an ideal gas. If Ni and Nz represent the mole frac- 
tions of the two components in the vapor, then 

Ni _ Pi _ Nipi 


— — — 


j 34.18 
N? p2 Nops ( 


provided Raoult’s law is applicable. 


Problem: Mixtures of benzene and toluene behave almost ideally; at 30° C, 
the vapor pressure of pure benzene is 118.2 mm. and that of pure toluene is 36.7 
mm. Determine the partial pressures and weight composition of the vapor in equi- 
librium with a liquid mixture consisting of equal weights of the two constituents. 

Let w be the weight of each constituent in the mixture; if the molecular weights 
are Mi and M,, respectively, the mole fractions Ni and N: are 


„„ V/M Ms „„ Ms. 
( / HI + w/M) II + My’ II + M, 


The molecular weight of benzene (Mi) is 78.0, and of toluene (M) it is 92.0, sathat 


T 92.0 
78.0 + 92.0 


The partial vapor pressures, assuming Raoult’slaw and ideal behavior of the vapors, 
are then pi = 0.541 X 118.2 = 64.0 mm., and p: = 0.459 X 36.7 = 16.8 mm. 

The ratio of the numbers of moles (or mole fractions) of the two constituents 
in the vapor is thus 64.0/16.8; the proportions by weight are then obtained by 
multiplying by the respective molecular weights, viz., 


Nı and No 


Ni = 0.541, and N: = 0.459. 


wt. of, benzene in vapor 64.0 X 78 


wt. of toluene in vapor 16.8 X 92 ERSS 


Consequently, although the liquid contains equal weights of benzene and toluene, 
the vapor, at 30° C, should contain 3.23 parts by weight of the former to 1 part 
of the latter. (For alternative method of obtaining the weight composition, see 
Exercise 23.) 


By replacing N2 by 1 — Ni, and Nz by 1 — Ni in equation (34.18), and 
then combining it with equation (34.17) so as to eliminate NI, it follows that 


_ PEPE l 
P = P= NGF p nn 
From this result it is possible to calculate the total vapor pressure P for 
any value Ni, the mole fraction of the constituent 1 in the vapor. It is 
evident from equation (34.19) that the total vapor pressure is not a linear 
function of the mole fraction composition of the vapor, although it is such a 
function of the composition of the liquid phase, in the case of an ideal solu- 
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tion. By utilizing either equation (34.17) or (34.19) it is possible to plot 
the variation of the total pressure with the mole fraction of either constituent 
of the vapor. The result is shown in Fig. 21, in which the upper (linear) 
and lower (nonlinear) curves represent the total vapor pressure as a function 
of the mole fraction composition of the liquid (Ni) and of the vapor (xi), 
respectively. At any value of the total 
pressure P, the point A consequently gives 
the composition of the liquid which is in 
equilibrium with a vapor of composition 
p represented by the point B. 

It can be seen from equation (34.18) 
that for an ideal liquid system, the vapor 
will always be relatively richer than the 
liquid in the more volatile constituent, 1.e., 
the one with the higher vapor pressure. 

N,-1 N? N. No For example, if, as in Fig. 21, the component 
Mole Fraction 1 is the more volatile, p? will be greater than 
p, and hence NI/ NZ will exceed Ni/N2, and 
the vapor will contain relatively more of the 
component 1 than does the liquid with 
which it is in equilibrium. This fact is fundamental to the separation of 
liquids by fractional distillation. The limitations arising in connection 
with nonideal systems will be considered in §§ 35b, 35c. 
34f. Influence of Temperature.—When the temperature of a liquid solu- 
tion is changed the composition of the vapor in equilibrium with it will be 
affected accordingly. The relation between the mole fraction of a given 
constituent in the liquid and vapor phases can be readily determined by 
making use of the fact the fugacity must be the same in each phase if the 
system is to remain in equilibrium. Let f; and f; represent the fugacities 
of the constituent 7 in the vapor and liquid phases, respectively, and suppose 
the temperature is increased by dT, at constant pressure, the system remain- 
ing in equilibrium. The change in 71, i.e., df: or d In fi, must then be equal 
to the change in f;, i.e., df; or d ln f. Since the composition of each phase 
changes at the same time, it follows that 


o In fi et) ’ 
( oT . ar +( ON, ow 
Z (23%) ar + (225) dn; (34.20) 
P. N 7. P 


Total Vapor Pressure 


Fig. 21. Composition of liquid 
and vapor for ideal solution 


ON; 


The variation of In fj, for the vapor phase, with temperature is given by 
equation (30.21), and that of In fs, for the liquid phase, by an equation of 
the same form (cf. § 31a), so that equation (34.20) becomes 


(? nf) iie (? nfs) a = As Har, 634.21 
T, P 7. F 


ON; ON; RT? 
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where H is the partial molar heat content of the constituent ¢ in the vapor 
phase and H. is that in the liquid phase. 

The result just obtained is applicable to any liquid-vapor equilibrium, 
irrespective of the behavior of the gas phase or the solution; if, however, 
these are assumed to be ideal, equation (34.21) can be greatly simplified. 
For an ideal gas mixture, the fugacity fi, or partial pressure, of any con- 
stituent is proportional to its mole fraction N;, at constant temperature and 
total pressure (§ 5b); it can be readily seen, therefore, that 


(Sal.) a 
ON, Jre NI 


Similarly, it follows from equation (34.1) that for the liquid solution 


(8245) — 1, 
ON; Jrp Ni 


These results can be inserted into equation (34.21), and at the same time 
the partial molar heat content terms H. and H. may be replaced by the 
corresponding molar heat contents H. and Hi, respectively, for the pure 
substances, since ideal behavior has been postulated for both phases (cf. 
§§ 30d, 34a); it is then scen that 


[2 In a _ Hı — Hi _ AH, (34.22) 
P 


aT RT RT 


the numerator on the right-hand side being equal to AH,, the molar heat 
of vaporization of the constituent 7 at the temperature T and pressure P. 
If the ratio of the mole fraction in the vapor phase to that in the liquid, 
i.e., NZ / N., is represented by k., it follows that for any constituent of an 


ideal system 
` ô In k; AH 
5 — ee e 2 
( oT ), RT? Gee) 


It was seen in § 34e that if component 1 is the more volatile, the ratio NI/ Ng 
will exceed N,/N,- For purposes of fractional distillation it is desirable to make 
this difference as large as possible; in other words, the quantity NIN2/ NI NZ, which 
is equivalent to / bz, should be large. By equation (34.23) 


ð In (kı/k)\ AH — AH 
aT D RT’ 


and hence it is of interest to find the conditions which will tend to increase the 
value of ki/ke. According to Trouton’s law (§ 27j), AH. / Ti is approximately 
constant for all substances; hence, the lower the boiling point Ts, that is to say, 
the more volatile the liquid, the smaller the value of AH,, the heat of vaporization. 
Since constituent 1 is the more volatile, AH is less than H:, and the right-hand 
side of equation (34.24) will usually be negative. The value of k/k, will thus 
increase with decreasing temperature, and hence better fractionation can be 
achieved by distilling at a low temperature. For practical purposes, this means 


(34.24) 
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that distillation should be carried out under reduced pressure, for in this way the 
liquid can be made to boil at a lower temperature than normal. 


34g. The Solubility of Gases.—A solution of a gaseous substance in a 
liquid may be treated from the thermodynamic standpoint as a liquid mix- 
ture, and if it behaves ideally Raoult’s law will be applicable. If the gas 
is designated as constituent 2, then f2 = Nz, where fz is the fugacity in the 
solution, and fF is the fugacity of the pure substance in the liquid state at 
the same temperature and external pressure. If the gas is assumed to be 
ideal, the fugacities may be replaced by the respective pressures, so that 


P2 = NPF, (34.25) 


which may be interpreted as giving the saturation solubility, i.e., Na mole 
fraction, of an ideal gas at a partial pressure pz and a specified temperature; 
p is then the vapor pressure of the liquefied gas at the same temperature 
and total pressure. It is thus possible to calculate the solubility of an ideal 
gas in an ideal solution at any temperature below the critical point, pro- 
vided the vapor pressure of the liquid form at the same temperature is 
known. In this connection, the very small effect of the total external 
pressure on the vapor pressure (cf. § 27m) is neglected.’ 


Problem: The vapor pressure of liquid ethane at 25° C is 42 atm. Calculate 
the ideal solubility of ethane in a liquid solvent at the same temperature at a 
pressure of 1 atm., assuming the gas to behave ideally. 


Utilizing equation (34.25), pf is 42 atm., and pz is specified as 1 atm.; hence, 
Ne = gg = 0.024 mole fraction. 


The ideal solubility of ethane at 25° C and 1 atm. pressure in any solvent should 
be 0.024 mole fraction. 


The solubilities of ethane in hexane and heptane are not very different 
from the ideal value calculated from equation (34.25). In solvents which 
are not chemically similar to the solute, however, appreciable departure 
from ideal behavior would probably occur, and the solubilities would differ 
from the ideal value calculated above. 

In order to extend the method of calculating ideal solubilities of gases 
to temperatures above the critical point, when the liquid cannot exist and 
direct determination of the vapor pressure p¥ is not possible, it is necessary 
to estimate a hypothetical vapor pressure by suitable extrapolation. This 
is best done with the aid of the integrated form of the Clausius-Clapeyron 
equation. If the vapor pressures at any two temperatures are known, the 
hypothetical value at a temperature above the critical point may be evalu- 
ated on the assumption that the heat of vaporization remains constant. 


Problem: The vapor pressure of liquid methane is 25.7 atm. at — 100° C and 
11.84 atm. at — 120°C. Estimate the ideal solubility of methane in any solvent 
at 25° C and 1 atm. pressure. 


3 Hildebrand, op. cit., ref. 1, p. 30. 
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At — 100° C, i. e., 173° K, p is 25.7 atm., and at — 120° C, i.e., 153° K, p is 
11.84 atm.; hence by the integrated Clausius-Clapeyron equation (27.14), 
lo 25.7 m AH, (55 — 153 
8 11.84 4.576 \ 153 K 173 / ’ 
AH, = 2,037 cal. mole™. 
Utilizing this value of the heat of vaporization, which is assumed to remain con- 


stant, the hypothetical vapor pressure p at 25° C, i.e., 298° K, is derived from the 
analogous expression 


p _ 2,037 & a — 


log 25.7 4.576 (178 X 298 


p = 308 atm. 


This gives pp to be used in equation (34.25); hence, if the gas pressure p2 is 1 atm., 
the ideal solubility of methane at 25° C and 1 atm., is Ne = 1/308, i.e., 0.00325, 
mole fraction, in any solvent. (The observed solubility in hexane is 0.0031 and 
in xylene it is 0.0026.) 


According to equation (34.25), the ideal solubility of an ideal gas under 
a pressure of 1 atm. should be equal to 1/p%, where p9 is the vapor pressure 
of the liquefied gas at the experimental temperature and pressure. It fol- 
lows, therefore, that the smaller this vapor pressure the greater will be the 
solubility of the gas at a given temperature. Gases which are difficult to 
liquefy, that is to say, those having low boiling points, will have high vapor 
pressures; such gases will consequently have low solubuities. It is thus to 
be concluded that if solutions of gases in liquids behaved ideally, the easily 
liquefiable gases would be the more soluble in a given solvent at a particular 
temperature. Even though most solutions of gases are not ideal, this 
general conclusion is in agreement with experimental observation. 

34h. Influence of Temperature on Gas Solubility.— The influence of 
temperature on the solubility of a gas is given by equation (34.22) in the form 


6 (34.26) 
P 


oT RT?’ 


provided both gas and liquid solutions are ideal. In the special case in 
which the partial pressure of the gas, and hence its mole fraction N2, remains 
constant,* equation (34.26) becomes 


(857) = AH, (34.27) 
P. pꝛ ö 


97 — RT? 


where AH, is the molar heat of vaporization of the liquefied gas at he given 
temperature T and total pressure P. 

It should be noted that — AH, may also be identified with the heat of 
solution of the gas. The latter can be determined, in principle, by liquefying 


* This condition would be approximated at total constant pressure if the vapor pressure 
of the solvent were negligible in comparison with the pressure of the gas. 
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the gas, at the experimental temperature and pressure, and adding the re- 
sulting liquid to the liquid solvent so as to make the saturated solution. 
If the solution is ideal, there is no change of heat content in the second stage 
of this process (§ 34a); hence the heat of solution is equal to the heat change 
in the first stage, and this is equal in magnitude, but opposite in sign, to 
the heat of vaporization of the liquid constituent 2 under the specified condi- 
tions. A further consequence of the foregoing argument is that the heat 
of solution of a given (ideal) gas forming an ideal solution is independent of 
the nature of the solvent. 

Since it is unlikely that the latent heat of vaporization of the liquefied 
gas can be determined at normal temperatures and pressures, it is more 
convenient for practical purposes to regard — AH, as the heat of solution 
per mole of gas. If this may be taken as independent of temperature, equa- 
tion (34.27) can be integrated so as to yield an expression for the variation 
of the solubility of the gas with temperature. On the other hand, if the 
solubilities at two or more temperatures are known, the heat of solution can 
be calculated. It may be noted that since the heat of vaporization AH, is 
always positive, the ideal solubility of a gas, at a given pressure, should 
decrease with increasing temperature. The relatively few cases in which 
this rule fails, e.g., certain aqueous solutions of hydrogen halides, are to be 
attributed to marked deviations from ideal behavior (cf. § 35a). 

34i. Solid-Liquid Equilibria.— When one of the components of a binary 
solution separates as a solid phase, the system may be considered from two 
points of view. If the solid phase is that of the solute, i.e., the constituent 
present in smaller proportion, the composition of the solution may be 
regarded as giving the saturation solubility of that constituent at the tem- 
perature and pressure of the system. On the other hand, if the solvent, 
i. e., the constituent present in excess, separates as a solid, the temperature 
is said to be the freezing point of the solution at the particular composition 
and pressure. If the two components of the system are such that it is not 
desirable to distinguish between solvent and solute, the latter point of view 
is usually adopted. However, as far as thermodynamics is concerned the 
two types of system are fundamentally the same, since each involves an 
equilibrium between a binary liquid solution and a solid phase of one of the 
constituents. The subject will, therefore, be first treated in a general 
manner and the results will later be applied to special cases. 

In the preceding paragraph, it has been tacitly assumed that a pure solid 
separates from the liquid solution in each case. Although this is frequently 
true, there are many instances in which the solid phase is a solid solution 
containing both constituents of the system. The most general case will be 
examined first, and the simplifications which are possible when the solid 
consists of a single substance will be introduced later. When the tempera- 
ture of a system consisting of a binary liquid solution in equilibrium with a 
solid solution is changed, the compositions of both phases will be altered if 
the system is to remain in equilibrium. However, in spite of the change in 
composition and temperature, the fugacity of a given constituent must 
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always have the same value in both phases. By following a procedure 
similar to that used in connection with the analogous problem in § 34f, it 
is found that [cf. equation (34.21) ] 


dln fi , BA) I. - A; 
( an’ ) pa (Sal Lae = Rr dT, (34.28) 


where H. is the partial molar heat content of the constituent 7 in the liquid 
phase and H is that in the solid phase.“ As before, this result can be 
simplified by postulating ideal behavior for both liquid and solid solutions; 
that is to say, it is supposed that at constant temperature and pressure, the 
fugacity of any constituent in each phase is proportional to its mole fraction 
in that phase. In these circumstances, 


( RA) = a and ( aL) = i ; 

ON: JT. P Ni ON; JTP N. 

and, at the same time, H; and Hi become equal to the molar heat contents of 
pure liquid and solid 2, respectively; hence, equation (34.28) reduces to 


ait | H. -H: Ad; 
l aT p RT RIU (3429) 
where AH, is the molar heat of fusion of f at the given temperature and 


pressure. 
In the speciai case in which the solid which separates from the liquid 


solution is a pure substance, N: is unity at all temperatures and pressures; 
equation (34.29) then becomes 


( „In N. * A. (34.30) 
P 


* 


This equation gives the variation of the mole fraction solubility with tem- 
perature or of the freezing point with composition, at constant pressure, 
according as 7 is the solute or solvent, respectively. The former aspect of 
this equation will be considered below, and the latter will be deferred to a 
later section. 

34j. Influence of Temperature on Solubility.— If component 2 is taken 
to be the solute, in accordance with the usual convention, equation (34.30), 


in the form 
d In Noa = AH; 
( 97 ), KZ (34.31) 


gives the variation with temperature of the concentration of a saturated 
solution, i. e., the variation of solubility with temperature; AH, is the molar 
heat of fusion of the pure solid solute at the given temperature and pressure. 


In the present chapter, a prime is used to designate the phase (vapor or solid) which 
is in equilibrium with the liquid solution. 
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It will be recalled that this result is based on two assumptions: first, that 
the solution behaves ideally, and second, that the solute which separates 
from the solution is always pure solute and not a solid solution. 

If the heat of fusion is independent of temperature, equation (34.31) 
can be integrated at constant pressure, e.g., 1 atm., to yield 


In Ne = — == + C, (34.32) 


where C is an integration constant. This expression gives the solubility No, 
in mole fractions, as a function of the temperature. If the solution behaves 
ideally over the whole composition range, it is possible to derive the value 
of C in equation (34.32). Thus, when the mole fraction Nz of the solute in 
the liquid phase is unity, the pure solid is in equilibrium with liquid of the 
same composition; the temperature is then the melting point Tm. Since 
In Ne is now zero, it follows from equation (34.32) that C is equal to AH;/RTm. 
Upon inserting this result, it is seen that 


nwa = (T 17) 


K (T. T 
Or 
_ AH, T- T. 
log N: = 45760 Ta ). (9438) 


where AH; is the molar heat of fusion in calories. 

According to equation (34.32) or (34.33) the plot of the logarithm of the 
solubility of a solid, expressed in mole fractions, i.e., log Ne, against the 
reciprocal of the absolute temperature, i. e., 1/ T, should be a straight line 
terminating at the melting point; the slope of this line should be equal to 
— AH,/4.576. Experimental observations have shown that in many cases 
the plot of log Nz against 1/T is, in fact, linear over a considerable tempera- 
ture range. It is only in a few cases, however, that the slope has the theo- 
retical value; this is not surprising, for the saturated solutions would have 
to be ideal for equation (34.33) to hold exactly. When the solid and solute 
are similar in nature the solutions behave ideally, and solubilities in fair 
agreement with experiment can be calculated from equation (34.33), utilizing 
only the melting point and heat of fusion of the solid solute.“ 


Problem: The melting point of naphthalene is 80.2° C, and its molar heat of 
fusion at this temperature is 4,540 cal. mole“. Determine its ideal solubility 


at 20° C. 


Assuming AH; to remain constant at 4,540 cal. mole~!, equation (34.33) may 
be employed with T equal to 20 + 273 = 293° K, and Tm as 80 + 273 = 353° K; 


Schroeder, Z. phys. Chem., 11, 449 (1893); see also, Washburn and Read, Proc. Nat. 
Acad. Sci., 1, 191 (1915); Johnston, Andrews, et al., J. Phys. Chem., 29, 882 et seg. (1925); 
Ward, ibid., 39, 2402 (1935); Morris and Cook, J. Am. Chem. Soc., 57, 2402 (1935); Hilde- 
brand, op. cit., ref. 1, Chapter X; Germann and Germann, Ind. Eng. Chem., 36, 93 (1944). 
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hence, 
4,540 / 293 — 353 
log Ns = 4.576 (265 * 5) N 


Ne = 0.266. 


The ideal solubility of naphthalene in any liquid solvent at 20° C should thus be 
0.266 mole fraction; the experimental values in solvents which are chemically 
similar to the solute, and which might be expected to form approximately ideal 
solutions, viz., benzene and toluene, are 0.241 and 0.224 mole fraction, respectively. 
In hydroxylic solvents, which form nonideal solutions, the values are quite differ- 
ent, for example, 0.018 in methanol and 0.0456 in acetic acid. 


Two general deductions concerning the solubility of solids may be made 
from equation (34.33). First, if the heats of fusion of two substances are 
not very different, the one with the larger value of Tm, i.e., with the higher 
melting point, should have the smaller mole fraction solubility in any solvent. 
Second, if two solids have similar melting points, the one with the lower heat 
of fusion should be more soluble than the other; this is because the melting 
point Tm must be greater than the experimental temperature T, and hence 
the quantity in the parentheses is always negative. 

For an ideal solution the heat of solution is equal to the heat of fusion 
of the solid at the given temperature and pressure, and consequently for a 
given solute the former should be independent of the nature of the solvent. 
That this should be the case can be readily shown by means of a procedure 
exactly analogous to that employed in § 34h in connection with the heat of 
solution of gases. 


35. NoNIDEAL SOLUTIONS 


35a. Deviations from Ideal Behavior.—Theoretical considerations show 
that if a mixture of twò liquids is to behave ideally, the two types of mole- 
cules must be similar. The environment of any molecule in the solution, 
and hence the force acting upon it, is then not appreciably different from 
that existing in the pure liquid. It is to be anticipated, therefore, that under 
these conditions the partial vapor pressure (or fugacity) of each constituent, 
which is a measure of its tendency to escape from the solution, will be directly 
proportional to the number of molecules of the constituent in the liquid 
phase. This is equivalent to stating that a mixture of two liquids consisting 
of similar molecules would be expected to obey Raoult’s law. Such is 
actually the case, for the relatively few liquid systems which are known to 
behave ideally, or to approximate to ideal behavior, consist of similar mole- 
cules, e.g., ethylene bromide and propylene bromide, n-hexane and n- 
heptane, n-butyl chloride and bromide, ethyl bromide and iodide, and 
benzene and toluene. 

If the constituents of a mixture differ appreciably in nature, deviations 
from ideal behavior are to be expected and are, in fact, observed. These 
deviations are most frequently positive“ in nature, so that the actual par- 
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tial vapor pressure (or fugacity) of each constituent is greater than it should 
be if Raoult’s law were obeyed. It can be readily seen from the Duhem- 
Margules equation that if one constituent of a mixture exhibits positive devia- 
tions from ideal behavior, the other constituent must do likewise. Thus, if fı 
is greater than, instead of being equal to, ni ff [ef. equation (34.1)], indi- 
cating positive deviations for constituent 1, it follows from the argument in 


§ 34c that 
din fi ð In 72 
(zn) (m5), . 


so that fz must be greater than Nn2f¥, implying positive deviations from ideal 
behavior for constituent 2. Incidentally, it will be evident that if the 
deviation from Raoult’s law is negative“ for one component, that is to say, 
if its partial pressure (or fugacity) is less than that required by Raoult’s law, 
the same must be true for the other component. Negative deviations from 
ideal behavior are only observed in systems in which the different molecules 
have a very strong attraction for one another. 

For a nonideal solution exhibiting positive deviations ./ f? for each 
component is greater than its mole fraction N. It is an experimental fact 
that as the temperature is increased most liquid solutions tend toward ideal 
behavior. This means that for a system of given composition for which the 
deviations from Raoult’s law are positive, the ratio f:/fP usually decreases 
with increasing temperature. According to equation (34.4), therefore, 
which holds for solution of all types, the numerator H? — H. must be nega- 
tive; thus H,. is greater than HỌ. The total heat content of the solution, con- 
sisting of nı moles of constituent 1 and nz moles of 2, is equal to 1.1 + neff, 
while the sum of the heat contents of the separate substances i is 1H + nF. 
Since Hi is greater than HF and Hz is greater than H9, it is evident that 
the heat content of the solution must be larger than that of the constituents 
before mixing. In other words, in this particular case, heat must be ab- 
sorbed when the pure liquids are mixed. The general conclusion to be 
drawn, therefore, is that upon mizing two liquids which yield a system ex- 
hibiting positive deviations from Raoult’s law there is an absorption of heat. 

For a system which manifests negative deviations from ideal behavior 
the ratio f:/fP increases as the temperature is raised; consequently Hf — H; 
for each constituent is positive. By using arguments analogous to those 
presented above it is a simple matter to show that the formation of a solution 
exhibiting negative deviations from Raoult’s law is accompanied by an evolution 
of heat.’ 

35b. Vapor Pressure Curves for Nonideal Systems.—The general nature 
of the vapor pressure curves showing positive and negative deviations are 
depicted in Fig. 22, A and B, respectively; these results refer to a constant 
temperature. At any given composition, the slopes of the two partial vapor 
pressure curves are related by the Duhem-Margules equation. Thus, if the 


‘For a review of the behavior of nonideal solutions, sce Hildebrand, op. cit., ref. 1, 
Chapter III 


332 THE PROPERTIES OF SOLUTIONS 35b 


vapors are supposed to behave ideally, which is possible even if the solution 
is not ideal, the Duhem-Margules equation (34.13) may be written in 
the form 

NI GI _ Na dp: (35.1) 


— — — — 
e — © 


Pı dN, 22 dN.’ 


constant temperature and pressure being understood. The quantities N,/p; 
and dp./dn; for each constituent, corresponding to any composition of the 
solution, can be readily derived if the partial vapor pressure curves of the 


Vapor Pressure 


Mole Fraction Mole Fraction 
A B 


Fic. 22. Nonideal solutions: (A) positive aeviations, (B) negative deviations 


two constituents have been determined. For any given solution the value 
of the product of N., Be and dp. d. should then be the same for both con- 
stituents. This is frequently used as a test of the reliability of experimental 
partial vapor pressure data for nonideal mixtures. Where it appears neces- 
sary, however, allowance should be made for the deviation of the vapor 
from ideal behavior.“ 

In both Figs. 22, A and B the uppermost curve gives the total vapor 
pressure as a function of the composition of the liquid. The corresponding 
curve as a function of the vapor composition will lie below it in each case, 
so that the vapor contains more of the constituent the addition of which 
causes an Increase in the total vapor pressure. If an expression for the 
partial vapor pressure in terms of the mole-fraction composition of the liquid 
is available (cf. § 35d), an analogous expression for the vapor composition 
can be derived by utilizing the relationship based on the postulated ideal 
behavior of the vapor, i.e., that NI/N2 is equal to pı/p2 (§ 34e), where NI 
and Na refer to the respective mole fractions in the vapor phase. 

6 Zawidski, Z. phys. Chem., 35, 129 (1900); Beatty and Calingaert, Ind. Eng. Chem., 


26, 504, 905 (1934); Carlson and Colburn, ibid., 34, 581 (1942); Scatchard and Raymond, 
J. Am. ‘Chem. Soc., 60, 1278 (1938). 


35c NONIDEAL SOLUTIONS 333 


If the vapor pressures of the two pure constituents are close together, 
then any appreciable positive deviation from Raoult’s law will lead to a 
maximum in the total vapor pressure curve; similarly, a negative deviation 
will, in the same circumstances, be associated with a minimum in the curve. 
In any event, even if the vapor pressures of the pure constituents are ap- 
preciably different, marked positive or negative deviations can lead to a 
maximum or a minimum, respectively, in the total vapor pressure curve. 
Such maxima and minima are the cause of the formation of the familiar 
constant boiling mixtures or azeotropic mixtures. A liquid mixture having 
the composition represented by a maximum or a minimum will distil without 
change of composition, for the proportions of the two constituents are then 
the same in the liquid and vapor phases. That this must be the case will 
be shown in the next section. 

35c. Liquid and Vapor Compositions.—Some general rules concerning 
the relative compositions of liquid and vapor in equilibrium, which are 
applicable to systems of all types, may be derived from the Duhem-Margules 
equation, using the form of (35.1). Since the increase in the mole fraction 
of one component of a binary mixture must be equal to the decrease for the 
other component, dNı is equal to — dNz, as seen in §34b; hence equation 
(35.1) may be written as 

Ni api N2 ape = 
„ 0. (35.2) 
The total vapor pressure P is equal to pı + pe, and differentiation with 
respect to Ni gives 
dP 8 dpi dpe 


555 N 
and thus, by equation (35.2), | 
dP dpe , 
AE 1 4 
dNı sef Nipe oe 


Suppose it is required to find the condition that makes dP/dn; positive, 
that is to say, the total vapor pressure is to increase as the mole fraction of 
constituent 1 in the system is increased; it is necessary to determine under 
what circumstances the right-hand side of equation (35.4) is positive. The 
factor dpz/d Ni, equal to — dp2/dN2, must always be negative, since the partial 
pressure of any component never decreases as its mole fraction in the liquid 
phase is increased. Consequently, the condition for dP/dN, to be positive, 
is that 

Napı o Pig Ne 
Nips p2 N2 


If the vapors behave as ideal gases, pi/ pz is equal to N1/ NA, by equation 
(34.18), and hence it is necessary that 


á 
Ni Ni 
nr . (35.5) 
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In other words, if dP/dN: is to be positive, the vapor must be relatively 
richer in the constituent 1 than is the liquid with which it is in equilibrium. 
The vapor thus contains relatively more of the substance the addition of which to 
the liquid miæture results in an increase of the total vapor pressure. The 
general applicability of this conclusion has been already seen in § 34e for 
ideal solutions, and in § 35b for those exhibiting marked nonideality (Figs. 
21 and 22). 

For a maximum or minimum in the total vapor pressure curve, d P/dxi 
must be zero; hence, by equation (35.4), either dyz/ di must be zero, or 
Nzpi must equal Nipe. The former condition is unlikely, since it would mean 
that the partial vapor pressure would remain constant in spite of a change 
of composition, and so for a maximum or minimum in the total vapor pres- 
sure curve Nzßyi = Nips or Ni/N2 = / pz. If the gases behave ideally, 
pi/ pz is equal to NI) Na, and the vapor will have the same composition as the 
liquid in equilibrium with it, as stated above. 


35d. General Equations for Liquid Mixtures.— By combining equation (31.2) 
for the activity of any component of a liquid solution in terms of its chemical po- 
tential, viz., u. = u? + RT In a,, and equation (31.5) which defines the activity 
as the relative fugacity, i.e., a; = /, the result is 


u. = pe + RT in (f:/f?), 


J. = PleHs—w DIRT, 
Utilizing the fact that z is equal to eh , this equation may be written as 
fi = Nfrelui—vP/RT]—In Ne (35.6) 


which is an expression of general applicability to each constituent of any mixture, 
ideal or nonideal. 

An equation, somewhat similar to (35.6), was suggested by M. Margules (1895) 
to express the variation of vapor pressure with composition of liquid mixtures in 
general; replacing the vapor pressure by the fugacity, this can be written as 


Ji = Nif pebint (35.7) 


and hence 


and 
fa = NofDeth2n IHIN He (35.8) 


where f? and f? are, as usual, the fugacities of the pure liquids. It should be 
understood that these equations have no real theoretical basis; they were proposed 
because they appeared to represent the experimental data in a satisfactory manner. 
The constants Br, B2, Yı and :, etc., which are not independent, can be derived 
from the slopes of the fugacity—actually partial vapor pressure—curves at N; = 0 
or N; = 1. For an ideal solution, these constants would all be zero, so that equa- 
tions (35.7) and (35.8) would then become identical with (34.1). For nonideal 
solutions, however, the sign and magnitude of Bi, Yı, etc., depend on the nature, 
i.e., positive or negative, and extent of departure from ideal behavior. 

In order to describe the procedure for evaluating the constants without making 
the treatment too complicated, it will be supposed, as is frequently the case, that 
all terms beyond the first in the exponents of equation (35.7) and (35.8) can be 
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neglected. Upon taking logarithms of these expressions and differentiating with 
respect to InN; and In Nz, respectively, at constant temperature and external 
pressure, it is seen that 


(II.) = 1 — PiN IN 2 + eee 
. P 


o In Ni 


(In k.) R 
7. P 


ô ln Ng 


and 


According to equation (34.12) these results must be identical, and hence, to the 
approximation that i, Y2, etc., are negligible, Bi is equal to 2. The equations 
for the variation of fugacity with the mole fraction thus become 


Ji = Niffeiex: and fe = NofPel®Ni, (35.9) 


where 8 is the same in both cases. Under most ordinary conditions, when the 
vapor pressures are not too high, the fugacities may be replaced by the respective 
partial vapor pressures. The equations (35.7), (35.8) and (35.9) then give the 
variation of the vapor pressure with composition; they are frequently used in 
this form.’ 

By inserting the value of pı or pz for a solution of known composition, it is 
possible to determine 8 from equation (35.9), since p? or pp may be regarded as 
available. In most cases, an alternative method is used. Replacing the fugacities 
in the equations (35.9) by the respective partial pressures, and differentiating each 
with respect to Ni, addition of the results gives dP/dN:, in accordance with equa- 
tion (35.3); thus, 


— = (pOelON? — ppebexi) (1 — BNN Z). 


Two special cases may now be considered, viz., Ni = O and Ni = 1; the results are 


Lae pres — pp, when Ni=O and Mel, 
dn 
and 
75 == p — preis, when Ni = 1 and Ne = 0. 
1 


It is thus possible to derive f; directly from the slope, at either end, of the plot 
of the total vapor pressure against the mole fraction. 

Another form of the general empirical equations for the variation of the fu- 
gacity with composition, which is said to be more convenient for certain purposes, 
was proposed by J. J. van Laar (1910); thus, 


fr A NI FPeaixz/ iN and fi = Naf DeNI/ Nr AN): (35.10) 


The relationships between the constants i, 8:1 and qa, B2, which are different from 
those in the Margules equations (35.7) and (35.8), can be derived by means of 
the Duhem-Margules equation in a manner similar to that described above. It 
is then found that 

aiBs = aQ and zi = a1, 


7 Cf. Zawidski, ref. 6; Porter, Trans. Farad. Soc., 16, 336 (1920); sec also, Lewis and 
Murphree, J. Am. Chem. Soc., 46, 1 (1924); Levy, Ind. Eng. Chem., 33, 928 (1941). 
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so that there are only two independent constants, the values of which can be 
obtained from vapor pressure curves.® 

The Margules and van Laar equations, with vapor pressures in place of 
fugacities, are useful for the analytical expression of experimental data, particu- 
larly for extrapolation and interpolation purposes. It is of interest to note that 
when the vapor pressure (fugacity)-composition curve of one component of a 
binary mixture is known, the relationships among the constants a, B, etc., auto- 
matically determine the nature of the curve for the other component. This is, 
of course, a consequence of the Duhem-Margules equation. Both the Margules 
and van Laar formulae are capable of representing positive and negative devia- 
tions from ideal behavior. In the former case, i.e., positive deviations, the ex- 
ponential factor is greater than unity, so that the exponent is positive; in the latter 
case, i.e., negative deviations, this factor is less than unity, the exponent being 
negative. 


35e. Partially Miscible Liquids.—The systems considered so far have 
consisted of completely miscible liquids forming a single layer. In the event 
of large positive deviations from ideal behavior, however, a separation into 
two layers, that is to say, partial miscibility, becomes possible. This can 
be seen, for example, by means of the equations (35.9), in which, for a system 


Relative Fugacity (/) 


N=0 Mole Fraction N21 
Fid. 23. Partially miscible liquids 
exhibiting positive deviations from Raoult’s law, B has a positive value. As 
this quantity, which is a constant for a given pair of liquids at a definite 


temperature, is increased, e.g., by lowering the temperature or by changing 
the components, it can be readily shown that the variation of fugacity (or 


8 See Carlson and Colburn, ref. 6. 
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partial vapor pressure) with the composition of each substance may be repre- 
sented by curves of the types I, II and III in Fig. 23.“ In order to make 
the results comparable, the relative fugacity f/, rather than f, is plotted 
against the mole fraction of the corresponding constituent in each case. 
When £ is equal to 4.0 (curve II) the curve exhibits a horizontal inflection, 
and if 8 exceeds this value the fugacity curve has a sigmoid character, as seen 
in curve III. This curve implies that there are three different solutions, 
a, b and c, having the same fugacity, which should be capable of coexisting 
in equilibrium at the given temperature and external pressure. Actually, 
the situation is similar to that arising in connection with the van der Waals 
equation (cf. § 5d); the point 6 cannot be realized, and the fugacity, or 
partial vapor pressure, curve, as obtained experimentally, is flat between a 
and c. There are then two liquid layers, having different compositions, 
which are in equilibrium with each other. In between the compositions 
represented by the points a and c the two liquids are partially miscible at 
the given temperature. Large positive deviations from ideal behavior can 
thus lead to incomplete solubility of one liquid in another. The point of 
horizontal inflection C on curve II corresponds to the critical solution (or 
consolute) temperature for the given system; below this temperature the 
liquids are not completely miscible in all proportions.* 

In Fig. 23 there are shown the relative fugacity (or partial vapor pres- 
sure) curves for one constituent of the system; quite similar curves will be 
obtained for the other. The points of horizontal inflection C will, of course, 
be identical, as regards temperature and composition of the liquid. Simi- 
larly, when the conditions are such that two liquid layers are formed, the 
points a, b and c, for a given temperature, will occur at the same composi- 
tions on the curves for the two constituents of the system. 

It is evident from Fig. 23 that when two layers are present, the partial 
vapor pressure of a given constituent will have a constant value, at a par- 
ticular temperature, which is the same in both layers (points a and c). The 
total vapor pressure, equal to the sum of the separate partial pressures, will 
likewise be constant, at a given temperature, irrespective of the over-all 
composition of the system, provided the two layers are present. The same 
conclusion can, of course, be reached by means of the phase rule.” 


36. DILUTE SOLUTIONS 


36a. Henry’s Law.—It has been found experimentally that as the mole 
fraction of a given constituent of a solution approaches unity, the fugacity of 
that constituent approximates to the value for an ideal system [equation (34.1) ], 


° Hildebrand, op. cit., ref. 1, p. 52; see also, Porter, ref. 7; Butler, et al., J. Chem. Soc., 
674 (1933). 

* For certain pairs of liquids 6 decreases as the temperature is lowered, within a par- 
ticular temperature range; such systems exhibit a lower consolute temperature, above which 
the liquids are not completely miscible. 

10 See, for example, S. Glasstone, Textbook of Physical Chemistry”, 2nd ed., 1946, 
Chapter X. 
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even though the behavior at lower mole fractions departs markedly from 
the ideal.* This fact is indicated in Fig. 22, A and B, by the actual partial 
pressure or fugacity curve becoming asymptotic with the corresponding ideal 
curve as the mole fraction approaches unity. Employing the terms solvent 
and solute to indicate the constituents present in greater and smaller 
amounts, respectively, in any solution, the observation referred to above 
may be stated in the form: In a dilute solution the behavior of the solvent 
approaches that required by Raoult’s law, even though it may depart markedly 
from ideal behavior in more concentrated solutions. 

It is necessary now to consider the behavior of the solute, i.e., the con- 
stituent present in small amount, in the dilute solution; two methods of 
approach to the problem are of interest. Taking component 1 as the solvent 
and 2 as the solute, in accordance with the usual convention, it is seen that 
in the dilute solution, as NI approaches unity and N, approaches zero, the 
empirical equations (35.9) become 


Ji = Nf? as Nel and N20 (36.1) 
fa = Nzffeis as NI — 1 and N20. (36.2) 


According to (36.1), the behavior of the solvent tends toward that required 
by Raoult’s law, as stated above. Further, since £ is constant, equation 
(36.2), for the solute, is equivalent to f: = N2fsk’, where * is equal to ei- 
and hence is also constant. It is obvious that in dilute solution the solute 
cannot obey Raoult’s law unless * is unity, that is, unless 8 is very small 
or zero. In other words, although the solvent in a dilute solution satisfies 
Raoult’s law, nevertheless, the solute does not do so unless the system as a 
whole, i.e., over the whole range of composition, exhibits little or no de- 
parture from ideal behavior. This conclusion is in harmony with the results 
depicted in Fig. 22, A and B. However, although the solute in the dilute 
solution does not necessarily obey Raoult’s law, it does conform to the simple 
expression f: = NZz TK, which may be written as 


fo = Nok as N11 and N2 — O, (36.3) 


where k, equal to *, is a constant; this constant becomes identical with 
F when * is unity, that is, when the system is ideal over the whole range 
of concentrations. The result given in equation (36.3) is an idealized ex- 
pression of Henry’s law, viz., the fugacity of a solute in dilute solution is pro- 
portional to its mole fraction. A dilute solution may thus be defined as one 
an which the solvent obeys Raoult’s law and the solute satisfies Henry’s law. 


From the remarks in § 34g it can be seen that equation (36.3) may be in- 
terpreted as implying that for a saturated solution of a gas the fugacity of the 
solute is proportional to its mole fraction in the solution. If the gas behaves 
ideally, and the solution is dilute, it follows that the molar concentration of the 


$ For a solution containing a solute which dissociates, it is necessary to treat the 
products of dissociation as distinct molecules when evaluating the mole fractions of solvent 
and solute. 
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saturated solution, i.e., the solubility, is proportional to the pressure of the gas, 
at constant temperature. This is equivalent to the original form of Henry’s law 
(W. Henry, 1803), which dealt only with gas solubility, but the statement of the 
law given above is a generalized form of wider applicability. 


A derivation of Henry’s law [equation (36.3) ] is possible by the use of 
the Duhem-Margules equation. It is readily seen that if fı = nj ff, as is 
the case for the solvent in a dilute solution, then for the solute, i.e., com- 
ponent 2, 


ð ln fe = 
K A ), pm 1 as Ni— 1 and N2—0, (36.4) 
by equation (34.15). In § 34c this result, like Raoult’s law, was taken as 
applicable over the whole range of composition, but if the solvent behaves 
ideally only when its mole fraction approaches unity, the integration of 
equation (36.4) can be carried only over the same limited range. By general 
integration, this gives 
In fe = In Ne + constant, 
or 
fo = Nok as Ni— 1 and N: — O, 


which is identical with equation (36.3). It follows, therefore, that in any 
solution for which Raoult’s law is applicable to the solvent, Henry’s law must 
hold for the solute, over the same con- 
centration range. Incidentally, it 
can be readily shown that the re- 
verse must also be true; if Henrys 
law is applicable to the solute, then 
the solvent must obey Raoult’s law 
over the same range of composition.* 
These are characteristic properties 
of a dilute solution. 

The foregoing conclusions are 
depicted graphically in Fig. 24, 
which shows the partial vapor 
pressure (or fugacity) curves of 
three types. Curve I is for an 
ideal system obeying Raoult’s law i 
over the whole concentration xx 
range; for such solutions k in equa- - 
tion (36.3) is equal to ff, and Mole Fraction 
Henry’s law and Raoult’s law are Fia. 24. Raoult’s law and Henry’s law 
identical. For a system exhibiting 
positive deviations, curve II may be taken as typical; in the dilute range, 


Y, 
arya 1 
P 


r 
4 


~ 


Partial Vapor Pressure 


* The restriction of constant external pressure should apply to Henry’s law, just as to 
Raoult’s law (§ 34c). At moderate pressures, however, the influence of the total pressure 
may be neglected. 
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i.e., at the left-hand side of the diagram, there is marked departure from 
Raoult’s law, but the curve has an approximately linear slope, indicating 
that it satisfies Henry’s law [equation (36.3) J. The same is true for curve 
III which represents the fugacity of a substance exhibiting negative devia- 
tions from Raoult’s law. In the region in which Henry’s law is obeyed by 
one constituent of a solution, i.e., the solute, the fugacity (or vapor pressure) 
curve of the other constituent, i.e., the solvent, which is not shown in the 
figure, would approach that for an ideal system obeying Raoult’s law. 

36b. The Freezing Points of Dilute Solutions.—Since in any dilute solu- 
tion the solvent behaves ideally, in the respect that it obeys Raoult’s law, 
it follows that equation (34.30), in the form 


ð In Ni AH; 
( oT ),- RT?’ (36.5) 


should apply at the freezing point of a dilute solution in equilibrium with 
pure solid solvent. In this expression Ni is mole fraction of the solvent in 
the solution which is in equilibrium with solid solvent at the temperature 
T and pressure P; AH, is the heat of fusion of the solid solvent under the 
same conditions. It is seen, therefore, that equation (36.5) gives the varia- 
tion with composition of the freezing point of a dilute solution, irrespective 
of whether it behaves ideally or not at higher concentrations. 

If the heat of fusion is taken to be independent of temperature, an ap- 
proximation which can reasonably be made for dilute solutions, integration 
of equation (36.5) gives 


InN) - 712 ＋ C, (36.6) 


where C is the integration constant. When the liquid phase consists of pure 
solvent, Ni is unity and the freezing point is then To, which is that of the 
solvent; hence it is seen from equation (36. 6) that the integration constant 
is equal to AH;/RT>. If this result is inserted into equation (36.6) it 


becomes 
AH; _ 1 H, — To 
nm, = H(A 1) (Tf). bon 


where T is the freezing point of the solution containing Ni mole fraction of 
solvent. Since N, must be less than unity, In Ni is negative, and since AH, 
is positive, 7 must be less than To; in other words, the freezing point of the 
solution is always less than that of the pure solvent, provided the solid phase is 
the pure solvent and not a solid solution, as postulated above. Since NI 
decreases with increasing concentration of the solution, it is clear from equa- 
tion (36.7) that the freezing point must decrease at the same time. 

Since equation (36.7) may be expected to apply to any dilute solution, 
further simplifications, which are applicable to such solutions, can be made. 
For a dilute solution the difference between T and To is small, so that TT, 
may be replaced by To, and if To — T, called the lowering of the freezing 
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point of the solution, is represented by 0, equation (36.7) becomes 
Inn, = — S249, (36.8) 


If the solution is sufficiently dilute, N is only slightly different frcm unity, 
so that In N; is approximately equal to Ni — 1. Further, since 1 — NI is 
equal to Ne, the mole fraction of the solute, it follows that In xi in equation 
(36.8) may be replaced by — Na, giving 
AH 
Ng = R 275 0, 
or 
_ RT% 
A/ 


In a dilute solution, therefore, the depression of the freezing point is propor- 
tional to the mole fraction of the solute. 

36c. Determination of Molecular Weights.— Because of the relationship 
between the mole fraction and the molecular weight of the solute, it is 
possible to use the freezing point lowering of a solution, in conjunction with 
equation (36.9), to determine the molecular weight of the solute. Since the 
solution must be dilute for this equation to be applicable, a further simplifica- 
tion is possible. The mole fraction Nz is equal to nz/ (ni + m), where nı 
and ns are the numbers of moles of solvent and solute, respectively, in the 
solution; since the solution is dilute n: may be neglected in comparison 
with ni, and hence Ne may be taken as equal to nz/ ni. If wi and we are 
the respective weights of the solvent and solute in the solution, and MI 
and M are their molecular weights, then 


Ne. (36.9) 


772 _ Welty 
Ni wM 


Upon substituting this result into equation (36.9), it is found that 


ga le aM, (36.10) 


This equation may be written in the form 


RTM, 1000w2 
1000AH; wiM, 
= AM, (36.11) 


where A, which is equal to R7T(M,/1000AH,, is a constant for the given 
solvent. The factor 1000w;/w.M; is seen to be equivalent to the number 
of moles of solute, i.e., m, dissolved in 1000 g. of solvent; it is hence equal 
to the molality m of the solution, as indicated in equation (36.11). It will 
be apparent that if this equation were applicable at such a concentra- 


0 = 


342 THE PROPERTIES OF SOLUTIONS 36d 


tion, \ would be the lowering of the freezing point for a molal solution, i.e., 
when m = 1; hence X is referred to as the molal freezing point depression 
constant. Actually a molal solution would be too concentrated for equation 
(36.11) to be applicable, and so A may be defined as equal to 6/m as the 
solution approaches infinite dilution; thus, 

. 0 RIM, 

A im m 1000AH 7 
where AH, is the heat of fusion per mole of the solid solvent, whose formula 
weight is Mi, into pure liquid at its freezing point To. The value of X for 
any solvent can thus be determined in two ways; either from the known 
freezing point To and the heat of fusion or by determining /m at various 
molalities, from actual freezing-point measurements, and extrapolating the 
results to infinite dilution. 

It will be observed that equation (36.11) is used as the basis of the 
familiar procedure for the determination of molecular weights by the freezing 
point method. It is obviously strictly applicable only to very dilute solu- 
tions; at appreciable concentrations the approximations made in its deriva- 
tion are no longer justifiable. These are as follows: first, that AH, is inde- 
pendent of temperature; second, that ToT is equal to 7%; third, that In N; 
may be replaced by — Na; and fourth, that Nz may be set equal to u2/ mi. 
The two latter approximations are avoided in equation (36.8), and this gives 
somewhat better results than does (36.11) in solutions of moderate concen- 
tration, provided the solvent still obeys Raoult’s law. 


(36.12) 


Problem: The freezing point of benzene is 5.4° C and its latent heat of fusion 
is 30.2 cal. g.. A solution containing 6.054 g. of triphenylmethane in 1000 g. 
of benzene has a freezing point which is 0.1263° below that of the pure solvent. 
Calculate the molecular weight of the solute. 


Since both R and AH y can be expressed in terms of calories, the molal depres- 
sion constant X for benzene is given by 


RTM, _ 1.987 X (278.6)? 
1000AH,;, 1000 x 30.2 
= 5.11, 


<< 


noting that AH,/M; is equal to the heat of fusion per gram. By equation (36.11) 
the molality m of the solution is equal to 6/ R, so that 


m = 0.1263/5.11 = 0.0247. 


Since the solution contains 6.054 g. of solute to 1000 g. of solvent, 6.054 must 
represent 0.0247M:, where M: is the molecular weight of the solute; hence, 


Mz = 6.054/0.0247 = 245. 
36d. Separation of Solid Solutions.—If upon cooling a liquid solution the solid 


phase consists of a solid solution, instead of pure solvent, it is necessary to make 
use of equation (34.29). Assuming the solutions to be dilute enough for the 
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fugacity of the solvent, i. e., the constituent present in excess, to be proportional 
to its mole fraction in both solid and liquid phases, this equation becomes 


ô In (x / NI) AH, 
[=m] =— . (36.13) 


where AH, is the molar heat of fusion of the solvent. If the latter remains con- 
stant in the small temperature range between T, the freezing point of the solution, 
and To, that of the pure solvent, at the same pressure, integration of equation 
(36.13) yields 


R (36.14) 


at constant pressure. For dilute liquid and solid solutions, In xi may be replaced 
by — No, Inn; by — Nj, and TT, by T}; To — T is equal to , and equation 
(36.14) then reduces to 


in N AHT To 
Ni TTo 


0 = ar (N: — Nj), (36.15) 


which may be compared with equation (36.9), for which N, the mole fraction of 
solute in the solid phase, is zero. 

The equation (36.15) gives the change in freezing point with composition (N3) 
of the dilute solution, when the solid phase is a solid solution of known composition 
(Nz). It should be noted that if n; is less than Nz, the value of @ is positive, and 
the solution has a lower freezing point than the pure solvent. However, it fre- 
quently happens that xN; is greater than N2; that is to say, there is a larger propor- 
tion of solute in the solid phase than in the liquid. In these circumstances @ is 
negative, and the freezing point of the solution is above that of the pure solvent. 

Another form of equation (36.15) may be obtained by writing k for the distri- 
bution ratio N;/N2 of the solute between solid and liquid phases; the result is 


_ RT} 
0 = AH, Nz(1 — k). 
By treating this expression in the same manner as equation (36.9), it is found that 
0 = dAm(1 — k), (36.16) 


so that it is possible to determine the distribution of the solute between the two 
phases from freezing point measurements." 


36e. The Boiling Points of Solutions.—Just as a solution has a lower 
freezing point than the pure solvent, provided no solute separates in the 
solid phase, so it has a higher boiling point, provided the solute is nonvolatile 
and hence is not present in the vapor phase. The problem of the variation 
of the boiling point of a solution with composition, at constant pressure, 
may be treated by means of equations already derived, provided the solution 
is dilute enough for the solvent to behave ideally. If the solute is nonvola- 
tile, as postulated above, the vapor consists entirely of solvent molecules, 
and hence Nj is unity. In this event, equation (34.22), which applies to a 


u van’t Hoff, Z. phys. Chem., 5, 322 (1890). 
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liquid-vapor cquilibrium such as would exist at the boiling point of a solu- 


tion, can be written as 
( oT ), FZ 36:17) 


where AH, is the molar heat of vaporization of the solvent at the specified 
temperature and pressure. By assuming this quantity to remain constant 
in a small temperature range, integration of equation (36.17) gives 


H. T — 7 | 
Inw, =- 9 (Lr, E (36.18) 


where T is the boiling point of the solution and To is that of the pure solvent 
at the same pressure. If the system does not contain an inert gas this 
constant pressure is that of the atmosphere, for the temperature is then the 
normal boiling point. Because Ni is always less than unity, In Ni is nega- 
tive, and hence T — To must be positive; consequently, the boiling point of 
the solution is greater than that of the solvent. The presence of a nonvolatile 
solute thus raises the boiling point. 

If the rise of boiling point T — To is represented by , it follows that for 
a dilute solution [cf. equation (36.8) ], 

AH, 


In Ni RT? 0, (36.19) 


and hence for a very dilute solution, 
RT? 
AH, 
\ * Am, 
by analogy with equations (36.9) and (36.11). The molal boiling point 
elevation constant X is equal to RToMHI/ 100O AH,, where AH, is the molar 
heat of vaporization at the boiling point To of the pure solvent, of formula 


weight MI. The results given above may be used for determining the 
molecular weight of a solute from the rise of boiling point of the solution. 


6 


Na; 


If the solute is volatile, so that the vapor in equilibrium with the solution 
contains both constituents, it is necessary to make use of equation (34.22). Pro- 
vided the solution is dilute enough for the solvent to behave ideally in the liquid 
phase. and the vapor behaves as an ideal gas, this equation becomes 


Ni AH, T — To 
In N’ = — Ha ( Tre) , (36.20) 
where Nj is the mole fraction of solvent molecules in the vapor phase. By treating 


this result in the same manner as the analogous equation (36.16), and writing 0 
for T — To, the elevation of the boiling point, it is readily found that for a dilute 
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solution 


RT? 

, (re — Ni 
RT? 

= aa, 1 — h, 


where k, equal to N½/ N, is the distribution ratio of the volatile solute between the 
vapor and the solution. As before, for a very dilute solution, this can be con- 
verted into a form analogous to equation (36.16), viz., 


0 = Am(1 — k). (36.21) 


It can be seen from this expression that if k is small, that is to say, if the solute is 
not appreciably volatile, 1 — k is positive, and the presence of the solute results 
in a rise of boiling point On the other hand, if k is larger than unity, as might 
be the case for a volatile solute, 0 would be negative, so that the solution has a 
lower boiling point than the solvent. ‘This is, of course, of common occurrence 
in the distillation of mixtures of two volatile liquids. 


36f. Temperature and Solubility in Dilute Solutions.—For a saturated 
solution of a gas in a nonvolatile solvent, or of a pure solid in a liquid 
solvent, the equations (34.21) and (34.28) reduce to 


0 In 72 _ Hz aa H; 
( A ) ans 7 dT (36.22) 


where H3 is the molar heat content of the pure gas or solid solute, and H is 
its partial molar heat content in the saturated solution, at the given tem- 
perature and pressure. If the solution is dilute, equation (36.4) will be 
applicable, and then (36.22) becomes 


ð ln N E Hz == H: 


In this expression, which gives the influence of temperature on solubility 
in dilute solution, the saturation solubility Nə in mole fractions, may be 
replaced by the molality m or the molarity c, since these quantities are 
proportional to one another in dilute solution. 

It should be noted that since the solute does not necessarily obey 
Raoult’s law, although it satisfies Henry’s law, it is not permissible to re- 
place Hz by the molar heat content of the pure liquid, as was done in 
§§ 34f, 34i. The numerator on the right-hand side of equation (36.23) thus 
cannot be identified with a latent heat. It will be seen in § 44b that it is 
actually equivalent to the differential heat of solution (cf. § 121) of the solute 
in the saturated solution under the given conditions. For a dilute solution 
this is usually not appreciably different from the integral heat of solution. 
It is thus possible to determine the heat of solution of a sparingly soluble 
gas or solid by measuring the solubility at two or more temperatures and 
then utilizing the integrated form of equation (36.23). As indicated at the 
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outset, the assumption is made that one of the phases consists of either pure 
solid or pure gas. The same result would apply to a sparingly soluble liquid 
solute, provided the solvent did not dissolve in it to any appreciable extent. 


EXERCISES 
1. If the vapors behave ideally, the equations (35.9) take the form 
pi = Nipper; and pa = Nzůppelsxi. 


Hence, derive expressions for the total vapor pressure of a liquid mixture in terms 
of the mole fraction composition of (i) the liquid, (ii) the vapor. 

2. Taking p? as 100 mm., p? as 200 mm. and B as 2.0, determine the total 
vapor pressure at mole fractions 0.2, 0.4, 0.6 and 0.8 by using the results of the 
preceding exercise. Plot the values against the mole fraction composition of 
(i) the liquid, (ii) the vapor. 

3. At 70° C, the vapor pressures of carbon tetrachloride and benzene are 617.43 
and 551.03 mm., respectively; at 50° C, the values are 312.04 and 271.34 mm., 
respectively [Scatchard, Mochel and Wood, J. Am. Chem. Soc., 62, 712 (1940) J. 
Assuming ideal behavior, since the actual deviations are small, plot the curve 
giving the variation of the (mole fraction) composition of the vapor with that of 
the liquid at each temperature. Would the separation of the two components by 
fractional distillation be more efficient at high or at low temperature? 

4. Give in full the derivation of the statement in the text that heat is evolved 
upon mixing two liquids which form a system exhibiting negative deviations from 
ideal behavior. 

5. The total vapor pressures of mixtures of chlorobenzene (1) and 1-nitro- 
i spe (2) at 120° C are as follows ache Buck and Parry, J. Am. Chem. Soc., 

63, 2422 (1941): 


Ni 0 0.096 0.282 0.454 0.507 0.675 0.765 0.844 1.00 
P 545 565.2 590.2 597.2 597.1 596.6 589.4 579.9 544 mm. 


Plot the results and determine the value of 8 in the simple form of the Margules 
equation. Estimate the partial pressure of each constituent in equilibrium with 
an equimolar liquid mixture. 

6. Show that in the two-constant Margules equations (35.7) and (35.8) 
Bo = Bi + Yı and yı = — Y2 

7. Prove that the constants in the van Laar equation (35.10) are related by 
152 = We and 281 = 1. 

8. Derive expressions for log , where y is the activity coefficient a/n, on the 
basis of (i) the simple Margules equation (35.9), (ii) the van Laar equation (35.10). 
Show that for a liquid mixture exhibiting positive deviations from Raoult’s law, 
the activity coefficient of each constituent, on the basis of the usual standard state, 
must be greater than unity, whereas for negative deviations it must be less than 
unity. 

9. A mixture of 1 mole of ethyl bromide and 2 moles of ethyl iodide, which 
behaves ideally, is evaporated into a closed space at 40° C, when the vapor pres- 
sures of the pure components are 802 and 252 mm., respectively. Calculate the 
total pressure at the beginning and end of the process. (Note that at the end of 
the vaporization the composition of the vapor will be identical with that of the 
initial liquid.) 
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10. The vapor pressures of n-hexane and n-heptane at several temperatures 
are as follows: 
50° 60° 70° 80° 90° 100° C 
n-hexane 401 566 787 1062 1407 1836 mm. 
n-heptane 141 209 302 427 589 795 


Assuming ideal behavior, draw the curve representing the boiling points of the 
mixtures at 1 atm. pressure as a function of the mole fraction composition, e. g., 
0.2, 0.4, 0.6 and 0.8, of (i) the liquid, (ii) the vapor. [Plot the total vapor pressure- 
composition curves for various constant temperatures, and hence obtain the neces- 
sary data for 760 mm. The calculations may also be made at another pressure, 
e.g., 560 mm. and the change noted (cf. § 34f).] 

11. The vapor pressure of liquid ethylene is 40.6 atm. at 0° C and 24.8 atm. 
at — 20°C. Estimate the ideal solubility of the gas in a liquid at 25° C and 
1 atm. pressure. How many grams of ethylene should dissolve in 1,000 g. of 
benzene under these conditions, if the gas and solution behave ideally? 

12. The absorption coefficient (of solubility) a of a gas is the volume of gas 
reduced to 0° C and 1 atm. pressure which will be dissolved by unit volume of 
solvent at the experimental temperature under a partial pressure of the gas of 
1 atm. Show that for a dilute solution, N: in equation (36.23) may be replaced 
by a. The absorption coefficient of nitrogen is 0.01685 at 15° and 0.01256 at 
35° C. Determine the mean differential heat of solution per mole of nitrogen in 
the saturated solution in this temperature range. 

13. The pressures of sulfur dioxide in equilibrium with a solution containing 
0.51 g. SO: in 100 g. water are 49.0 mm. at 35.6° C, 57.0 mm. at 41.0° C, 70.0 mm. 
at 47.0° C; for a solution containing 1.09 g. SO: in 100 g. water, the pressures are 
70.5 mm. at 26.8 C, 96.0 mm. at 33.6 C, 124.5 mm. at 39.4 C and 147.0 mm. 
at 44.2 C [Beuschlein and Simenson, J. Am. Chem. Soc., 62, 612 (1940) J. Show 
that in dilute solutions Henry’s law takes the form m = kp, where m is the molality 
of the solution and p the partial pressure of the solute; hence, use the foregoing 
data to test the validity of the law for the sulfur dioxide solutions at 35° and 
45°C. Calculate the mean Jifferential heat of solution of the gas in the 
range from 26.8° to 47.0° C at a gas pressure of 70.0 mm., and consider how 
you would expect this to differ from the heat of condensation, i.e., — AH,. 

14. The molar heat of fusion AH, of naphthalene at the absolute temperature 
T is given by AH; = AH» + 4.8T, where AH» is a constant [ Ward, J. Phys. Chem., 
40, 761 (1934) ]; at the melting point (80.2° C), AH; is 4,540 cal. Determine the 
ideal solubility of naphthalene at 25° C, allowing for the variation of the heat of 
fusion with temperature. 

15. The heat of fusion of the hydrocarbon anthracene (Ci4Hio) at its melting 
point (216.6° C) is 38.7 cal. g. 1. Its mole fraction solubility at 20° C is 0.0081 in 
benzene and 0.0009 in ethanol. Account for the results. 

16. The freezing point depression of a 3.360 molal solution of urea in water 
is 5.490° [Chadwell and Politi, J. Am. Chem. Soc., 60, 1291 (1938) J. The heat 
of fusion of ice is 79.80 cal. g.-!. Test the applicability of equations (36.7), (36.8), 
(36.9) and (36.11) to the results, and hence draw conclusions as to the reliability 
of the various approximations. 

17. The melting points of benzene and naphthalene are 5.4° and 80.2° C, and 
the heats of fusion are then 2,360 and 4,540 cal. mole- 1. Assuming the system 
to be ideal and the heats of fusion to remain constant, determine the temperature 
and composition of the eutectic system, i.e., when the liquid mixture is in equi- 
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librium with both solids. [Use equation (34.33); a graphical procedure will be 
found convenient for obtaining the required solution. ] 

18. The melting point of p-dichlorobenzene is 53.2° C and that of naphthalene 
is 80.2° C; the eutectic temperature is 30.2° C when the mole fraction of the 
naphthalene in the liquid phase is 0.394. Calculate the molar heats of fusion of 
the two components of the system, assuming ideal behavior. 

19. Show that if a solution is dilute and obeys Henry’s law, and the vapor 
behaves ideally, the molal solubility of the solid (m,) und of the supercooled liquid 
(mi) solute at the same temperature T should be given by 


where Tm is the melting point of the solid and AH, is its heat of fusion (ef. Exercise 
20, Chapter XI). The heat of fusion of solid nitrobenzene at its melting point 
(5.7° C) is 2,770 cal. mole!. The solubility of the solid in water at 0°C is 
12.6 X 10-3 mole per 1000 g. water; calculate the solubility of the supercooled 
liquid at the same temperature. [The experimental value is 13.5 X 10-* mole 
per 1000 g. water (Saylor, Stuckey and Gross, J. Am. Chem. Soc., 60, 373 (1938). ] 
20. The solubilities of stannic iodide in carbon disulfide at several temperatures 
are as follows [Dorfman and Hildebrand, J. Am. Chem. Soc., 49, 729 (1927) J: 


Temperature 10.0° 25.0° 40.0° C 
Solubility 49.01 58.53 67.56 g. per 100 g. solution 


Estimate the melting point and heat of fusion of stannic iodide. (The experi- 
mental values are 143.5° C and approximately 3,800 cal. mole7!.) 

21. A solution of 9.14 g. of iodine in 1000 g. benzene has a freezing point 
0.129° below that of pure benzene (5.400° C); the solid which separates is a solid 
solution of iodine in benzene. The heat of fusion of benzene is 30.2 cal. g.—. 
Calculate the ratio in which the iodine distributes itself between liquid and solid 
phases in the vicinity of 5° C. Compare the result with that obtained by analytical 
determination as follows: the solid phase contains 0.317 g. and the liquid 0.945 g. 
iodine per 100 g. benzene [Beckmann and Stock, Z. phys. Chem., 17, 120 (1895) ]. 

22. Starting with an equation of the form of (34.20), give all the stages in the 
derivation of equation (34.29). 

23. Show that the weight composition of the vapor, treated as an ideal gas, 
in equilibrium with an ideal solution is given by 


where w, and w: are the weights of the constituents in the liquid phase, and ui 
and w, are those in the vapor; hence, solve the problem in § 34e. 

24. Show that for an ideai system of two liquids, the free energy of mixing, 
i.e., the difference between the free energy per mole of mixture and the sum 
of the free energies of the separate constituents, is given by AF = NiRT In Ni 
+ N:RT InN: Hence, use the result concerning the heat of mixing in § 34a 
to show that the entropy of mixing two liquids forming an ideal system is 
AS =— R(Ni In Ni + N: In N:) (ef. Exercise 1, Chapter IX). 
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25. Show that the variation with pressure of the solubility of a pure solid 
forming an ideal solution in a liquid is given by 


9 in Ng D å Vy 
ðP jr RT’ 
where AV, is the volume change accompanying the fusion of 1 mole of solid solute 
at T and P. What conclusion may be drawn concerning the sign and magnitude 
of the effect of pressure on solubility? 

26. Show that although the partial molar heat content of the constituent of 
an ideal solution is independent of the composition (§ 34a), this is not the case 
for the partial molar free energy and entropy. Derive expressions for (dun, / ON.) T, P 
and (08;/0N;)7r, p for an ideal solution. 


CHAPTER XV 
ACTIVITIES AND ACTIVITY COEFFICIENTS 


37. STANDARD STATES 


37a. Choice of Standard State.—A knowledge of activities and activity 
coefficients is of both theoretical and practical interest in the study of solu- 
tions; the present chapter will, therefore, be devoted to a consideration of 
the methods by which these quantities may be determined. As seen in 
§ 31b, the activity of a substance in any state is a relative property, the 
actual value being relative to a chosen standard state. The nature of the 
standard state is of no thermodynamic significance, as may be seen in the 
following manner. Let da and az represent the activities of a given sub- 
stance in two different solutions, the values being in terms of a specified 
standard state; let ag and ag be the corresponding values for another standard 
state. Since these activities are relative to the activity in the chosen 
standard states, it follows that da/dνꝰ must be equal to as/ag. If yp’ is the 
chemical potential (partial molar free energy) of the substance in the first 
solution and “ is that in the other solution, the free energy increase ac- 
companying the transfer of 1 mole of the substance from the first solution 
to the second, under such conditions that the compositions remain virtually 
unchanged, is given by [cf. equation (26.29) ] 


AF = u“ — p. 
By equation (31.2), the chemical potentials are 
u’ = u + RT In a and u = u + RT In da, 
in terms of the one standard state, and 
u = u + RT ln ag and u” = u + RT ln ag, 


in terms of the alternative standard state. It follows, then, from the fore- 
going equations that 1 
AF = RT in A 


in one case, and 


* 
AF = RT In = 

ap 
in the other case. As seen above, however, qa/ da is equal to ag/ as, and so 
the free energy change for a given process, which is the thermodynamically 
important quantity, expressed in terms of the activities, will have the same 
value, as indeed it must, irrespective of the choice of the standard state. 
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In view of the foregoing arguments, it is evident that the standard state 
chosen in any particular instance should be the most convenient one in the 
given circumstances. It is quite permissible, in fact, to choose different 
standard states for a given substance in two (or more) phases in equilibrium; 
the effect of the choice is merely to alter the value of the equilibrium con- 
stant, without affecting its constancy. It may be pointed out that the ac- 
tivities of a given constituent of two phases in equilibrium are equal when 
referred to the same standard state. However, when different standard states 
are chosen for the two phases, the activities are not equal, although the 
chemical potentials must be identical (cf. § 28a). Thus, for a constituent 
in phase I, 

MI = pa + RT In Qa, 
while for this substance in the phase II, in equilibrium with phase I, 
HII = uB + RT In ag. 


The chemical potentials in the two phases in equilibrium must be the same, 
i.e., wr = prt, and hence, for the given substance 


un + RT Ina. = ug + RT In as. 


If the chosen standard states are identical, ua and up are the same, since these 
are the chemical potentials in the standard states; consequently a, and ag, 
the activities in the two phases, will be equal. On the other hand, if the 
standard states selected for the phases I and II are not the same, da and ag 
will be different, the difference depending on the corresponding values of 
Ma and Me. 

37b. Convenient Standard States: I. Gases.—For gases and vapors the 
most convenient standard state, which is almost invariably employed in 
thermodynamic studies, is the one referred to in an earlier section (§ 30b). 
The standard state of unit activity is usually chosen as that of unit fugacity, so 
that for a gas the activity is identical with the fugacity. As seen earlier, 
this is equivalent to choosing the gaseous system at very low total pressure 
as the reference state and postulating that the ratio of the activity of any 
constituent to its partial pressure, i. e., the activity coefficient a/p, then 
approaches unity. The determination of the fugacities of gases has already 
been discussed in some detail (Chapter XII), and since the activity of a gas 
is almost invariably defined so as to be identical with the fugacity, it is not 
necessary to consider the subject further. | 

II. Solid or Liquid Solvent.—For a liquid or solid which acts as the 
solvent of a solution, that is to say, it is the constituent present in excess, 
the most convenient standard state is also the one used in earlier sections. 
The activity of the pure liquid (or pure solid) solvent, at atmospheric pressure, 
as taken as unity at each temperature. As stated in § 31b, the corresponding 
reference state is the pure liquid (or solid) at 1 atm. pressure, the activity 
coefficient, defined by a/, being then equal to unity. With increasing 
dilution of a solution the mole fraction N: of the solute tends to zero and 
that of the solvent, i.e., Ni, tends to unity. It follows, therefore, that at 1 
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atm. pressure a,/N; approaches unity as the solution becomes more dilute; 
thus, 
a 
Ni 


on the basis of the chosen standard state. 

By equation (31.5), the activity of the solvent is equivalent to f/f? 
where fı is the fugacity in a given solution and f? is numerically equal to 
that in the standard state, i.e., pure liquid at 1 atm. pressure at the given 
temperature. Hence, it is seen from equation (34.1) that for an ideal solu- 
tion the activity of the solvent should always be equal to its mole fraction, 
provided the total pressure is 12 m. In other words, in these circumstances 
the activity coefficient aı/Nı should be unity at all concentrations. For a 
nonideal solution, therefore, the deviation of aı/Nı from unity at 1 atm. 
pressure may be taken as a measure of the departure from ideal (Raoult 
law) behavior. Since the activities of liquids are not greatly affected by 
pressure, this conclusion may be accepted as generally applicable, provided 
the pressure is not too high. 

III. Solutes: A. Pure Liquid as Standard State.—Several different stand- 
ard states are used for solutes according to the circumstances. If the solu- 
tion is of the type in which two liquids are completely, or almost completely, 
miscible, so that there is no essential difference between solvent and solute, 
the standard state of the solute is chosen as the pure liquid at atmospheric 
pressure, just as for the solvent. The defined activity coefficient a⁊/Nz then 
approaches unity as Ne tends to unity, and its deviation from this value, 
at 1 atm. pressure, gives an indication of the deviation from ideal behavior. 

In many instances, especially when the solute has a limited solubility in 
the solvent, as is often the case for solid solutes, particularly electrolytes or 
where dilute solutions are under consideration, it is more convenient to 
choose an entirely ‘different standard state. Three such states are used: 
one is based on compositions expressed in mole fractions, but the others 
are more frequently employed, because the compositions of dilute and 
moderately dilute solutions are usually stated in terms of molality, i. e., 
moles per 1000 g. solvent, or in terms of molarity, i.e., moles per liter of 
solution.! 

III. B. Infinitely Dilute Solution as Reference State: Composition in 
Mole Fraction.— In the first case, the reference state is chosen as the infinitely 
dilute solution, with the postulate that at the given temperature the. ratio of 
the activity of the solute to its mole fraction, i.e., aꝛ/ Na, then becomes unity at 
atmospheric pressure. The activity is consequently defined so that at the 
temperature of the solution and 1 atm. pressure 


—1 as Ni— 1 and Ne — O, 


— 1 as Ng — 0. (37.1) 
N2 
1G. N. Lewis and M. Randall, ‘“Therruodynamies and the Free Energy of Chemical 
Substances,” 1923, pp. 256 ef seg.; see also, Adams, Chem. Rev., 19, 1 (1936); Goranson, 
J. Chem. Phys., 5, 107 (1937. 
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The standard state is here a purely hypothetical one, just as is the case with 
gases (§ 30b); it might be regarded as the state in which the mole fraction of 
the solute is unity, but certain thermodynamic properties, e.g., partial molar 
heat content and heat capacity, are those of the solute in the reference state, 
i. e., infinite dilution (ef. § 37d). If the solution behaved ideally over the 
whole range of composition, the activity would always be equal to the mole 
fraction, even when Nz = 1, i.e., for the pure solute (cf. Fig. 24, I). In this 
event, the proposed standard state would represent the pure liquid solute 
at 1 atm. pressure. For nonideal solutions, however, the standard state has 
no reality, and so it is preferable to define it in terms of a reference state. 

The significance of the foregoing definition of the activity of a solute 
may be seen by making use of the fact ($ 31b) that the activity is propor- 
tional to the fugacity, the value of the proportionality constant depending 
on the chosen reference or standard state. Representing this constant by 
1/k, it is seen that the activity az of the solute and its fugacity fı may be 
related by 

72 


ag = k or fz = ack. (37.2) 


In dilute solution, when Nz approaches zero, @:/N2 approaches unity, ac- 
cording to the postulated standard state; hence equation (37.2) can be 
written as 

fe = Nek as Nz: — 0. 


This result is identical with Henry’s law [equation (36.3) J, and so on the 
basis of the present standard state, a2/N2 will be unity, or az will equal N», 
for all solutions obeying Henry’s law. The activity coefficient yn, equal to 
a/ Nz, of the solute in any solution may thus be used to indicate its obedience 
of Henry’s law. It is for this reason that the activity coefficient defined in 
this manner has been called the rational activity coefficient. 


If the solution were ideal over the whole range of composition, k in equation 
(37.2) would, of course, be equal to the fugacity of the pure liquid solute at 1 atm. 
pressure, and Henry’s law and Raoult’s law would be identical (§ 36a). However, 
although the behavior of a solute in solution may deviate considerably from 
Raoult’s law, it almost invariably satisfies Henry’s law at high dilutions. Conse- 
quently, for the study of not too concentrated solutions, the standard state under 
consideration has some advantages over that in IIT. A. 


III. C. Composition in Molality or Molarity.— Because the compositions 
of solutions, especially of electrolytes, in the study of which the activity 
concept has proved of the utmost significance, are expressed in terms of 
molality or molarity,* alternative standard states have been widely used. 
In the event that the composition of the solution is given by the molality 
of the solute, the reference state is the infinitely dilute solution, the activity a: 

* The use of the molality is to be preferred in thermodynamic studies, since it is inde- 

dent of 5 and pressure; this is not the case for the molarity, because the 
cae ae of the solution is affected by a change of temperature or pressure. 
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of the solute being defined so that tts ratio to the molality m, i. e., a2/m, ts then 
unity at atmospheric pressure, at the temperature of the system. The defini- 
tion of the activity is consequently based on the postulate that 


55 — 1 as m— 0. (37.3) 


The standard state is here also a hypothetical one; it is equivalent to a 1 
molal solution in which the solute has some of the partial molar properties, 
e.g., heat content and heat capacity, of the infinitely dilute solution. It has 
been referred to as the “hypothetical ideal 1 molal solution”. At high dilu- 
tions the molality of a solution is directly proportional to its mole fraction 
(§ 32f), and hence dilute solutions in which the activity of the solute is equal 
to its molality also satisfy Henry’s law. Under such conditions, the de- 
parture from unity of the activity coefficient ym, equal to a2/m, like that 
of yn, is a measure of the deviation from Henry’s law. 

At infinite dilution the activity coefficients Yn and ym are both unity, in 
accordance with equations (37.1) and (37.3), respectively, which define the 
standard states. In dilute solutions the values will also be approximately 
equal, but not necessarily unity because of failure to obey Henry’s law. 
At appreciable concentrations, however, the molality of the sdlution is no 
longer proportional to the mole fraction of the solute, and even if the solu- 
tion obeyed Henry’s law ym would not be unity. In such solutions Yn and 
‘Ym will be appreciably different. 

When the composition of the solution is given in terms of molarity, 1.e., 
moles of solute per liter of solution, the standard state chosen is analogous 
to that proposed above. The activity is defined in such a manner that at 
the given temperature the ratio of the activity az of the solute to its molarity c, 
i.e., ac, approaches unity in the infinitely dilute solution at I atm. pressure; 
thus, 


— 1 as 6 0. (37.4) 


The standard state is again a hypothetical one; it corresponds to a solution 
containing 1 mole of solute per liter, but in which certain partial molar 
properties are those of the solute at infinite dilution. 

As seen in §32f, the molarity of a very dilute solution is proportional to 
its mole fraction, and hence for such solutions the activity coefficient vo, 
defined by a/c, represents the compliance with Henry’s law. As in the pre- 
ceding case, y. and Yy are both unity at infinite dilution, and the values are 
approximately equal in dilute solutions. With increasing concentration, 
however, y. and Yn differ, and although the latter still indicates the ad- 
herence to Henry’s law, the former, like ym, does not. Thus, at high dilu- 
tions YN, Ym and Yə approach one another, their values approximating to 
unity, but at appreciable concentrations the three coefficients differ; the 
actual relationships between them will be considered in the next section. 
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37c. Relationship between Activity Coefficients of Solute.—For a solu- 

tion of molality m, the number of moles of solute is m whereas the number 

of moles of solvent is 1000/ MI, where Mi is its molecular weight. The mole 

fraction N of solute is then equal to m/ (m + 1000/M:). On the other hand, 

for a solution of molarity c, the number of moles of solute is c, and the 

number of moles of solvent is (1000p — MHz)/ Mi, where p is the density of 

the solution and Ma is the molecular weight of the solute. The mole fraction 

of solute in terms of molarity is thus c/[c + (1000p — Hz) / MI]. A slight 

rearrangement of these results then gives 
mM 1 cM 1 

`= mnM, + 1000 (MI — M2) + 1000p ci 

In very dilute solution, when the mole fraction of solute is N“, the molality 

m* and the molarity c*, the density po being that of the pure solvent, equa- 
tion (37.5) reduces to 

N* = m*M, ae c MI 

1000 10000 


The difference of the free energy of the solute in the solution represented 
by N, m and c, and that in the very dilute solution N*, m* and c“, must have 
a definite value irrespective of the standard states (§ 37a). This is deter- 
mined by the ratio of the activities in the two solutions, viz., a/a*; the ac- 
tivity a may be represented by NYn, MYm and ce, depending on the par- 
ticular standard state, but a* is equal to N*, m* and c“, respectively, since 
the solution is dilute enough for the activity coefficient to be unity in each 
case. It follows, therefore, that 


(37.6) 


a E NYN - MY m C Ye 


— 


‘ 5 7 
a* N* m* c* 


and hence by utilizing equations (37.5) and (37.6) it is found that 
p + 0.001c (AI — M2) 
Gee Mg Ora a pee Ges eT ag 
Po 


Yn = Im (1 + 0.001mM1) = Y (37.7) 


which gives the relationship among the three activity coefficients. It is 
evident from this result that in dilute solutions, e.g., when c and m are less 
than about 0.1, the values of y, Ym and y. are almost identical. 
By treating ym and y. in an analogous manner, it is found that 
p — 0.001cM 2. 
c po 


Ym = Y (37.8) 
This expression is more convenient than equation (37.7) when the conversion 
of Ym tO Ya or vice versa, is required, without the necessity of introducing Yn. 

37d. Partial Molar Heat Contents in Standard and Reference States.— 
The general expression for the variation of the activity coefficient with 
temperature, at constant pressure and composition, may be derived by a 
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procedure similar to that used to obtain equation (31.6). Since the molality 
and mole fraction are independent of temperature, the temperature variation 
of activity coefficients expressed in terms of these quantities, i.e., IN or Ym, 


is given by a 
ð In Yi 2 i i ‘ 
( oT Ja ~ RP ? (29) 


where H. is the partial molar heat content of the substance 7 in the given 
solution and N is the value in the standard state. It will be observed from 
the discussion in § 37b, that the standard state is always defined in such a 
manner as to make the activity coefficient equal to unity in the reference 
state, e.g., pure liquid for a solvent or infinite dilution for a solute, at 1 atm. 
pressure, at all temperatures. In the reference state, therefore, y; is inde- 
pendent of the temperature, so that the left-hand side of equation (37.9) is 
zero. Consequently, the partial molar heat content of any constituent of a 
solution is the same in the reference state as in the standard state. This is the 
justification for the remark in § 37b, III B, C, where the infinitely dilute 
solution was chosen as the reference state, that the partial molar heat con- 
tent of the solute in the standard state is equal to that at infinite dilution. 
The same is true for the partial molar heat capacity at constant pressure, 
since this is the derivative of the heat content with respect to temperature. 
It should be understood that the foregoing conclusions apply, strictly, at 
1 atm. pressure, for it is only then that the activity coefficient in the reference 
state is unity at all temperatures. 

Since the volume of a solution changes with temperature, the molarity, 
i.e., moles per liter, must change at the same time. Hence, equation (37.9) 
does not give the variation of y. with temperature; however, from this equa- 
tion, in which 7; is ym or Yn, and (37.7) or (37.8), noting that in the latter c 
is merely a number, it follows that 


ð ln ye H H. ð In (0% ) 
(2572), R: | 57 1. Cem) 


At infinite dilution, y. is equal to unity at all temperatures, by definition, 
and at the same time p becomes identical with po, so that, in this case also, 
the standard partial molar heat content of the solute is equal to its value in 
the infinitely dilute solution at 1 atm. pressure. 

In order to avoid the possibility of misunderstanding, it may be stated 
here that the partial molar free energy and partial molar entropy of the 
solute in the standard state are entirely different from the values in the 
infinitely dilute solution (see Exercise 24). 


38. DETERMINATION OF ACTIVITIES 


38a. Activity of Solvent from Vapor Pressure.—The activity of any 
constituent of a solution is given, in general, by the ratio of the fugacities, 
i.e., ./ It, f: being the value in the solution and ff is that in the standard state, 
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viz., pure liquid at the same temperature and 1 atm. pressure. If the vapor 
pressure of the solvent is not too high, the fugacities may be replaced, with- 
out appreciable error, by the respective vapor pressures. At the same time, 
the effect of the external pressure on the activity may he neglected, so that 
it is possible to write 


J) 
41 = i mis, (38.1) 
1 


where pi is the partial vapor pressure of the solvent in equilibrium with the 
solution in which its activity is a, and pf is the vapor pressure of the pure 
solvent at the same temperature and (approximately) the same pressure. 
The equation (38.1) thus provides a relatively simple method for deter- 
mining the activity of the solvent in a solution; it has been applied to aque- 
ous solutions, to solutions of organic liquids and to mixtures of molten 
metals. : The activity coefficient at any composition may be obtained by 
dividing the activity ai of the solvent by its mole fraction Ni. 


Problem: An exactly 1 molal aqueous solution of mannitol has a vapor pressure 
of 17.222 mm. of mercury at 20° C; at the same temperature, the vapor pressure 
of pure water is 17.535 mm. Calculate the activity and activity coefficient of 
water in the given solution. 


At the low pressures, the water vapor may be regarded as behaving ideally, 
so that 


_ pr 17.222 


A molal aqueous solution contains 1 mole of solute and 1000/18.016 = 55.51 
moles of solvent; the mole fraction of solvent is thus 


55.51 


= = 0.9823. 
ie a e 


Ni 


The activity and mole fraction are so close that the activity coefficient is virtually 
unity. (It is of interest to note that the mole fraction N of the solute in a 1 molal 
aqueous solution is only 1.0000 — 0.9823 = 0.0177, and so it is not surprising to 
find that the solvent obeys Raoult’s law.) 


38b. Activity of Volatile Solute from Vapor Pressure.—If the solvent 
and solute are essentially miscible, the standard state of the latter may be 
chosen as the pure liquid (cf & 37b, III A); the activity may then be de- 
termined by a procedure identical with that just described, based on equa- 
tion (38.1) in the form a: = p2/p?. For dilute solutions, however, it is 
more convenient to use the infinitely dilute solution as the reference state. 
By equation (37.2) the activity az is equal to f2/k, where fe is the fugacity 
of the solute in the given solution, and k is a constant. Replacing the 

2 See, for example, Hildebrand, et al., J. Am. Chem. Soc., 36, 2020 (1914); 37, 2452 


(1915); 42, 545 (1920); 49, 3011 (1927); Hirst and Olson, ibid., 51, 2398 (1929); Lacher and 
Hunt, ibid., 63, 1754 (1941); Lacher, Buck and Parry, ibid., 63, 2422 (1941). 
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fugacity fa by the partial vapor pressure pa of the solute, which can be 
measured, it follows that 


42 = 7 (38.2) 
The value of k may be derived by utilizing the fact that at high dilutions 
the activity of the solute, represented by af, is equal to the mole fraction N$, 
so that if pł is the corresponding vapor pressure, equation (38.2) takes the 
form 


~ PÈ, 
*r ＋ 


By combining this result with equation (38. 2) it is seen that at an appreciable 
concentration, 
az = p2 Aa. (38.3) 
p$ 
This expression may be put into a modified form by dividing each side by Na. 
so that 


a2 P2 p? 
N = — 22 — — 3 4 
YN = . ( 8 ) 


If pz/Nz for a number of solutions is determined and the values are ex- 
trapolated to Nz = O, the result is equal to p}/nf, which is required in equa- 
tions (38.3) and (38.4) for the evaluation of the activity or activity coeffi- 
cient, respectively. 

Expressions exactly analogous to (38.3) and (38.4) are obtained for the 
activity and activity coefficient based on a2/m or a/c becoming unity at 
infinite dilution. All that is necessary is to replace Nz (and Ng) by m or c, 
respectively, according to the standard state chosen. 

When it is not possible to make accurate measurements of the partial 
vapor pressure of the solute at low concentrations, such as would be neces- 
sary to obtain pf /NY, an alternative procedure can sometimes be adopted. 
Thus, if the activity at any composition of the solute is known from other 
measurements, such as those described below, the constant k in equation 
(38.2) can be evaluated by means of the vapor pressure of the solute in the 
same solution. The method has been utilized to determine the activities 
and activity coefficients of hydrochloric acid in aqueous solution. 

38c. Activity of Solvent from Freezing Points.—If a, is the activity of 
pure solid solvent in terms of the pure liquid solvent, at the same temperature 
and 1 atm. pressure, as the standard state, it is possible to write, by equa- 
tion (31.2), 


B= u? + RT In Qe, 


Lewis and Randall, ref. 1, Chapter XXII; for application to electrolytes, see Chapter 
XXVI, also 4 , J. Am. Chem. Soc., 43, 1112 (1921); Randall and Young, ibid., 50, 989 
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where u? refers to the chemical potential of the liquid in the standard state, 
and yu, is that of the solid at the temperature T. Upon dividing through 
this equation by T, so as to obtain 
Me u? 
R In a= T a 7 7 
and then differentiating with respect to T, making use of equation (26.25), 
the result is 


(38.5) 


(257) _Hi- H. AH, 
ôT Jp RT? RT?’ 
where the partial molar heat contents have been replaced by the correspond- 
ing molar values, since they refer to pure liquid and solid. If the constant 
pressure, applicable to a, and H., is chosen as 1 atm., then the numerator 
on the right-hand side is equal to the molar heat of fusion at this pressure 
and the temperature T. 

At the freezing point of any solution, assuming pure solid solvent to 
separate, the fugacity of the solid will be identical with that of the solvent 
in the solution, since the system is in equilibrium. In the preceding para- 
graph, the same standard state was chosen for the solid as is conventionally 
adopted for the solvent in a solution; consequently, the activity of the solvent 
at the freezing point must be the same as that of the solid phase in equi- 
librium with it (cf. § 37a). Hence, the variation of the activity a, of the 
solvent at the freezing point of solutions of varying concentration, at 1 atm. 
pressure, is given by equation (38.5) in the form 

d In ai AH, 
IT RTE? (38.6) 
which may be compared with equation (34.30) for an ideal solution. 

For the complete integration of equation (38.6), allowance must be made 
for the variation of AH, with temperature, instead of regarding it as constant 
as when dealing with dilute solutions in § 36b. By the Kirchhoff equation, 
which is applicable in the form of (12.7) since AH, refers to a constant 
(1 atm.) pressure process, 


] or l, (Cd) (Cie (38.7) 


where (Cp); and (Cp), represent the molar heat capacities of the pure liquid 
and solid solute at 1 atm. pressure. Over a short range of temperature the 


heat capacities may be taken as constant, so that integration of equation 
(38.7) gives 


AH, = Ly + AC?(T — To), (38.8) 


where Lo is used, for simplicity, for the molar latent heat of fusion at To, 
the freezing point of the solvent. As in § 36b, the temperature difference 
To — T may be replaced by 0, the lowering of the freezing point, so that 
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equation (38.8) becomes 


AH, = La — 0ACp, (38.9) 
and substitution in (38.6) gives 
= Lo — GAC 
dina, = RT? dT. 
Since T is equal to To — , and dT to — do, this equation is equivalent to 
Lo — OAC p 
= „„ [5 J 
d In a, R(T, = 605 dé (38 0) 


In order to simplify integration of equation (38.10), the device is used 
of expressing 1/ (To — 6)? in the form of a power series; thus, 


oe ee a(i o7) 
(To - ) T? 70 
-a(t tate ). 


Hence equation (38. 10) becomes 


-ama = Ff ( ＋ T. + . ) (Lo — 6aCp)d9 
2Lo 
AC le + --- de 1 
-afe ( Cr) g |as, (38.11) 


and this can be integrated between the limits of di from unity, i.e., pure 
solvent,“ to di, the corresponding values of the freezing point depression @ 
being zero and 0, respectively; thus, 

7775 


— İn ai = 


tanla — 259 8 (88.12) 


Since @ is usually small, the terms involving 63, 64, etc., can be neglected 
and the foregoing expression gives the activity of the solvent at the freezing 
point of the given solution. 

By means of equation (38.12), it is possible to determine the activity of 
the solvent ai in any solution, from a knowledge of the depression of the 
freezing point, and certain other properties. The procedure may be illus- 
trated by a consideration of aqueous solutions. With water as solvent, Lo 
is the molar heat of fusion of ice at 0° C and 1 atm. pressure, viz., 1438 cal. 
mole; further, (Cp), for water may be taken with sufficient accuracy as 18 
and (Cy), for ice as 9 cal. deg.~! mole-i, so that AC is 9 cal. deg.—! mole. 
Inserting these values into equation (38.12), with To equal to 273.16° K, 


* It should be noted that it is at this point that the postulated standard state for the 
solvent is introduced. 
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it is found that 

In a, = 9.702 X 10-36 — 5.2 X 107%. 
The activity a, can thus be readily calculated from the freezing point de- 
pression at atmospheric pressure. 


Problem: The freezing point depression of 0.1 molal aqueous KCI solution is 
0.345° C. Determine the activity of the water in this solution at the freezing 
point, with reference to pure water as the standard state. 


In this case, 
In a; = 2.303 log a, = 9.702 X 10 X 0.345 — 5.2 X 10 X (0.345)? 


= — 3.3478 X 10° 
log a, = — 1.454 X 10° 
a, = 0.9966. 


It is important to note that because of the low mole fraction of solute, the activity 
of the water is very close to unity in the 0.1 molal solution of electrolyte. It is 
consequently the common practice to take the activity of the solvent as unity in 
any dilute solution, e.g., about 0.1 molal or less. 


The results obtained from equation (38.12) give the activity of the solvent at 
tempera-.ures which vary with the concentration of the solution. It is desirable, 
therefore, to adjust the results so that the values for the different solutions refer 
to the same temperature. This can be done by means of equation (31.6), which 
for the present purpose becomes 


a : 
( ð In =) = TT, Hy, (38.13)* 
P. N 


oT RTT 


where H°; is the molar heat content of the solvent in its standard state, i. e., pure 
liquid at 1 atm., and Hi is its partial molar heat content in the solution. The 
quantity Hi — HI., known as the relative partial molar heat content of the 
solvent, f which will be described more fully in Chapter XVIII, is usually repre- 
sented by the symbol Li; hence equation (38.13) may be written 


ð In di Lı 
( 57 Ya =- RT? (38.14) 
If a, represents the activity of the solvent at a variable temperature T”, and a; 
is the value at some standard temperature 7“, e.g., 25° C, integration of equation 


(38.14) gives 


1 prh 
2 1 L. 
In =— 5 Í ar. (38.15) 


If the relative partial molar heat content Li of the solvent (i.e., the differential 
heat of dilution) is small, as it is for dilute solutions, the activity coefficient of the 


It is important that the distinction between the similar equations (38.5) and (38.13) 
should be clearly understood. The former gives the variation with temperature of the 
activity of the solvent in a solution at its freezing point, which varies with the composition. 
The latter applies to the activity of the solvent in a solution of constant composition. 

{ It is also the differential heat of dilution of the given solution (cf. § 44b.) 
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solvent does not vary appreciably with temperature. For other solutions, how- 
ever, it is necessary to know Li and also its variation with temperature, in order 
to evaluate the integral in equation (38.15). The procedure has been mainly used 
in connection with the study of the activities of solutes, particularly electrolytes, 
and it will be described more fully in § 39c.‘ 


38d. Activity of Solvent from Boiling Points.—The treatment for the 
determination of activities from boiling point measurements is exactly 
analogous to that given in the preceding section in connection with the freez- 
ing points of solutions. The activity a, of the solvent in the vapor (gaseous) 
state can be expressed in terms of the pure liquid as the standard state; thus, 


uo = m + RT In as, 


where u? is the chemical potential of the pure liquid at 1 atm. pressure at the 
given temperature. Upon dividing through by T, and differentiating with 
respect to temperature, at constant pressure, as in § 38c, it is found that 


Y In q _ Hi — H,. 
(SP), RE (28.10) 


If the vapor behaves ideally, or if the solute is nonvolatile, as is usually the 
case with electrolytes, the partial molar heat content H, of the gaseous 
solvent may be replaced by its molar heat content H,. Further, if the 
pressure is taken as 1 atm., H, — H? is equal to the molar heat of vaporiza- 
tion AH, of the solvent at its normal boiling point. 

At the boiling point, the liquid and gaseous phases are in equilibrium, 
and hence the activity dai of the solvent in the former will be equal to that 
in the latter, as given above, since the same standard state is used in each 
case. It follows, therefore, that the variation of the activity of the solvent 
at the boiling point for solutions of differing concentrations, at 1 atm. 
pressure, is given by equation (38.16) as 


dina, AH, 


aT RT? 


This expression, except for the negative sign, is similar to equation (38:6), 
applicable at the freezing point, and by treating (38.17) in an analogous 
manner to that described in § 38c, it is possible to obtain equations of the 
same form as (38.11) and (38.12). The symbol @ now represents the rise 
of boiling point; its sign, being opposite to that of the lowering of the freezing 
point, compensates for the negative sign in equation (38.17). 

Because bolling point determinations on solutions have been carried out 
over a considerable temperature range, by changing the external pressure, 
it is necessary to use a more precise expression than equation (38.9) to repre- 
sent the variation of AH, with temperature. For this purpose the empirical 
relationship 


(38.17) 


AH, = La — b0 — cë — dé’, (38.18) 
Lewis and Randall, ref. 3. 
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where 6, c and d are constants, has been proposed. Upon insertion of this 
expression in equation (38.17) and integrating, the result may be put in the 
form z 
00 F „ 63 

RT? T RTA? + RTC + j (38.19) 
the constants b’, c', etc., which are related to b, c, etec., being derived from 
actual heat of vaporization measurements at various temperatures. The 
activity of the solvent in the solution can then be calculated directly from 
the elevation of the boiling point. By making measurements at various 
pressures it is possible to obtain the values over a range of temperature, 
the effect of pressure on the activity being usually neglected. The results 
can then be used to calculate the relative partial molar heat content of the 
solvent, i.e., Lı, by means of equation (38.14) or (38.15); further reference 
to this subject will be made in & 44¢.5 

38e. Activity from E.M.F. Measurements.—It was seen in § 331 that the 
N. M. F. of a reversible galvanic cell is related to the free energy change of the 
process taking place in the cell. The free energy change is dependent upon 
the activities of the substances involved in the cell reaction, and hence the 
measurement of E. M. F. provides a possibility for the evaluation of activities. 
The method has been largely used in the study of electrolytes, as will be 
seen later, but the general principle is of wide applicability. It will be 
employed here to determine the activity of one metal when dissolved in 
another metal, e.g., in a liquid alloy or amalgam.“ 

Consider a galvanic cell in which the two electrodes consist of homo- 
geneous liquid amalgams of different proportions, mole fractions Na and Na, 
of the same metal, e.g., thallium, dissolved in mercury; the electrolyte is an 
aqueous solution of a salt of the metal, i. e., thallium. The cell may be 
represented by 


— Ina, == 


T] amalgam (x) Thallous salt solution | T] amalgam (Na). 


The free energy change accompanying the transfer of 1 mole of thallium 
from the left-hand electrode to the right-hand electrode is equal to the differ- 
ence in the partial molar free energies (chemical potentials) of the thallium 
in the two amalgams. Thus (cf. § 37a), 


AF = p: — p = RT ln Fa (38.20) 
2 
where a: and az are the activities of the thallium in the two amalgams. 
If the thallium molecule contains x atoms and z is the valence of the 
thallous ion in the cell solution, it requires the passage of zz faradays of 
electricity in order to dissolve 1 mole of thallium from one amalgam electrode, 


6 Saxton and Smith, J. Am. Chem. Soc., 54, 2625 (1932); Smith, ibid., 61, 500, 1123 


(1939); 63, 1351 (1941). 
¢ Lewis and Randall, J. Am. Chem. Soc., 43, 233 (1921); see also, idem., ref. 1, Chapter 
I. 
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by the reaction 
Tl. (in amalgam) = TI (in solution) - xze, 


and to deposit it on the other by the reverse change. The increase of free 
energy accompanying the transfer process is therefore given by equation 
(33.36) as 

AF =— NFE = - FE, (38.21) 


where zz is equivalent to N; F represents the faraday and E is the observed 
E. M. F. of the galvanic cell under consideration. In the special case where 
the metal is thallium, both æ and 2 are unity, so that AF is equal to — FE. 
Comparing this result with equation (38.20), it follows that 
RT n 2. 
F a 
The E. M. F. of the cell is thus seen to be independent of the concentration of 
the thallous salt in the cell solution, and is determined by the ratio of the 
activities of the thallium in the two amalgams constituting the electrodes. 
Although equation (38.22) gives the ratio of the activities in any two 
amalgams directly from a measurement of the E. M. r. of the appropriate 
cell, it is frequently desirable to express the actual activity of a metal in a 
given amalgam with reference to a particular standard state. Suppose the 
latter is chosen, in accordance with § 37b, III B, so that the activity coeffi- 
cient a2/Ne2 is unity at infinite dilution; the following procedure may then 
be used. Equation (38.22) may be written as 


(38.22) 


EF ; 
In a: = — y T In as, 


and subtracting In N from both sides, this becomes 


In Ne = RT = In Na +- In Qo, (38.23) 
or 
ae l EF , 
log = ( 2303 T7 log Na) + log az. (38.24) 


A series of cells is now constructed in which the composition (Nz) of the 
amalgam constituting the right-hand electrode is varied, while that of the 
left-hand electrode (N2), usually the more dilute amalgam, is maintained 
constant. The E. M. F. (E) of each cell is measured, and the corresponding 
value of the term in parentheses on the right-hand side of equation (38.24) 
is plotted against the mole fraction Nz. Such a plot is shown in Fig. 25, the 
data being obtained from thallium amalgam cells at 20° C, with N constant 
and equal to 0.00326 throughout. When Ng is zero, i. e., at infinite dilution, 
the value of qz/ Na is unity, in accordance with the chosen standard state; 
since log (a2/Nz) will then be zero, it is evident from equation (38.24) that 
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the term in parentheses in this equation will be equal to — log dz. In 
other words, the intercept on the vertical axis for N: = O in Fig. 25, which is 
2.4689, is equal to — log a2, so that az is 0.003396. The value of log (a: / N:), 
i.e., the logarithm of the activity coefficient yx, in any amalgam can then 


0.1 0.2 0.3 0.4 
Mole Fraction (N.) 


Fra. 25. Determination of activity of thallium in amalgams 


be obtained [cf. equation (38.24)] by adding log az, i.e., — 2.4689, to the 
term in parentheses, that is, the corresponding ordinate in Fig. 25. In this 
manner @2/Ne, and hence dz, for any amalgam within the experimental range 
can be determined. Some of the results obtained are quoted in Table 


TABLE XXVII. ACTIVITY OF THALLIUM IN AMALGAMS AT 20°C 


EF l ae 

N2 E 2303RT 7 * i 42 
0 e (2.4689) 1.000 0 
0.00326 0 volt 2.4869 1.042 0.003396 
0.01675 — 0.04555 2.5592 1.231 0.02062 
0.04856 — 0.08170 2.7184 1.776 0.08624 
0.0986 — 0.11118 2.9177 2.811 0.2772 
0.1680 — 0.13552 3.1045 4.321 0.7259 
0.2701 — 0.15667 3.2610 6.196 1.674 
0.4240 — 0.17352 3.3558 7.707 3.268 


XXVII.” The departure of the values of az/ N: from unity indicate the 
deviations from Henry’s law. It is evident that except in the most dilute 
solutions these are quite considerable. 


T Data from Lewis and Randall, ref. 6. 
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Problem: The E. M. r. of the cell 

Tl amalgam (Nj, = 0.00326) | Thallous solution] Tl amalgam (x. = 0.0986) 
is — 0.11118 volt at 20° C. Calculate a/ N, and a; for the thallium in the right- 
hand amalgam. 

It will be seen in (§ 45d) that if the B. M. r. is in volts and F is in coulombs, R 
should then be in (int.) joules, and F/2.3026R is equal to 1.984 X 10-4; hence at 
20° C, i.e., 293.16° K, equation (38.24) becomes 


ae E ’ 
los 1. 8 1.984 x 10-* x 293.16 08 .) + log a, 
E ; 

= (- 5.05816 ~ log wa) ＋ log az. 


As noted above, when N; is 0.00326, log a; is — 2.4689; hence, when N3 is 0.0986, 
so that log Na is — 1.0061 and E is — 0.11118 volt, 


op 22 0411118 
57 0.08816 


= 0.4488. 
Hence, a:/ N; is 2.811, and az is 2.811 X 0.0986 = 0.2772. 


If it had been required to determine the deviations from Raoult’s law it 
would have been necessary to choose pure liquid thallium at 20° C as the 
standard state of unit activity, instead of that employed in the preceding 
treatment. In this case the B. M. F. of the cell 


ITI (pure liquid) | Thallous salt solution] Tl amalgam (Na), 


would be given by equation (38.22) as 


| E 2 77 as (38.25) 


+ 1.0061 — 2.4689 


since the activity of the thallium in the left-hand electrode is now unity. 
The activity az of the thallium in an amalgam, on the basis of the new 
standard state, could thus be calculated directly from the E. M. v. measure- 
ment. However, since thallium melts at 302° C, the cell depicted cannot 
be studied at 20° C, and an alternative device is used to obtain the activity 
in the amalgam with reference to that of the pure (supercooled) liquid 
thallium as unity. By plotting the values of a2/Nz given in Table XXVII 
against Na, it is possible to extrapolate the results to Nz equal to unity, that 
is, to pure liquid thallium. The value of a3/N2 is then found to be 8.3, and 
since N3 is 1, the activity az with reference to the standard based on the 
infinitely dilute solution, is 8.3. The new reference state, however, requires 
az to be unity when N; is unity, and so the corresponding activities in the 
various amalgams can be obtained by dividing each of the results in the last 
column of Table XXVII by 8.3. This is a direct consequence of the con- 
clusion reached in § 37a, that the ratio of the activities of a given component 
in two solutions is independent of the chosen standard state. The activity 
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coefficients a2/N2 calculated in this manner show that in the more concen- 
trated amalgams, with mole fraction of thallium exceeding about 0.4, the 
deviation from Raoult’s law is of the order of a few per cent only. 


Problem: Calculate the activity coefficient which indicates the departure from 
Raoult’s law of thallium in the amalgam containing 0.424 mole fraction of thallium. 


For this amalgam, it is seen that az in Table XXVII is 3.268; the value in 
terms of pure liquid thallium as the standard state is then equal to 3.268/8.3. 
The activity coefficient is thus given by 


az 3.268 
Na 8.3 X 0.424 


For a solution obeying Raoult’s law, a2/N2 calculated in this manner is unity; 
the departure from ideal behavior is seen to be relatively small. 


= 0.929. 


Although the method of obtaining the activity of a metal in a metallic solution 
directly from E. M. r. measurements is not usually possible at ordinary tempera- 
tures, it has been used considerably for studies at higher temperatures. For this 
purpose the electrolyte consists of a fused salt, instead of an aqueous solution. 
In general the E. M. r. of the cell 


Metal A (liquid) Fused salt of A Solution of A in metal B (liquid) 
is given by 


RT 
E =- NF ln QA, (38.26) 


where aa is the activity of the metal A in the right-hand electrode, with reference 
to pure liquid A as the standard state; N is equal to xz, where z is the number of 
atoms per molecule of A, and 2 is the valence. The activity aa can thus be ob- 
tained directly from an E. M. F. measurement by means of equation (38.26). By 
varying the proportion of A in the right-hand electrode, determinations have been 
made over the whole range of composition from pure A to pure B. 

The same principle as that just described has been used to evaluate the activity 
of a salt in a liquid (fused) mixture with another salt. Consider, for example, the 
galvanic cell 

Ag(s)|AgBr(Nz) in fused LiBr|Bra(g), 


in which the reaction is the combination of silver and bromine to form silver 
bromide at mole fraction Nz (or activity az) dissolved in fused lithium bromide. 
The E. M. F. of this cell is given by (ef. § 45d) 


E = E — RT in as, (38.27) 


where Ee is the B. M. p. of the cell when the activity of the silver bromide is unity, 
i.e., when the electrolyte is pure fused silver bromide. It is thus possible to de- 
termine the activity az of the latter salt in various fused mixtures, varying in 
composition from pure silver bromide (Nz = 1) to pure lithium bromide (N3 = 0).8 


8 Hildebrand, et al., J. Am. Chem. Soc., 49, 722 (1927); 51, 462 (1929); 52, 4641, 4650, 
4655, (1930); Salstrom, ibid., 54, 2653, 4257 (1932); 58, 1848 (1936); Strickler and Seltz, 
ibid., 58, 2084 (1936); Seltz, Trans. Electrochem. Soc., 77, 233 (1940). 
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Problem: At 500° C, the E. M. v. of the cell described above is 0.7865 volt when 
the electrolyte is pure AgBr; the E. M. v. is 0.8085 when the mole fraction is 0.5937. 
Calculate the activity coefficient in the latter case, the standard state being taken 
as pure liquid AgBr. 

In equation (38.27), E is 0.8085 and Ee is 0.7865; since T is 773° K, this 
equation becomes 


0.8085 = 0.7865 — 1.984 X 10-4 X 773 log aa, 
42 = 0.7188. 


The activity coefficient is a2/No, i. e., 9.7188/0.5937 = 1.211, indicating positive 
deviation from Raoult’s law. 


In the present section it has been seen that E.M.F. measurements can be 
used to determine the activity of one of the components of a homogeneous 
liquid system. It will now be shown how the same results can be used to 
evaluate the activity or activity coefficient of the other constituent. The 
treatment is quite general, and can be employed whenever the activity of 
one constituent of a solution has been determined by any convenient method. 

38f. Activity of One Component from that of the Other Component.—By 
combining the Gibbs-Duhem equation in the form Nidui + Nazduz = 0 
[equation (34.7) ], with the expression for the chemical potential, viz., 
ue = p? + RT ln a; [equation (31. 2) J, it is seen that for a binary solution, 


Nid In a; + Ned In az = O, (38.28) 


where Ni and Ne are the mole fractions of solvent and solute, respectively. 
This result is applicable at constant temperature and pressure irrespective 
of the standard states chosen for the two constituents, since ut is constant, 
in any event, at a specified temperature. A slight rearrangement of equa- 
tion (38.28) gives 


d ln ai =— ln a, (38.29) 
Ni 
and upon integrating, and converting the logarithms, this becomes 
N. 
log =— 2 log a, (38.30) 
a1 Na N 1 


where ai and a; are the activities of the solvent in two solutions in which the 
mole fractions of the solute are Na and Nz, respectively. By plotting NZ / NI 
for any solution against the known value of log az, the area under the curve 
between the limits of N2 and N3 represents the integral on the right-hand side 
of equation (38.30). In this way the ratio of the activities of the solvent, 
i.e., a1/a;, can be determined from the known activities az of the solute. 
Experience has shown that the procedure just described is not too satis- 
factory, especially when N: approaches zero; under the latter conditions az 
for the solute, which is then equal to Nz, also approaches zero, and log as has 
a large negative value. An alternative method, which has been found to 
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be more suitable, is the following. Since Ni + N: = 1 for a binary mixture, 
dN, + dN: = 0, and hence, ' 


that is, 
Nid In Ni + Nod In No = 0. 


If this is subtracted from equation (38.28) the result is 


wid In 1 + Nad In 22 = 0, 
Ni Nə 


dint = — ln (38.31) 
Nı Nı Ne 
Upon integrating and converting the logarithms, as before, it is found that 
1 No a 
log 2! — lo S=- f N? d log 2. 38.32 
Fo 8 77 4 Ni -o (38.32) 


By plotting log (a2/N2) against N2/Nı, and determining the area under the 
curve between the limits of Nz and Ne, the difference between the two corre- 
sponding values of log (aı/Nı) can be obtained. Further, if the composition 
Ni and N represents infinite dilution, i.e., Ni = 1 and NZ = 0, then the 
activity ai of the solvent is unity, in accordance with the standard state 
usually chosen for a solvent;* ai/N; is then unity and log (a;/N}) is zero, so 
that equation (38.32) becomes 


N 
log Tas f 8 d log A (38.33) 
0 


Ni 


The area under the curve from zero to any composition N: gives the value 
of log (a/ Ni) for the solvent at that composition. 


TABLE XXVIII. ACTIVITY OF MERCURY IN THALLIUM AMALGAMS AT 20 C 


NI ay / Ni a 
1.000 1.000 1.000 
0.990 0.999 0.989 
0.950 0.986 0.937 
0.900 0.950 0.855 
0.800 0.866 0.693 
0.700 0.790 0.553 
0.600 0.734 0.440 
0.500 0.704 0.352 


To illustrate the application of equation (38.33) to calculate the activity 
or activity coefficient of one constituent of a solution when that of the other 
is known, use may be made of the results for the thallium amalgams given 
in § 38e. The values of qz/Nz for thallium at various compositions are 
available (Table XX VII), and the data required for the evaluation of the 


* The experimental pressure is assumed to be 1 atm. 
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integral are plotted in Fig. 26. The activities of the mercury (ai) at a number 
of rounded compositions obtained by means of equation (38.33) are given in 
Table XXVIII.” The standard state is pure liquid mercury at 20° C and 1 
atm. pressure; hence, the deviations of the results in the second column, i. e., 
a/ Ni, from unity indicate the extent of the departure from Raoult’s law 
since the measurements were made at atmospheric pressure. 


0.8 


-~0.6 


N. / N 


0.4 


0.2 


0.2 0.4 0.6 0.8 
log (a, / N.) 


Fic. 26. Determination of activity of mercury in thallium amalgams 


In this treatment it has been assumed that the activity óf the solute, i. e., 
constituent 2, is known, and the procedure described was used to calculate 
the activity of the solvent. The general method may equally be employed 
to determine the activity of the solute if that of the solvent at a number of 
compositions is known. Actual use of this procedure will be made in 
§§ 39b, 39e, 39f. 


38g. Analytical Procedure for Calculating Activities.—If the activity or ac- 
tivity coefficient of one constituent of a mixture could be expressed as a function 
of the mole fraction, the integration might be carried out analytically, instead of 
graphically. Actually the integration is not necessary for the relationship be- 
tween the expressions for a/ Ni and a2/N2, that is, yı and :, respectively, are 
determined by the Gibbs-Duhem equation. Ifthe pressure is 1 atm., the simplified 
form of the Margules equation (35.9) becomes 


where fi, the fugacity in the standard state, i.e., pure liquid at 1 atm. pressure at 
the experimental temperature, replaces fp. Since the activity ai is equal to f/f}, 


Lewis and Randall, ref. 6. 
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by equation (31.5), it is seen that 


a 


NI 
or 
log 2! A gn? = f'n? (38.34) 
oy 2 5 2.303 3. 
Similarly, for the second constituent, 
log S B˙Ni, (38.35) 
Ne 


where 8’, which is the same in both cases, is equal to 0.2178. If a/n for either 
constituent for any composition is known, the value of 8 can be determined, and 
hence a/N for the other constituent is readily found. The standard state in each 
case is the particular substance in the pure liquid state. By means of E. M. v. 
measurements, the activity coefficient a2/N2 of cadmium in an alloy with tin has 
been determined at a number of compositions at 430° C. The results are ex- 
pressed to a close approximation by log (a2/N2) = 0.31N?, so that the variation 
with composition of the activity coefficient of the tin in the same system is given 
by log (ai/ x1) = 0.31N3. 

The foregoing method involves a single constant and can be used when the 
deviations from Raoult’s law are not too great. Better results are obtained by 
using the van Laar equations (35.10). Thus, the activities of mercury (component 
1) in liquid mixtures with tin (component 2) at 323° C, determined by vapor pres- 
sure measurements, can be expressed by 


ai 0.22N½ 


log 7. (0.261 + Na)? 


Hence, utilizing the relationship between the constants (§ 35d), it is found that 


42 0.846 N1 


F (Ni + 3.84 N)? 


giving activity coefficients of the tin in amalgams of various compositions. The 
standard state in each case is the pure liquid metal at 323° C and 1 atm. pressure. 1° 


Problem: Assuming the simplified Margules equation to be applicable to the 
fused LiBr-AgBr system, use the result obtained in the last problem in § 38e to 
derive general expressions for the activity coefficients of LiBr (aı/Nı) and AgBr 
(a/ Na) as functions of the respective mole fractions, at 500° C. 


In the problem mentioned, it was found that qz/Nz is 1.211 when Nz is 0.5937; 
hence, if 


log = = log y: = Ni, 
log 1.211 = $’ X (1 — 0.5937), 
B’ = 0.5035, 


10 Cf. J. H. Hildebrand, “Solubility of Non-electrolytes, 2nd ed., 1936, pp. 45 et geg.; 
see also, Lacher and Hunt, ref. 2; Lacher, Buck and Parry, ref. 2. 
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so that 
log a log y: -- 0.5035N?. 
N2 


This gives the activity coefficient of the AgBr in the fused LiBr-AgBr system. 
By equations (38.34) and (38.35), the activity coefficient of the LiBr in the same 
system is given by the analogous expression 


log = = log yı = 0.5035N?. 
1 


38h. Osmotic Pressure and Activity.—The osmotic pressure of a solution 
is related to the activity of the solvent in it, and hence measurement of 
osmotic pressure should provide, in principle, a method for the determination 
of activities. Because of experimental difficulties this procedure has not 
found practical application, but the thermodynamic treatment is, never- 
theless, of interest. The osmotic pressure may be defined as the excess 
pressure which must be applied to a solution to prevent the passage into it of 
solvent when the two liquids are separated by a semipermeable membrane, 1.e., 
a membrane permitting the free passage of the molecules of solvent but not 
of solute. If a solution and the pure solvent, both at the same pressure, are 
separated by a semipermeable membrane, the system will not be in equi- 
librium, for there will be a tendency for the solvent to pass through the 
membrane into the solution. In order to establish equilibrium, the pressure 
on the solution must be increased above that exerted on the solvent. If P 
and Po are the pressures on the solution and solvent, respectively, when equi- 
librium is attained, then the difference P — Po is equal to II, the osmotic 
pressure of the solution. 

If yo is the chemical potential of the pure solvent and yu is that in the 
solution, at the same pressure Po, the two values will not be equal. How- 
ever, as seen above, if the pressure on the solution is raised from Po to P, 
the chemical potential of the solvent in the solution at P will become equal 
to that of the pure solvent at Po, for this is the condition of equilibrium.* 
It is therefore possible to write 


Mo = B+ (3) dP, (38.36) 
Po oP ,. N 

the left-hand side giving the chemical potential of the solvent at Po, and 
the right-hand side that of the solvent in the solution when the pressure has 
been increased from Po to P. According to equation (26. 26), (du, / OP) r. x, 
for constant temperature and composition, is equal to the partial molar 
volume of the given constituent, i. e., the solvent in this case; thus equation 
(38.36) is equivalent to 


P 
uo = u, t PiP, (38.37) 
Po 
* In physical terms, increase of pressure from Po to P increases the vapor pressure 
(ef. § 27m) of the solvent in the solution, so that it becomes identical with that of the pure 
solvent at Po. 
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where Vi, is the partial molar volume of the solvent in the solution. The 
chemical potentials no and u of the solvent in pure solvent and solution, 
respectively, may be expressed in terms of their respective fugacities [cf. 
equation (31.1) J, viz., 


po = uf + RT In ff and u = uf + RT In fi, (38.38) 


where F and fı are the fugacities of the solvent in the pure state and in the 
solution, at the same pressure Po. Making the substitution of the equations 
(38.38) into (38.37), the result is 


1 P 
RT In I = f PdP. (38.39) 
fi Po 


If the pressure Po is 1 atm., If is identical with the fugacity f? of the solvent 
in its standard state, and hence fi/ff may be replaced by ai, the activity 
of the solvent in the solution, so that equation (38.39) becomes 


P 
— RT lna, = f VidP. (38.40) 
Po 


In order to integrate equation (38.40) it is necessary to know how the partial 
molar volume Pi of the solvent in the solution varies with the external 
pressure. It may be supposed that the variation is linear, so that at any 
pressure P, 


Vi = Voll — a(P - Po), 


where a is a constant and Vo is the partial molar volume of the solvent at 
the pressure Po, i. e., 1 atm. If this expression is inserted into equation 
(38.40), the result is 


= RT In ai 


: 
F, f CI — a(P — Po) WP 
Po 


Vo(P — Po) LI — 4a(P — Po) J. (38.41) 


As seen above, P — Po is equal to II, the osmotic pressure of the solution, 
so that equation (38.41) becomes 


According to equation (38.42) it should be possible to determine the 
activity of the solvent in a solution by means of osmotic pressure measure- 
ments. Since such measurements are not easily made, the procedure is 
not convenient. Nevertheless, the accuracy of equation (38.42) may be 
tested by using the known activity of the solvent to calculate the osmotic 
pressure of the solution, and comparing the result with the experimental 
value. Provided the vapor pressures are not high, ai, which is equal to 
Ji/fi, may be replaced by p,/p?, and so the osmotic pressure can be derived 
from vapor pressure measurements. For aqueous solutions, a is of the 
order of 4 X 10-5 atm.— and may be neglected, except for solutions of high 
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osmotic pressure. The results for sucrose solutions at 30° C obtained in this 
manner are given in Table XXIX. II 


TABLE XXIX. OSMOTIC PRESSURES OF SUCROSE SOLUTIONS AT 30°C 


Osmotic Pressure 
Molality Calc. Obs 
0.1 2.47 atm. 2.47 atm 
1.0 27.0 27.2 
2.0 58.5 58.4 
3.0 96.2 95.2 
4.0 138.5 139.0 
6.0 231.0 232.3 
EXERCISES 


1. Compare the activity coefficients Yn, ym and / in an aqueous solution 
containing 0.1 mole of phenol per liter, taking the density of the solvent as 1.00 
and that of the solution as 1.005 g. cc. —1. 

2. The partial pressures of chlorobenzene(1) at various mole fractions in mix- 
tures with 1-nitropropane at 75° C are as follows (Lacher, Buck and Parry, ref. 2): 


Ni 0.119 0.187 0.289 0.460 0.583 0.691 1.00 
pı 19.0 28.3 41.9 62.4 76.0 86.4 119 mm. 


Express log y for each component as a function of the mole fraction of the type 
log yı = 'N, etc. (Plot log yı against N? and determine the slope.) 

3. Show that if the vapor cannot be treated as an ideal gas, equation (38.4) 
for the activity coefficient of a volatile solute would become Yn = (f2/N2)/(p¥/N#), 
assuming the solvent to be nonvolatile so that p: represents virtually zero total 
pressure; hence, suggest a possible procedure for determining Yn in a case of 
this type. 

4. The E. M. r. of the cell Pb(Z)|PbCl, in LiCl-KCl fused | Pb-Bi (“) in which the 
mole fraction of bismuth is 0.770 is 0.05976 volt at 327° C (Strickler and Seltz, 
ref. 8). Calculate the activity and activity coefficient of the lead in the liquid 
alloy, indicating the standard state employed. Derive the constant f in the 
simple Margules equation. 

5. The following data were obtained in a study of the vapor pressure of 
mercury (pı) in equilibrium with bismuth amalgams at 321° C: 


Na(Bi) 0.1486 0.247 0.347 0.463 0.563 0.670 0.793 0.937 
I/ 0.908 0.840 0.765 0.650 0.542 0.432 0.278 0.092 


[Hildebrand and East man, J. Am. Chem. Soc., 36, 2020 (1914) J. Determine the 
activity coefficients a,/N, of the mercury in the various amalgams and by plotting 
NI/Ns against log (a/ Ni) derive the activity coefficients of the bismuth at the mole 
fractions 0.1, 0.2, 0.4, 0.6, 0.8 and 0.9, by using the appropriate form of equation 
(38.33). Pure liquid bismuth should be taken as the standard state. 

6. What would be the B. M. r. at 321°C of a cell consisting of two bismuth 
amalgam electrodes, with mole fractions 0.1 and 0.9 of bismuth, respectively, in 
the same electrolyte? (Use results of Exercise 5.) 


u Vapor pressures from Berkeley, et al., Phil. Trans. Roy. Soc., A218, 295 (1919); 
osmotic pressures from Frazer and Myrick, J. Am. Chem. Soc., 38, 1920 (1916). 
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7. Utilize the results in Exercise 5 to express log yı (for the mercury) as a 
function of the mole fraction by means of the van Laar equation. Hence derive 
an expression for log : (for the bismuth) and check the values obtained by the 
graphical integration. 

8. The following results were obtained at 500° C for the B. M. r. of the cell 
Ag(s)| Fused AgCl(1) in LiCl(2)|Cls(g) at various mole fractions (xi) of the silver 
chloride: 


Ni 1.000 0.690 0.469 0.136 
E 0.9001 0.9156 0.9249 0.9629 volt 


[Salstrom, et al., J. Am. Chem. Soc., 58, 1848 (1936) J. Calculate the activity and 
activity coefficient of the silver chloride at the various mole fractions. Determine 
the free energy of transfer of 1 mole of silver chloride from the pure fused state 
to the lithium chloride solution in which its mole fraction is 0.136, at 500° C. 

9. For a liquid system which does not deviate greatly from Raoult’s law the 
activity coefficient of each of the two constituents is the same function of its 
respective mole fraction, at a given temperature, provided the pure liquid is taken 
as the standard state in each case.“ Justify this statement. 

10. The vapor pressures of mercury in equilibrium with thallium amalgams 
containing various mole fractions (Ni) of mercury at 26° C were found to be as 
follows [Hirst and Olson, J. Am. Chem. Soc., 51, 2398 (1929) ]: 


Ni 1.000 0.835 0.644 0.316 
pi X 10° cm. 20.1 15.15 9.6 6.9 


Compare the activities of the mercury in the various amalgams with those ob- 
tained by the E.M.F. method at 20° C (cf. Table XXVIII). 

11. The E. M. F. of a cell consisting of cadmium amalgam (N: = 1.781 X 10 
as one electrode and a saturated amalgam as the other is — 0.05294 volt at 25° C. 
What are the activity and activity coefficient of the cadmium in the dilute amal- 
gam. with reference to that in the saturated amalgam as the standard state? 

The B. M. F. of a similar cell, in which the electrodes are pure solid cadmium and 
the saturated amalgam, is 0.05045 volt at 25° C. Determine the activity and 
activity coefficient of the cadmium in both amalgams referred to in the preceding 
paragraph, taking pure solid cadmium as the standard state. 

What is the free energy of transfer of 1 g. atom of cadmium from the saturated 
to the more dilute amalgam at 25° C? 

12. Show that for a nonideal liquid mixture, the free energy of mixing per mole 
is given by AF = NIR T Ina, + N-RT In az, the standard states being the pure 
liquids (cf. Exercise 24, Chapter XIV). Suggest how the free energy of mixing 
may be determined for a mixture of (i) two liquid metals, (ii) two volatile liquids. 

13. Utilizing the results of the preceding exercise and of Exercise 24, Chapter 
XIV, justify the use of the term excess free energy of mixing“ for the quantity 
AFE = NIR T In yı + NzRT In yz, which is a measure of the departure of the 
system from ideal behavior, for a given external pressure and composition. Show 
that the corresponding heat change AH? is actually equal to the heat of mixing, 
at the specified composition [cf. Scatchard, et al., J. Phys. Chem., 43, 119 (1939); 
J. Am. Chem. Soc., 60, 1278 (1938); 61, 3206 (1939); 62, 712 (1940) .. 
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The following partial vapor pressure data were obtained for a mixture contain- 
ing equimolecular amounts of ethanol(1) and chloroform(2): 


35° 45° 55° C 
pı 59.3 (102.8) 101.9 (172.8) 166.3 (279.9) mm. 
P2 217.7 (295.1) 315.8 (433.5) 438.9 (617.8) mm. 


The figures in parentheses in each case are the vapor pressures of the pure liquids. 
Assuming the vapors to behave as ideal gases, calculate (i) the free energy, (ii) the 
excess free energy, (iii) the heat, of mixing per mole of the equimolar mixture at 
45° C. (Use a form of the Gibbs-Helmholtz equation to derive AH from AF; the 
total pressure may be supposed to be constant.) 

14. Consider equations (38.33) and (38.24) and hence indicate how a;/N, for 
mercury could be determined directly, by a graphical method, from the E. M. F. 
data on the thallium amalgam cells in Table X XVII. 

15. The following E. M. F. results were obtained in measurements on cells with 
potassium amalgam electrodes at 25° C; in each case one electrode consisted of 
an amalgam in which the mole fraction of potassium (Nj) was 0.01984, while the 
composition (Ne) of the other was varied: 


N2 E No E 
0.000472 0.13066 volt 0.01301 0.02359 
0.000917 0.11267 0.01628 0.01191 
0.002620 0.08281 0.01984 0 
0.003272 0.07618 0.02252 — 0.00844 
0.008113 0.04421 0.02530 (sat.) — 0.01733 


[Armbruster and Crenshaw, J. Am. Chem. Soc., 56, 2525 (1934) J. Determine 
the activity and activity coefficient of the potassium in each of these amalgams 
at 25° C. Utilize the result of the preceding exercise to determine the same 
quantities for the solvent (mercury). Indicate the standard state employed in 
each case. 

16. Prove that if a solute is distributed between two immiscible solvents (I 
and II), the ratio of the activities in the two solvents, i.e., ar/arr, should be con- 
stant at constant temperature and pressure. Show that this result is the basis of 
the Nernst distribution law, i. e., cr/crr (or m/ mir) is constant for dilute solutions. 

17. By using the results of the preceding exercise, propose a method for de- 
termining the activity coefficient in solvent I of a solute whose activity at various 
molalities is known in solvent II. Indicate the nature of the standard state 
employed. 

18. The freezing points of three glycerol solutions in water are — 1.918° C for 
1.0 molal, — 3.932° C for 2.0 molal and — 10.58° for 5.0 molal. Determine the ac- 
tivities and activity coefficients of the water in these solutions on the basis of the 
usual standard state, and consider the departure from Raoult’s law. The vapor 
pressure of pure (supercooled) water at — 1.92° C is 3.980 mm.; what would be 
the aqueous vapor pressure of the 1.0 molal glycerol solution at this temperature? 
19. Show that for a dilute solution, the vapor of the solvent behaving ideally, 


21 Vill 
ne RT’ 


where V? is the molar volume of the pure solvent at temperature T and 1 atm. 
pressure. If the solution is dilute then show that IVI = (n2/n:)RT, where 11 
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and n: are the numbers of moles of solvent and solute, respectively (H. N. Morse, 
1905). At 20° C, the vapor pressure of 0.9908 molal mannitol solution in water 
is 0.3096 mm. below that of pure water (17.535 mm.). Estimate the osmotic 
pressure of the solution, utilizing both the relationships just derived [Frazer, 
Lovelace and Rogers, J. Am. Chem. Soc., 42, 1793 (1920) ]. The density of water 
at 20° C is 0.99823 g. cc. 1. 

20. From the results of Exercise 19, show that it is possible to derive the 
van’t Hoff osmotic pressure equation IIV = RT for a very dilute solution; V is 
the volume of solution containing 1 mole of solute. 

21. Derive a general relationship between the osmotic pressure of a dilute solu- 
tion and its freezing point depression. What form does it take for a very dilute 
solution? 

22. Give the complete derivation of equation (37.8). 

23. Show that the variation with temperature of a:, the activity of the solute 
in terms of molality, is given by 


(e) _ AR — .: 

ƏT YF L RTT 

where : is equal to the partial molar heat content in the infinitely dilute solution. 
24. Show that the partial molar entropy S? of a solute at high dilution is 

related to the value in the standard state S by the expression S¥ — & = — R lIn m, 

where m* is the molality of the dilute solution. Hence prove that the partial 

molar entropy of a solute approaches an infinitely large value at infinite dilution. 


CHAPTER XVI 
SOLUTIONS OF ELECTROLYTES 


39. ACTIVITIES AND ACTIVITY COEFFICIENTS 


39a. Mean Activities of Electrolytes.— The treatment of activities in the 
preceding chapter has referred in particular to solutions of nonelectrolytes, 
but since the activity concept has probably found its most useful application 
in connection with the study of electrolytes, the subject merits special con- 
sideration. Certain modifications, too, are desirable in order to allow for 
the presence of ions in the solution. For solutions of electrolytes, the 
standard state of each ionic species is chosen so that the ratio of its activity 
to its concentration becomes unity at infinite dilution, at 1 atm. pressure 
and the temperature of the solution.!“ The ionic concentration may be ex- 
pressed in terms of the mole fraction, the molality or the molarity, just as 
for nonelectrolytes (cf. § 37b). The mole fraction is rarely used, almost the 
only case being that in which an attempt is made to calculate the correspond- 
ing activity coefficient of an ion from theoretical considerations (Chapter 
XVII). Asa general rule, activities of ions are given in terms of molalities, 
and this standard state will be adopted for the present. The postulate is, 
therefore, that the activity of an ion becomes equal to its molality at infinite 
dilution. 

Consider an electrolyte, represented by the formula M. A,, which ion- 
izes in solution to yield the number v, of positive ions M++, of valence z,, 
and . negative ions A, of valence z_; thus, 


M. A. = nM + -A. 
The chemical potentials of each of these ions is given by the general equa- 
tions [ cf. equation (31.2) ] 
u+ = u$ + RT In ay and u = u. + RT Ine, (39.1) 
where u, and p_ are the chemical potentials, and a, and a- are the activities 


of the ions M. and A, respectively, in the given solution. The chemical 
potential of the electrolyte as a whole, represented by uz, is given by 


42 = 112 + RT In as, (39.2) 


where az is the activity of the solute. For a strong electrolyte the chemical 
potential u2 may be taken as equal to the sum of the chemical potentials of 
1G. N. Lewis and M. Randall, “Thermodynamics and the Free Energy of Chemical 
Substances, 1923, pp. 326 et seg.; J. Am. Chem. Soc., 43, 1112 (1921); see also, Adams, 
Chem. Rev., 19, 1 (1936); Goranson, J. Chem. Phys., 5, 107 (1937). 
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the constituent ions; thus, 
He = vyh + vip. (39.3) 


Similarly, the standard state of the strong electrolyte as a whole may be 
chosen so that its chemical potential u$ in that state is equal to the sum of 
the chemical potentials of the ions in their respective standard states; hence, 


we = pau? + ype. (39.4) 


Substituting the values of u+, u- and po, given by equations (39.1) and (39.2), 
into (39.3), and utilizing (39.4), it is found that 


vy, RT Ina, + RT lna- = RT In aa, 
ar = ae. (39.5) 


This relationship is frequently employed to define the activity as of a strong 
electrolyte in terms of the activities of the constituent ions. 

If the total number of ions produced by one molecule of an electrolyte, 
i.e., v + , is represented by v, then the mean ionic activity dq of the elec- 
trolyte is defined by 

ay = df, (39.6) 
and hence, by equation (39.5), 
az = a. (39.7) 


The activity of each ion may be written as the product of its activity 
coefficient y and its concentration; if the latter is expressed in terms of the 
molality m, it follows that 


Oy = YM} and a. = Nm, 
so that 
„ A and y=, (39.8) 
m. m 


it being understood that the activity coefficient y is really ym, as defined in 
§ 37b, III C. The mean ionic activity coefficient y of the electrolyte, given 
by 

Ys = N=, (39.9) 


can consequently be represented by 


vy” ad d 
A = 
mi mi M i 
or 
a 
Ys = =, (39.10) 
Ma - 


where m, the mean ionic molality of the electrolyte, is defined by 
l m, = mim. (39.11) 


For a strong electrolyte, whicb can be regarded as being completely ionized, 
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a simple relationship may be derived between the mean ionic molality m, 
and the actual molality m of the solute. In this case m, is equal to mr, 
and m. is equal to my-; hence, 


m = mitm = mic). (39.12) 
Problem: Determine the mean ionic molality of a 0.5 molal solution of sodium 


sulfate. 


Since each molecule of Na2SO, produces two Na“ ions, i.e., v} = 2, and one 
SO;7 ion, i.e., v. = 1, the value of m, is 2m, i. e., 2 X 0.5 = 1, and m. is 1 X m, 
i.e., 0.5. Hence the mean ionic molality ma is given by 


ma = mim = l? Xx 0.5, 
and since v is yv} + v- = 3, 
ma. = 0.5, mas = 0.794. 

Relationships analogous to those given above may be derived in an 
exactly similar manner for the activities referred to mole fractions or mo- 
larities. As seen in § 37c, the activities for the various standard states, 
based on the ideal dilute solution, can be related to one another by equation 
(37.7). The result is, however, applicable to a single molecular species; 
the corresponding relationships between the mean tonic activity coefficients of 
a strong electrolyte, assumed to be completely ionized, are found to be 
yP + 0.00 1e — 0.00102 

Sa Aa a a r e 
y p — 0.001cM 2 
c Di 


YN = Yn(1 + 0.001lymM,) = 


Ym = i (39.13) 
where m is the molality and c is the molarity of the electrolyte; Mı and M: 
are the molecular weights of the solvent and solute, respectively, and v has 
the same significance as before, i.e., vp + »_. At infinite dilution the three 
activity coefficients YN, Ym and ys. are, of course, identical, each being equal 
to unity, and for dilute solutions the values do not differ appreciably. 

In the experimental determination of activity coefficients of strong 
electrolytes, by the methods described below, the molalities, etc., of the 
ions are taken as the stoichiometric values, that is, the total possible mol- 
ality, etc., disregarding incomplete dissociation. For example, in the last 
problem, the molalities of the sodium and sulfate ions in the 0.5 molal 
solution of sodium sulfate were taken as exactly 1.0 and 0.5, respectively, 
without allowing for the possibility that the salt may be only partially dis- 
sociated at the specified concentration. The activity coefficients obtained 
in this manner are called stoichiometric activity coefficients; they allow for 
all variations from the postulated ideal behavior, including that due to 
incomplete dissociation. If the treatment is based on the actual ionic mol- 
alities, etc., in the given solution, as in the Debye-Hückel theory (Chapter 
XVII), there is obtained the true (or actual) activity coefficient. The ratio 
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of the stoichiometric to the true activity coefficient is equal to the degree of 
dissociation of the electrolyte. 

39b. Activities from Freezing Point Measurements.—The method of de- 
termining the activities of electrolytes based on measurements of the freezing 
points of solutions is capable of great accuracy over a considerable range of 
concentration. It has been used particularly for studying dilute solutions 
where other methods are less reliable. The procedure is based funda- 
mentally on the determination of the activity of the solvent, which is then 
converted into that of the solute by a form of the Gibbs-Duhem equation, 
employing the same principles as were used in § 38f. 

In § 38c, an expression of the form [cf. equation (38.11) ] 


— din a; = 1 (Lo + b8 + c +- dh, (39.14) 
RT? 


where b, c, etc., are constants, was derived for the activity of the solvent in 
a solution at its freezing point; this will now be utilized to obtain the activity 
of the solute. By the Gibbs-Duhem equation (38.28),* 


dln az se ee 
N2 


= — dma, (39.15) 
772 * 
where ni and n: are the numbers of moles of solvent and solute, respectively. 
If the molality, i.e., the number of moles of solute per 1000 g. solvent, is m, 
then n may be set equal to m, and at the same time nı becomes 1000/M,, 
where Mi is the molecular weight of the solvent. Hence, equation (39.15) 
becomes 
1000 


dina, =— mM, d In di. (39.16) 


Combining this result with equation (39. 14) it is found that at the freezing 
point of the solution, at a pressure of 1 atm., 


1 2 
. 


M 
in a = Pre ( M, I. II. 


The primed symbol aż is used because the results refer to different tempera- 
tures for solutions of differing concentrations; subsequently (§ 39c), the 
results will be adjusted so as to apply to the same temperature for all 
concentrations. 


(39.17) 


* For an electrolyte solution, the exact form of this equation is Nid ln ai＋ TN. d In a, O, 
where the summation is to be taken over every solute species i, ionic and nonionic, present 
in the solution. Using equation (39.5) for a strong electrolyte, this becomes identical with 
the expression used here. 

t For aqueous solutions 1000/M; is 1000/ 18.016, i. e., 55.51 moles; this figure is fre- 
quently encountered in the literature of solutions. 
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Since Lo is the molar heat of fusion of the pure solvent at its freezing 
point, at 1 atm., RT$5M/1000Lo is exactly equivalent to the molal freezing 
point depression constant A, as defined by equation (36.12); hence equation 
(39.17) becomes 

din a} a (39.18) 
Am m 
where, for brevity, a is defined by 


= e (b c . . ). 
1 


For dilute solutions, e. g., less than 1 molal, the terms co, etc., may be 
neglected, so that a is a constant for the particular solvent. Utilizing the 
data for water given in § 38c, i.e., Lo = 1438 cal. mole, To = 293.16° K, 
and ACp = 9 cal. deg.—! mole-i, œ is found to be 5.7 X 10-4. 

Adopting the standard state for the electrolyte given in § 39a, the activity 
az may be replaced by a% [equation (39.7) J], so that In az is equal to In a4; 
hence, from equation (39.18), 

ine A (39.19) 
vam ym 
where v is the total number of ions produced by one molecule of electrolyte 
in solution. The evaluation of the mean activity a4. of the electrolyte re- 
quires the integration of equation (39.19); the devices used for this purpose 
will now be described. 
A function 7 is defined by 
fete, (39.20) 
vrm 
which approaches zero as m approaches zero, i.e., with decreasing concen- 
tration.“ Upon differentiation of this expression, recalling that and X are 
constants, the result is 


dj = gem dé 
VNN vpAm 


-= e, 
m vm 
so that 
10 ~d 
— =s G- ~ dj 


= (1 — q)) a ln m — dj. 
Combination with equation (39.19) then gives 
dina, = (1 jd ln m — dj + a. (39.21) 
* For an electrolyte producing » ions, equation (36.11) becomes 6 = m as infinite 


dilution is approached; hence / m approaches unity and j becomes zero as m decreases 
toward zero. š 
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By equations (39.10) and (39.12), 


In y = In a} — In m — In (vty), 


so that 
d In y+ = dina, d ln m. (39.22) 
Hence equation (39.21) becomes 
d ln y4 == qd In m 4% Lb. (39.23) 
y 


Since y% is equal to unity at infinite dilution, i.c., when m is zero, in accord- 
ance with the choice of the ionic standard states, it follows upon integration, 
recalling that 7 = O when m = O, that 


ny. =— f" iamm- ("2a (39.24) 
Jo YV Jo M 


The integrals in equation (39.24) may be evaluated by plotting J, ob- 
tained from freezing point measurements, against ln m, for the first, and by 
plotting % m against 0, the freezing point depression, for the second, and 
determining the areas under the respective curves. For solutions less con- 
centrated than about 0.1 molal, the second integral is usually negligible, and 
if the concentration is less than about 0.01 molal, the first integral may be 
evaluated in a simple manner by utilizing the empirical relationship between 
the function j and the molality m, viz.,? 


j = Am’, (39.25) 


where A and æ are constants for a given electrolyte.* These constants are 
obtained from experimental values of the freezing point depression at various 
molalities, J being given by equation (39.20). Upon inserting equation 
(39.25) into (39.24), and neglecting the last term, it is found that 


In y. =—A f md ln m — Am” 
0 


„ me, (39.26) 
* 

so that the activity coefficient at any molality less than 0.01 can be calculated. 

The use of equation (39.25) to evaluate the first integral in (39.24) is not 

too accurate, and in any case it fails at concentrations exceeding 0.01 molal. 

A more reliable procedure is to determine the integral graphically. Instead 

of plotting j against ln m, or /m against m, it is preferable to change the 


2 Lewis and Linhart, J. Am. Chem. Soc., 41, 1951 (1919). 

* According to the Debye-Hiickel theory (Chapter XVII), A should be 0.375 for all 
uni-univalent strong electrolytes in aqueous solution at 0° C; x should be exactly 0.5 for 
all strong electrolytes. 
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variable from m to mi; thus, 
m mi3 o 
f jd In m =2 Í Í dm’, (39.27) 
0 0 


ml 


so that the required result is obtained by plotting j/ mil against m7. 

39c. Corrections for More Concentrated Solutions.— As seen above, for 
solutions less concentrated than about 0.1 molal the second integral in 
equation (39.24) may be neglected. For more concentrated solutions, how- 
ever, this integral must be determined graphically and its value included. 
For such solutions another factor must also be taken into consideration: since 
the freezing point varies with the concentration, the results do not all refer 
to the same temperature. It is necessary, therefore, to apply a correction 
involving the relative partial molar heat content of the solvent LI, i.e., the 
differential heat of dilution, for the given solution. If the concentration is 
less than approximately 0.1 molal, this correction is found to be very small, 
so that the values of the activity coefficient of the solute, as given by equa- 
tion (39.24), will also represent the results at any temperature not too far 
removed from the freezing point of the solvent, e.g., 25° C for aqueous 
solutions. 

For more concentrated solutions, allowance can be made for the varia- 
tion of the activity coefficient with temperature, by utilizing equation 
(38.15), viz., 


“ pr U 
In s oes z a aT. (39.28) 
T’ 


By definition (§ 38c), Li is equal to Hi — Hf, where Hi is the partial molar 
heat content of the solvent in the solution, and Hi: is the molar heat content 
of the pure liquid solvent, which has been chosen as the standard state for 
this constituent. Upon differentiation with respect to temperature, at con- 
stant (1 atm.) pressure, it is found that 


ôl _ 
(57). = Cp, — C4, (39.29) 


where Cp, is the partial molar heat capacity of the solvent in the solution 
and C%., is the molar heat capacity of the pure solvent,“ at 1 atm. pressure. 


If Cp, — Ch, is approximately constant over a small temperature range, 
e.g., from T to T”, it is possible to integrate equation (89.29) so as to yield 


L, =a Li = (Cry EZ CSOT = T): (39.30) 
If the value of Li given by equation (39.30) is inserted in (39.28) and the 
integration carried out, the result is 


u 7 
a! 107% Eee T”) (Cei = Ci ( pr 77 O p" 
ai RTT“ + R q In F) ’ (39.31) 


* The partial molar notation is not strictly necessary in this case, but it is employed for 
the sake of consistency (ef. full treatment in § 44)). 
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where T represents the freezing point of the solution, and T“ is the uniform 
temperature, e.g., 25° C, to which the activities are to be corrected. If the 
value of Li and its variation with temperature, i.e., Cp; — C%,, for the 
given solution are known, the right-hand side of equation (39.31) can be 
readily calculated; In (a{/ai) may, therefore, be regarded as known, and for 
simplicity the symbol X will be used to represent this quantity, viz., 


a” 
X= Inn (39.32) 
ay 

The transformation of equation (39.31) or (39.32) to give the activity of 
the solute is now made, as before (§ 39b), by means of the Gibbs-Duhem 
equation. If az is the activity of the electrolyte at the standard reference 
temperature T”, then by equation (39.16), 


dinaran 175 d ln al, (39.33) 
1 


where Mi is the molecular weight of the solvent. By definition [equation 
(39.32) J, In aj — In a; is equal to X, and so it follows that 


d In al d In ai = dX, 
and hence equation (39.33) can be written as 


1000 „ 1000 
FF 
d In az mM,” n ai mM, 
Since a; here refers to the freezing point of the solution, it is equivalent to 
ai in equation (39.14), and hence, utilizing (39.16), the first term on the right- 
hand side of (39.34) may be replaced by (39.18), giving 


0 1000 
m mM, 


dX. (39.34) 


dX. 


din a: = a +a 
Am 


Recalling the postulate that In az is equal to vln a [equation (39.7) , it 
follows that 


eds 1000 


ym mM has 


d in as = oe -+ a 
Am 5 
i 0 1000 
Upon subtracting d In m from both sides, it is evident that the left-hand side 
becomes d In y [equation (39.22) J, whereas the right-hand side, with the 
exception of the last term, is equal to d In y4, by equation (39.23). Hence, 
equation (39.35) may be written as 


1000 


mM, dX. 


d ln . = d ln yh — 
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Since the activity coefficient of the solute, at any temperature, is taken as 
unity at infinite dilution, when m is zero, it follows upon integration that 


hiya iy it : -= dx, (39.36) 
0 


which is the expression for correcting the activity coefficient 7, obtained 
from equation (39.24), to that, y+, at a standard temperature. The integral 
in equation (39.36) is evaluated graphically by plotting 1/m against the 
corresponding values of X, as obtained from equation (39.31), and measuring 
the area under the curve up to the point corresponding to a given molality. 
The results obtained for sodium chloride, at concentrations of 0.1 molal and 
greater, are reproduced in Table XXX. It is seen that the correction term 
is negligible at 0.1 molal, but it increases as the concentration increases. 


TABLE XXX. ACTIVITY COEFFICIENTS OF SODIUM CHLORIDE FROM FREEZING 
POINT MEASUREMENTS 


m y’ y (at 25° C) 
0.1 0.798 0.798 
0.2 0.750 0.752 
0.5 0.682 0.681 
1.0 0.630 0.650 
2.0 0.613 0.661 
3.0 0.627 0.704 
4.0 0.657 0.765 


If the value of y^ given by equation (39.24) were strictly applicable at the 
freezing point of the solution, it would be a relatively simple matter to adjust the 
results to a standard temperature, e.g., 25°, by making use of an expression 
analogous to equation (39.28) involving az and Lz, i.e., H: — H:, which is the 
partial molar heat content of the solute in the solution relative to the value at 
infinite dilution (cf. equation (4431)]. Actually, the corrections obtained in this 
manner are a satisfactory approximation in many cases, provided the solutions are 
not more concentrated than about 1 molal. It should be noted, however, that 
although equation (39.23) gives dln yi. at the freezing point of the particular 
solution, the value of In y4 obtained after integration [equation (39.24)], is a 
kind of mean value for the temperature range from the freezing point of the solvent 
to that of the solution.* The treatment which resulted in equation (39.36) allows 
for this fact. An alternative method of applying the temperature correction is, 
therefore, to employ the latter equation, using graphical integration, to adjust 
the values of y4 to give y+ at 0° C. The temperature range is quite small and 
the integral can be evaluated with greater accuracy than is possible when the 
standard temperature is taken as 25°. Having now obtained the activity coeffi- 
cients for all the solutions at 0° C, it is a relatively simple matter to correct the 
values to 25° by making use of the appropriate form of equation (39.28) or (39.31), 


3 Lewis and Randall, ref. 1. ~ 

It may be pointed out, for the sake of clarity, that this does not apply to In di in 
equation (38.12), which gives the activity of the solvent at the actual freezing point of the 
solution; consequently, 7 in equations (38.15), (39.29) and (39.31) represents this temper- 
ature. 
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with L: and Cz. For work with concentrated solutions in which considerable 
accuracy is desired, this method is preferable to any other.“ 

The amount of reliable data available for the purpose of correcting ac- 
tivity coefficients obtained from freezing point measurements is not large. 
The freezing point method has thus been mainly used for the study of dilute 
solutions. 

39d. Activities from Boiling Point Measurements.—Just as equation 
(39.24) for the mean activity coefficient of an ionic solute was obtained 
from (39. 14), which gave the activity of the solvent in terms of the freezing 
point depression, so it is possible to derive an expression exactly analogous 
to equation (39.24) from (38.19) which relates the activity of the solvent to 
the rise of boiling point. The correction for temperature differences can 
be made in the same manner as described above, by using equation (39.36); 
the procedure is completely general for adjusting activity coefficients to a 
standard temperature. However, as indicated earlier, in actual practice 
the activity coefficients measured at several temperatures, by using boiling 
point elevations obtained at various external pressures, have been employed 
to calculate relative partial molar heat contents (ef. § 44g).5 

39e. Activities of Electrolytes by the Isopiestic (Isotonic) Method.—One 
of the simplest methods for determining activities of electrolytes, provided 
the solutions are not too dilute, is based on a comparison of vapor pressures. 
If two (or more) solutions of different electrolytes in the same solvent are 
placed in an evacuated space, the solution of higher vapor pressure, i.e., 
higher fugacity (or activity) of the solvent, will distil over into that of lower 
vapor pressure until, when equilibrium is attained, the solutions will all have 
the same vapor pressure (and fugacity). Such solutions are said to be 
isopiestic or isotonic, the solvent having the same activity in each. Suppose 
one of these solutions contains a reference substance whose mean ionic ac- 
tivity coefficients at a number of molalities have been determined by a suit- 
able method; it is then possible to calculate the activity coefficients in various 
solutions of other electrolytes. 

For any experimental solute, equation (39.16), based on the Gibbs- 
Duhem equation, may be written as 


M 
1000 A ln as = — dina, 
and since, from equation (39.7), d ln az is equal to vd In ag, it follows that 
mM 
i 9005 d ln a: =— d ln ai, (39.37) 


where az, is the mean activity of the ions in the solution of molality m, and 


Lewis and Randall, ref. 1; see also, Randall and Young (L. E.), J. Am. Chem. Soc., 
50, 989 (1928); Young (T. F.), Chem. Rev., 13, 103 (1933). 

s Saxton and Smith, J. Am. Chem. Soc., 54, 2625 (1932); Smith, ef al., ibid., 61, 500, 
1123 (1939); 63, 1351 (1941). 
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ar is the activity of the solvent. Similarly, for a reference electrolyte, whose 
molality and mean ionic activity are indicated by the subscript R, 


ramea d ln ar = — d ln ai. (39.38) 


If the solutions of the experimental and reference substance are isopiestic, 
the activity a, of the solvent is the same in each case, and hence it is possible 
to equate (39.37) and (39.38); thus, 


ymd ln a = vamrd ln ar. 


According to equation (39.22), d In az, may be replaced by d ln m + dln y4, 
i. e., by d ln myæ, and similarly for d In an; hence, 


vmd ln mys. = vRmpd In mRyn, (39.39) 


where yr is the mean activity coefficient of the ions in the reference solution. 
The subsequent procedure is quite general, but in order to simplify the 

representation it will be supposed that the two electrolytes are of the same 

valence type, so that v and vn are equal; equation (39.39) then becomes 


md ln mys = Mrd ln mpryr, 


and upon rearrangement it is readily found that 
d In y+ = d In yr + d In + (= = 1) d In mava 
m m 
= din yr + dlnr + (r — 1)d ln mrgy, (39.40) 


where r is written for the ratio of the molalities mr/m of the two isotonic 


solutions. Further, since mryr is equal to ar, 
n 1/2 
din meyr = d In an 2 45, 

AR 

and so equation (39.40) becomes upon integration 


e dalle, (39.41) 
AR 


a!n 
8 in vn ln ＋ 2 f” 
0 


since y+ and yr are both unity, and hence In y and In yr are both zero, 
at infinite dilution when m and mp are zero. Since yr or an is supposed to 
be known at various molalities mg, the integral in equation (39.41) can be 
evaluated graphically by plotting (r — 1) / aH? against an?. It is then pos- 
sible to determine the area under the curve from a}? equal to zero up to the 
point corresponding to the solution of molality mn which is isopiestic with 
the experimental solution of molality m. All the information is then avail- 
able for deriving In 74 for the experimental solution by means of equa- 
tion (39.4 1).“ 


Robinson and Sinclair, J. Am. Chem. Soc., 56, 1830 (1934). 
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39f. The Osmotic Coefficient and Activity Coefficient.—A method for 
determining the activity coefficient of electrolytes either directly from the 
vapor pressure of the solvent, or by the isopiestic comparison method, is 
based on the use of the osmotic coefficient of the solvent. The chemical 
potential of a solvent in a solution may be expressed in terms of its activity 
a; or its activity coefficient y, by 


pı = K? + RT In di = p+ RT In Niyi, (39.42) 


where Ni is the mole fraction of the solvent. The chemical potential may 
also be stated in terms of the rational osmotic coefficient g,* defined by 


pı = ut + gRT In Ni, (39.43) 


where g approaches unity at infinite dilution. For reasons which will appear 
shortly, another coefficient, known as the practical osmotic coefficient 6, is 
defined by 


ui = u — ORT Vt 000 L. (39.44) 


where Lm. refers to the sum of the molalities of all the ions present in the 
solution. For a single electrolyte, one molecule of which yields yv ions in 
solution, Lm. is equal to vm, where m is the molality of the electrolyte, 
and hence equation (39.44) becomes 


m = wi RT 1000 (39.45) 
Comparison with equation (39.42) then gives 
Ina, =— ¢ 1000 ; (39.46) 


which relates the activity of the solvent to the practical osmotic coefficient. 
The connection between the two osmotic coefficients, defined by equa- 
tions (39.43) and (39.45), is 
1000 
ym 


g In Ni. (39.47) 
1 


If the solution is dilute, Ni is close to unity, In Ni is approximately equal to 
NI — 1 and hence to — Ne, where Nz is here the total mole fraction of the 
ions present in the solution. It can be readily shown that this is related to 
the molality of the electrolyte [cf. equation (37.5) | by 


ee ymM 1 
vmM 1 + 1000 


* The term “osmotic coefficient” originates from the fact that it is virtually equivalent 
to the ratio of the actual to the ideal osmotic pressure of the given solution (see Exercise 17). 
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and hence 
vmM t 
1000 ’ 
the last approximation being justified by the fact that the solution is dilute. 
If this result is substituted into equation (39.47), it is seen that ¢ and g are 
equal; in other words, the rational and practical osmotic coefficients are 
identical in dilute solutions. 

The immediate importance of the practical osmotic coefficient of the 
solvent lies in its relationship to the mean activity coefficient of an electro- 
lyte. From equation (39.37), 


In Ni * — 


ymM 1 
1000 


and, on the other hand, differentiation of (39.46) gives 


vM, 
1000 (pdm + md). 


Combination of these two expressions for d In a, leads to the result 
md ln ag. = vm + mdọ. (39.48) 


Again, as before, d In a is equal to d ln m + d ln y+, by equation (39.22), 
and so (39.48) becomes 


d In v = (6 I) d In m + dd, (39.49) 


which gives the mean ionic activity coefficient y+ at the molality m in terms 
of the osmotic coefficient.” 

39g. Determination of Activity Coefficient from Osmotic Coefficient.— 
Although, in principle, equation (39.49) provides a method for determining 
activity coefficients, the details require consideration. The osmotic coeffi- 
cients, in the first place, are determined from vapor pressure measurements. 
The activity di of the solvent in a given solution is equal to f/f, by equation 
(31.5), or, approximately, to p/p? [ef. equation (38.1) J, where pi is the 
vapor pressure of the solvent over the solution and pf is that of the pure 
solvent at the same temperature. Hence, by equation (39.46), 


d ln ai 


d In a+; 


dina = 


1 
n % ~~ © 1000 
1000 
N ne (39.50) 


so that the practical osmotic coefficient can be derived simply from vapor 
pressure measurements. 
7 Bjerrum, Z. Elek., 24, 321 (1918); Z. phys. Chem., 104, 406 (1923); see also, H. S. 


Harned and B. B. Owen, The Physical Chemistiy of Electrolytic Solutions,” 1943, pp. 13, 
287 et seq. 


39g ACTIVITIES AND ACTIVITY COEFFICIENTS 391 


In order to determine y by combining equation (39.50) with (39.49), 
a function h is defined by 


h=1-— 4, (39.51) 


which becomes zero at infinite dilution when ¢ is unity (see below). Hence, 
equation (39.49) may be written 


d ln ya =— id ln m — dh. (39.52) 


At infinite dilution, i.e., when m is zero, both h and In y, are zero, so that 
integration of equation (39.52) gives 


Hines f hiimh (39.53) 
0 


This expression is seen to resemble the first two terms of equation (39.24) 
with h, defined by (39.51), replacing J, defined by (39.20). Although h and 
j become identical at infinite dilution, as will be shown below, there is an 
important difference between these two functions and hence between the 
activity coefficients derived from them. Whereas J applies to the freezing 
point of the solution, h refers to the particular temperature, e.g., 25° C, at 
which the osmotic coefficient is determined, e.g., from vapor pressure 
measurements. 

As in the case of the analogous integral in equation (39.24), that in 
(39.53) is best evaluated by changing the variable to m [cf. equation 
(39.27) ], so that (39.53) becomes 


mi/2 h 
ln y =— 2 f 7: Imi — h. (39.54) 
o m 

The values of h/m'/? are then plotted against m-, and the area under the 
curve from zero to m is determined, for any given molality m. Since G, 
and hence h, can be obtained from actual vapor pressure measurements on a 
solution, it is possible by means of a series of such measurements, extending 
to high dilutions, to determine the mean ionic activity coefficient in any 
solution up to the highest concentration studied.® 

In dilute solutions, the last term in equation (39.24) is negligible, and, 
as seen earlier, the results given by the first two terms are independent of 
temperature. It is thus possible to compare the first two terms of equation 
(39.24) with (39.53), which is applicable at all concentrations; it is seen that 
at high dilutions, therefore, 


31 h = 1— $, 
so that h, like j, must become zero at infinite dilution. Upon introducing 


s Randall and White, J. Am. Chem. Soc., 48, 2514 (1926). For an alternative method 
of applying the Gibbs-Duhem equation, sce Randall and Longtin, J. Phys. Chem., 44, 306 
(1940); Randall, Libby and Longtin, ibid., 44, 313 (1940). 
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the value of j given by equation (39.20), it follows that in dilute solutions 
9 


vA mn ~ 


The osmotic coefficient, which is equal to the ratio of the actual osmotic 
pressure to the ideal value, is then equal to the ratio of the observed freezing 
point depression 0, to the ideal (infinite dilution) value vm. 

In the foregoing method the mean ionic activity coefficient of the solute 
has been calculated from actual vapor pressure data. If the osmotic co- 
efficients for a reference substance are known over a range of concentrations, 
the activity coefficients of another electrolyte can be derived from isopiestic 
measurements, without actually determining the vapor pressures. If m, G 
and v refer to an experimental electrolyte and mr, R and vr apply to a 
reference electrolyte which is isopiestic (isotonic) with the former, then by 
equation (39.46) 


pym = PRYRMR, 


since the activity of the solvent must be the same in the isopiestic solutions; 
hence, 


YVRMNR 


As the osmotic coefficient on for the reference substance at the molality mn 
is known, the value of ¢ at the isopiestic molality m of the experimental 
electrolyte can be determined by means of equation (39.55). If the results 
are obtained for a series of concentrations of the latter, the activity coeffi- 
cient at any molality can then be calculated from equation (39.54), as de- 
scribed above.“ 

39h. Activity Coefficients from E.M.F. Measurements.—The methods 
described so far for the determination of the activity coefficients of electro- 
lytes are really based on measurements of the activity of the solvent, e.g., 
by freezing point depression, elevation of boiling point or vapor pressure, 
and their transformation by means of the Gibbs-Duhem equation. The 
procedures now to be considered give the mean ionic activity coefficients of 
the electrolyte directly. They depend on the use of suitable galvanic cells 
containing solutions of the substance being studied.“ The first method 
requires the construction of a cell in which the reaction involves the forma- 
tion of that substance at the activity in the solution. Consider, for example, 
the cell 


Pt, Hz (1 atm.) | HCl(m) | AgCl(s), Ag, 


Cf. Scatchard, Hamer and Wood, J. Am. Chem. Soc., 60, 3061 (1938); Robinson and 
Harned, Chem. Rev., 28, 419 (1941). 

10 By using activity coefficients obtained from B. M. y. measurements, integration of the 
Gibbs-Duhem equation permits the evaluation of the activity of the solvent (water); cf., 
Newton and Tippetts, J. Am. Chem, Soc., 58, 280 (1936). 
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consisting of a hydrogen electrode, with gas at 1 atm. pressure, and a silver- 
silver chloride electrode immersed in a solution of hydrochloric acid at 
molality m. In the operation of this cell hydrogen gas dissolves at the left- 
hand electrode, to form hydrogen ions, while silver chloride at the right-hand 
electrode is reduced to form metallic silver, leaving chloride ions in solution; 
thus, the cell reaction is 


4H.(1 atm.) + AgCl(s) = H+(m) + Cl-(m) + Ag(s), 


the hydrogen and chloride ions being formed in a solution in which the 
molality of each is m. 

It will be shown in § 45d that since the hydrogen gas, the silver chloride 
and the silver are in their respective standard states of unit activity, the 
E. M. F. of this cell depends only on the activities of the hydrogen and chloride 
ions in the hydrochloric acid solution. The actual value of the E. M. . is 
given by 


E = E — Fm autdci", (39.56) 


where R, T and F have their usual significance, and an“ and acı are the 
activities of the ions in the solution contained in the cell; E° is the standard 
E.M.F. of the cell when the ionic activities in the solution are unity. Utilizing 
the standard state which makes the activity of each ion equal to its molality 
at infinite dilution (§ 39a), ant may be set equal to m, and acr to m., 
where m, and m. are the molalities and y, and V the activity coefficients of 
the indicated ions. Hence equation (39.56) may be written as 


E = E — I in mym — . In v (39.57) 


In the present case, y+y- is equal to y4 by equation (39.9), and mm-, which 
is m4, is in this case also equal to m?, since v, and v are both unity [cf. 
equation (39. 12) J, so that (39.57) becomes, after rearrangement, 


mn E= nye. (39.58) 


This expression provides a method for evaluating the mean ionic activity 
coefficient y+ in a hydrochloric acid solution of molality m from a measure- 
ment of the E. M. F., i. e., E, of the cell described above; it is necessary, how- 
ever, to know the value of Ee, the standard E.Mu. v. For this purpose the 
data must be extrapolated to infinite dilution, and the reliability of the 
activity coefficients obtained from equation (39.58) depends upon the ac- 
curacy of this extrapolation. Two main procedures have been used for this 
purpose, but both are limited, to some extent, by the accuracy of E. M. v. 
measurements made with cells containing very dilute solutions." 


1 Hitchcock, J. Am. Chem. Soc., 50, 2076 (1928); see also, Harned, et al., ibid., 54, 1350 
(1932); 55, 2179 (1933); 58, 989 (1936). 
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In order to describe the methods of extrapolation, it will be convenient 
to choose a definite temperature, viz., 25° C. Inserting the known value 
of R and F, converting the logarithms, and taking T as 298.16° K, equation 
(39.58) becomes 


E + 0.1183 log m — E? = — 0.1183 log y+. (39.59) * 


It will be seen in the next chapter, that by one form of the Debye-Hiickel 
theory the variation with the molality of the mean activity coefficient of a 
uni-univalent electrolyte, such as hydrochloric acid, is given by 


log y+ =— Avm + Cm, (39.60) 


where A is a known constant, equal to 0.509 for water as solvent at 25° C, 
and C is another constant whose value is immaterial. Combination of this 
expression with equation (39.59) and rearrangement yields 


E + 0.1183 log m — 0.0602Vm = EO — 0.1183Cm. 


The left-hand side of this equation should consequently be a linear function 
of the molality, and extrapolation of the straight line plot to m equal zero 
should give the value E°, which is required for the determination of the ac- 
tivity coefficients. Measurements have been made of the £.m.F.’s of the 
cell under consideration with hydrochloric acid at a number of different 
molalities m. The values of E + 0.1183 log m — 0.0602Vm derived from 
these results plotted against m do not fall exactly on a straight line; never- 
theless, a reasonably accurate extrapolation to m equal zero is possible, 
when it is found that E' is 0.2224 volt, within a probable accuracy of 0.0001 
volt. Insertion of this value of E' in equation (39.59) gives 


— 0.1183 log y+ = E + 0.1183 log m — 0.2224, 


from which the mean ionic activity coefficient of hydrochloric acid at any 
molality, for which E. M. F. measurements have been made, can be derived. 
Some of the results obtained in this manner are given in Table XX XI.” 


TABLE XXXI. MEAN IONIC ACTIVITY COEFFICIENTS OF HYDROCHLORIC ACID 
FROM E.M.F. MEASUREMENTS AT 25°C 


m E E + 0.1183 log m Y 
0.1238 0.34199 0.23466 0.788 
0.05391 0.38222 0.23218 0.827 
0.02563 0.41824 0.22999 0.863 
0.013407 0.44974 0.22820 0.893 
0.009138 0.46860 0.22735 0.908 
0.005619 0.49257 0.22636 0.926 
0.003215 0.52053 0.22562 0.939 


* With R in (int.) joules and F in (int.) coulombs, R/2.3026F is:1.984 X 1074; hence 
2RT/2.3026F at 25° C, i.e., 298.16° K, is 0.1183. 
12 Harned and Ehlers, J. Am. Chem. Soc., 54, 1350 (1932). 
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The second method of evaluating E' also makes use of the Debye-Hiickel 
cquation, but chis time in a form which is more applicable to dilute solu- 


tions, viz., 
A vm 
1 + 4BVm’ 


where 4 is identical with that in equation (39.60); d and B are constants, 
the actual values of which are not required for the present purpose. If this 
expression is substituted in equation (39.59) the result is 


0.0602 Vn 
1+ 4BV n 


taking A, as before, as equal to 0.509 for water as solvent at 25° C. Upon 
rearrangement, equation (39.61) becomes 


E + 0.1183 log m — 0.0602 vm = EO — (E + 0.1183 log m Zo)d B Vm, 


and hence the plot of the left-hand side against (E + 0.1183 log m — Eo) Vm 
should be a straight line, the intercept for m equal zero giving E'. It will 
be noted that for this purpose it is necessary to use a preliminary value 
of Ee. Employing the same E. ux. r. measurements as before, E' was found 
to be 0.2225 volt. It is difficult to say whether this result is to be preferred 
over that obtained above, but the difference is not considerable; the effect 
on the activity coefficient does not exceed 0002.15 

Although the method described above has referred in particular to solu- 
tions of hydrochloric acid, it can be employed, in principle, to determine the 
activity coefficient of any suitable electrolyte. The essential requirement 
is a cell in which each of the two electrodes is reversible with respect to one 
of the ions of the electrolyte (cf. § 45a); for example, if the electrolyte is 
M,,A,_, then the cell can be represented formally by 


MM, A, solution (m) A. 


The E. M. F. of this reversible cell is given by the expression (§ 45d) 


log y+ = — 


E + 0.1183 log m — E = (39.61) 


= Fo — — 428 
E NF In atta” 


L %o RT _»RT 


where v is equal to v+ + , and N, the number of faradays associated with 
the formation of 1 mole of the solute in the cell, is equal to v4z4 or to ., 
where z} and 2. are the valences of the respective ions. This equation is 
analogous to (39.58) and, as before, determination of the mean ionic activity 
coefficient from the E.M.F. of the cell requires a knowledge of the standard 


13 D, A. MacInnes, “The Principles of Electrochemistry,” 1939, p. 185; see also, Brown 
and MacInnes, J. Am. Chem. Soc., 57, 1356 (1935). 
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E. M. F., i. e., Ee, which is obtained by an extrapolation procedure, as described 
above. 


39i. Activities from Concentration Cells with Transference.— When two solu- 
tions of the same electrolyte, at different concentrations, are brought into contact 
and identical electrodes, which are reversible with respect to one or other of the 
ions of the electrolyte, are inserted in each solution, the result is a concentration 
cell with transference.“ A typical cell of this kind is 


Pt, He (1 atm.) HCl (c“): HCl (e)] H: (1 atm. ), Pt, 


consisting of hydrogen gas electrodes with hydrochloric acid solutions of molarity 
c and c, respectively. The dotted line is used to indicate the liquid junction” 
at which the two solutions are in actual contact. 

When this cell produces 1 faraday of electricity, 1 g. atom of hydrogen gas 
dissolves at the left-hand electrode to yield 1 mole of hydrogen ions, and the same 
amount of these ions will be discharged to yield 1 g. atom of gas at the right-hand 
electrode. At the same time, ¢, mole of hydrogen ions will be transferred across 
the boundary between the two solutions in the direction of the current, i.e., from 
left to right, and f mole of chloride ions will move in the opposite direction; t, 
and t_ are the transference numbers of the positive and negative ions, respectively, 
their sum being equal to unity. The net result of the passage of 1 faraday of 
electricity is, therefore, the gain of 1 — f., i. e., f-, mole of hydrogen (positive) 
ions, and t mole of chloride (negative) ions in the solution at the right, and their 
loss from that at the left. The accompanying increase of free energy AF is then 
given by 


AF = t- (u — wy) + (ut — pw), (39.62) 


where the p’s are the chemical potentials of the indicated ions in the two solutions. 

Since the transference numbers vary with composition, it is convenient to 
consider two solutions whose concentrations differ by an infinitesimal amount, 
viz., c and c + dc; under these conditions, equation (39.62) becomes 


dF = — . (du, + dp_). 


Utilizing the familiar relationship n. = u? + RT ln a; for the chemical potential 
of an ion in terms of its activity a;, it is seen that 


dy = — t_(RTd ln a} + RJTd In a.) 
25. RTd In a4, (39.63) 


where az, equal to (a,a_)'/2, is the mean activity of the hydrogen and chloride 
ions in the hydrochloric acid of molarity c, and t_ is the transference number of 
the chloride ion in this solution. 

It may be noted that equation (39.63) is actually applicable to any concentra- 
tion cell containing two different concentrations of a uni-univalent electrolyte in 
contact, provided the electrodes are reversible with respect to the positive ion. 
If the electrodes were reversible with respect to the negative ion, e.g., asin the Ag, 
AgCI electrode, the sign would be changed and t. would be replaced by t+. 

If dE is the E. M. r. of the cell when the concentrations of the two solutions 
differ by an infinitesimal amount, then by equation (33.36) the free energy change 
dF, for the passage of one faraday, is equal to — FdE, where F is the faraday. 
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Upon equating this result to that given by equation (39.63), it is seen that 


dE = 2t_ = d In a... (39.64) 
The actual E. M. v. of the cell in which the concentrations of the two solutions differ 
by an appreciable amount can now be obtained by the integration of equation 
(39.64), but as this is not needed for the determination of activities, the procedure 
will not be given here. For the present requirement the mean activity may be 
replaced by the product of the mean ionic molarity, which in this case, i. e., uni- 
univalent electrolyte, is equal to the molarity c of the solution, and the mean ionic 
activity coefficient Y+; thus, 


dE = 2 F dine + din ya) 


and hence, 
dE 2RT 
7 = F (d Inc -+- din Y+). (39.65) 
The activity is expressed here in terms of molarity, rather than molality, because 
the transference numbers, which are utilized in the calculations, are usually known 
as a function of the former. The procedure to be described below thus gives ye, 
but the results can be converted to Ym, if required, by means of equation (39.13). 
A quantity ô may be defined by 


„ (39.66) 
R 


where £r is the transference number of the anion at a reference concentration cn. 
If this result is inserted in (39.65), it is found upon rearrangement that 


F F 
din y+ tn T E — d ln e + spr ode. 
Integrating between the limits of cx and c, the corresponding values of the mean 
ionic activity coefficients being yr and y, it follows, after converting the logarithms, 
that 

F 


CR E 
＋ log rs + 2.303 X DRT A ôdE, (39.67) 


where E is the E. M. r. of a concentration cell in which one of the solutions has the 
constant molarity cr, while the other has the variable concentration of c moles 
per liter. 

The first two terms on the right-hand side of equation (39.67) may be evaluated 
directly from experimental data, after deciding upon the concentration cn which is 
to represent the reference solution. The third term is obtained by graphical 
integration of ô against E, the value of ô being derived from the known variation 
of the transference number with concentration [equation (39.66) ]. 

The procedure just described gives log (Y /R), and hence the mean activity 
coefficient ys in the solution of molarity c is known in terms of that (yr) at an 
arbitrary reference concentration cr. It is desirable, however, to express the 
results in terms of one of the more common standard states; in this case the most 
convenient is that which makes the activity equal to the molarity at infinite 


Ys _ FE 
log „ 2.303 X MRT 
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dilution. For this purpose use is made of the Debye-Hiickel expression analogous 
to that given above, viz., p 
eee Ve 

1 + 4B V, 
where the constants A’ and B' are related to A and B, but for dilute aqueous solu- 
tions they may be taken as identical. This may be written in the form 


log Yt) = 


log = + A’vVe = log yr — åB' ( log yr + log ya) Ve. (39.68) 


For solutions dilute enough for the Debye-Hiickel equation to be applicable, the 
plot of log (Y+/Yr) + A’ Vc against [log yr + log (Y+/Yr) JVe should be a straight 
line, the intercept for c equal zero giving the required value of — log yr, by equa- 
tion (39.68). The values of log (Y+/Yr) are obtained from equation (39.67), and 
log yr, which is required for the purpose of the plot, is obtained by a short series 
of approximations. Once log yr has been determined, it is possible to derive 
log y+ for any solution from the known value of log (/n). The mean ionic 
activity coefficient of the given electrolyte can thus be evaluated from the E.M.F.’s 
of concentration cells with transference, provided the required transference number 
information is available.!“ 


39j. Activities from Solubility Measurements.—The activity, or activity 
coefficient, of a sparingly soluble electrolyte can be determined in the pres- 
ence of other electrolytes by means of solubility measurements. In a 
saturated solution the solid salt M,,A,_ will be in equilibrium, directly or 
indirectly, with „M ions and -A“ ions in solution; thus, 


M., A, (s) = nM + A. 


The activity of the solid salt at atmospheric pressure is taken as unity, by 
convention, and hence the equilibrium constant is given by 


K. = att X a= (39.69) 


for a saturated solution at a particular temperature and 1 atm. pressure; 
a, and d. are the activities of the positive and negative ions, respectively, 
in the saturated solution of the salt. This equation expresses the solubility 
product principle in its exact thermodynamic form; the constant K,, as 
defined by equation (39.69), is the activity solubility product of the salt 
M., A.. The activity of each ion may be represented by the product of its 
molality and activity coefficient, so that 


mim- X . = K.. 
Referring to § 39a, it will be seen that this result may also be written as 
(ma. V) = K,, (39.70) 


1 MacInnes, et al., J. Am. Chem. Soc., 57, 1356 (1085); 58, 1970 (1936); 59, 503 (1937); 
61, 200 (1939); Chem. Rev., 18, 335 (1936). 


39j ACTIVITIES AND ACTIVITY COEFFICIENTS 399 


where m and y, are the mean ionic molality and activity coefficient, re- 
spectively, in the saturated solution. It follows, then, from equation 
(39.70) that 

Ki" 


M+ 


Y+ (39.71) 
The mean activity coefficient of a sparingly soluble salt in any solution, con- 
taining other electrolytes, can thus be evaluated provided the solubility 
product (K,) and the mean molality of the ions of the salt in the given solu- 
tion are known. In order to obtain K, the values of m, are determined 
from the experimentally ob- 
served solubilities of the spar- 
ingly soluble salt in the presence 
of various amounts of other elec- 
trolytes, and the results are ex- 
trapolated to infinite dilution 
(Fig. 27). In the latter case the 
activity coefficient is unity, in 
accordance with the chosen 
standard state, and hence, by 
equation (39.71), K.“ is equal to 
the extrapolated value of ma. 


Problem: By extrapolation of 0014 0. L 0.2 0.3 
the experimental solubilities of TI Cl Vionic Strength 
in the presence of various electro- n 
lytes in water at 25° C, the limiting Fic. 27. Solubility of thallous chloride 


value of ms. is found to be 0.01422. 
In the presence of 0.025 molal KCl, the solubility of the TICI is 0.00869 molal; 
calculate the mean ionic activity coefficient of TI Cl in this solution. 


The number of ions v produced by one molecule of TI CI is 2; hence, since m+ 
is 0.01422 at infinite dilution, when y is 1, the value of K!” is 0.01422. 

In the KCl solution, the molality of the TI“ ion, i.e., ma, is 0.00869; the 
molality m. of the Cl- ion is, however, the sum of the values due to both KCl 
and TICL, i.e., 0.025 + 0.00869 = 0.03369. Hence the mean molality mæ is 
(0.00869 X 0.03369) / = 0.01711, and by equation (39.71), 


0.01422 


Y+ = 0.01711 = 0.831. 


The activity coefficients of thallous chloride, in the presence of various 
added electrolytes, determined from solubility measurements at 25°, are 
recorded in Table XXXII; 15 m is the total molality of the thallous chloride 
and the added substance. It will be observed that in the more dilute solu- 
tions the activity coefficient at a given molality is independent of the nature 
of the other electrolyte present in the solution. The significance of this fact 
will be considered below. 


18 Data from Lewis and Randall, ref. 1, p. 372. 
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TABLE XXXII. ACTIVITY COEFFICIENTS OF THALLOUS CHLORIDE IN PRESENCE OF 
VARIOUS ELECTROLYTES aT 25°C 


Total Added Electrolyte 

Molality (m) KNO; KCl HCl TINO; 
0.001 0.970 0.970 0.970 0.970 
0.005 0.950 0.950 0.950 0.950 
0.01 0.909 0.909 0.909 0.909 
0.02 0.872 0.871 0.871 0.869 
0.05 0.809 0.797 0.798 0.784 
0.10 0.742 0.715 0.718 0.686 
0.20 0.676 0.613 0.630 0.546 


39k. The Ionic Strength Principle.—In order to systematize the data for 
the activity coefficients of simple salts, both in the pure state and in the 
presence of other electrolytes, G. N. Lewis and M. Randall (1921) introduced 
the concept of the ionic strength.!“ This property of a solution, represented 
by um, is defined as half the sum of the terms obtained by multiplying the molality 
of each ion present in the solution by the square of its valence; thus, 


Un = 1 mei, (39.72) 


where m; represents the molality of the jth ion and 2; is its valence, the 
summation being carried over all the ions present in the solution. In calcu- 
lating the ionic strength it is necessary to use the actual molality of the ions, 
due allowance being made, especially with weak electrolytes, for incomplete 
dissociation. It is of interest to note that although the importance of the 
ionic strength was first realized from purely empirical considerations, it is 
now known to play an important part in the theory of electrolytes (Chapter 
XVII). 


Problem: Compare the ionic strengths of solutions of (i) a uni- univalent, 
(ii) a uni-bi-(or bi- uni-) valent, and (iii) a bi-bivalent electrolyte, at the same 
molality m, assuming complete ionization. 


(i) For a uni-univalent electrolyte, e.g., KCl, the molality of each ion is m 
and its valence unity, so that 


Um = (m X 1?) + (m X 17)] = m. 


(ii) For a uni-bivalent electrolyte, e.g., K2SO., the molality of the positive 
ion is 2m and its valence unity, whereas the molality of the negative ion is m and 
its valence is two; hence, 


Un = 4[(2m X 12) + (m X 2˙) = 3m. 


(iii) For a bi-bivalent electrolyte, e.g., ZnSOu., the molality of each ion is m 
and its valence is two; thus, 


un = [(m X 27) + (m X 2˙) ] = 4m. 


The ratio of the ionic strengths is consequently 1 to 3 to 4. In general the ionic 
strength increases rapidly with the product 2. z. of the ionic valences. 


16 Lewis and Randall, ref. 1, p. 373; J. Am. Chem. Soc., 43, 1112 (1921). 


391 ACTIVITIES AND ACTIVITY COEFFICIENTS 401 


It was pointed out by Lewis and Randall that, in dilute solutions, the 
zctivity coefficient of a given strong electrolyte is the same in all solutions of the 
same ionic strength. The particular ionic strength may be due to the pres- 
ance of other salts, but their nature does not appreciably affect the activity 
efficient of the electrolyte under consideration. That this is the case for 
thallous chloride is shown by the data in Table XXXII; since the results 
are limited to uni-univalent salts, the molalities are identical with the ionic 
strengths. Another aspect of the ionic strength principle is that in dilute 
zolutions electrolytes of the same valence type, e.g., KCl, NaCl and HCl, 
nave been found to have equal activity coefficients at the same ionic strength. 
These generalizations, for which a theoretical basis will be given in Chapter 
XVII, hold only for solutions of relatively low ionic strength; as the concen- 
‘ration is increased the specific influence of the electrolytes present, especially 
f these yield ions of high valence, becomes evident. 

391. Results of Activity Coefficient Measurements.—The mean ionic ac- 
‘vity coefficients, in terms of molalities, of a number of strong electrolytes 
it 25° C are given in Table XX XIII, 
ind some of the results are plotted in 
Fig. 28.17 It will be seen that the 
values always decrease at first as the 
zoncentration of the solution is in- 
sreased, but they frequently pass 
through a minimum and then increase 
gain. The higher the product of the 
onic valences, the sharper is the de- 
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nolality is increased; it must be re- oxo 
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lilute solutions, electrolytes of the same 
ralence type, e.g., KCl and NaCl, CaCl, 
ind ZnCl, etc., have almost identical 9,20 
ctivity coefficients at the same mo- 
ality, but as the concentration is in- 0.10 
reased specific effects become apparent. ine, Sulfate 
Me.surements of the activity ceef- i 
icients of electrolytes have been made 
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n nonaqueous solutions and, in parti- Molality 
‘ular, in solvents consisting of mixtures Fra. 28. Activity coefficients of electro- 
f water and an organic liquid, e. g., lytes of different valence types 


nethanol, ethanol or dioxane. The 
reneral nature of the results is similar to that for aqueous solutions. How- 
17 For activity coefficient data and references, see W. M. Latimer, The Oxidation States 


f the Elements, etc.,“ 1938; H. S. Harned and B. B. Owen, ref. 7; Harned and Robinson, 
them. Rev., 28, 419 (1941). 
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ever, the lower the dielectric constant of the solvent the more rapid is the 
fall in the activity coefficient of a given electrolyte with increasing ionic 
strength; further, a lower value is attained before the subsequent rise is 
observed. 


TABLE XXXIII. MEAN IONIC ACTIVITY COEFFICIENTS IN AQUEOUS SOLUTION AT 25 c 


Molality 0.001 0.005 0.01 0.02 0.05 0.1 0.2 0.5 1.0 2.0 3.0 


HCl 0.966 0.928 0.905 0.875 0.830 0.796 0.767 0.757 0.809 1.009 1.316 
HBr 0.966 0.929 0.906 0.879 0.838 0.805 0.782 0.790 0.871 1.17 1.67 

HNO; 0.965 0.927 0.902 0.871 0.823 0.785 0.748 0.715 0.720 0.783 0.876 
H:80. 0.830 0.643 0.545 0.455 0.341 0.266 0.210 0.155 0.131 0.125 0.142 
NaOH — — 0.899 0.860 0.818 0.766 0.72 0.693 0.679 0.70 0.77 

KOH — 0.92 0.90 0.86 0.824 0.798 0.765 0.728 0.756 0.888 1.081 
NaCl 0.966 0.929 0.904 0.875 0.823 0.778 0.732 0.679 0.656 0.670 0.719 
NaBr 0.966 0.934 0.914 0.887 0.844 0.800 0.740 0.695 0.686 0.734 0.826 


KCl 0.965 0.927 0.901 — 0.815 0.769 0.717 0.650 0.605 0.575 0.573 
KBr 0.965 0.927 0.903 0.872 0.822 0.771 0.721 0.657 0.617 0.596 0.600 
KI 0.965 0.927 0.905 0.88 0.84 0.776 0.731 0.675 0.646 0.641 0.657 


NaNO; 0.966 0.93 0.90 087 0.82 0.758 0.702 0.615 0.548 0.481 0.438 
CaCl: 0.888 0.789 0.732 0.669 0.584 0.531 0.482 0.457 0.509 0.807 1.55 
ZnCl: 0.88 0.789 0.731 0.667 0.628 0.575 0.459 0.394 0.337 0.282 — 
Na:S0, 0.887 0.778 0.714 0.641 0.53 0.45 0.36 0.27 0.20 — — 
— 0.40 0.32 0.22 0.18 0.13 0.088 0.064 0.055 0.064 
ZnSO, 0.734 0.477 0.387 0.298 0.202 0.148 0.104 0.063 0.044 0.035 0.041 


AlCl; =a — = == — 0.389 0.353 0.384 0.621 >2 — 
LaCl; 0.853 0.716 0.637 0.552 0.417 0.356 0.298 0.303 0.387 0.954 — 
Ing(SO.); — 0.16 0.11 0.08 0.035 0.025 0.021 0.014 — — — 
Cez (SO.) : — — 0.171 0.112 0.063 0.044 — — — — — 


A knowledge of activity coefficients is of importance in the study of 
equilibria involving ions and also in connection with the kinetics of ionic 
reactions. Some reference to the applications of the activity coefficients of 
electrolytes will be made in the succeeding chapters. 

39m. Activity of Nonelectrolytes in Presence of Electrolytes.—Informa- 
tion concerning the influence of electrolytes on the activity coefficients of 
nonelectrolytes in aqueous solution is of some interest. Vapor pressure 
measurements can be utilized for this purpose, but a method based on solu- 
bility determinations is commonly employed. Consider an aqueous solution 
which is saturated, and hence in equilibrium, with a pure gaseous, liquid or 
solid nonelectrolyte solute at a given temperature. Provided this solute 
remains unchanged its activity is constant, and hence the activity in the 
saturated solution will not be affected by the addition of an electrolyte to 
the latter. Let mo be the solubility of the nonelectrolyte in pure water when 
its activity coefficient is yo, and suppose the solubility to be m in the presence 
of a certain amount of an added electrolyte when the activity coefficient of 
the nonelectrolyte is y; since the standard states are the same, the activities 
in the saturated solutions will be equal, so that 


MmoYo = MY. 


The activity coefficient y, or its ratio to yo, i.e., / Vo, can thus be readily 
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determined from solubility measurements, since 
m 
Y= — y. (39.73) 
m 


If the solubilities are expressed in terms of mole fractions or molarities, 
instead of molalities, alternative forms of the activity coefficient can be 
obtained. 

From solubility determinations of various nonelectrolytes, such as helium, 
argon, hydrogen and other gases, ethyl acetate, diacetone alcohol, phenyl 
thiocarbamide, phenol and aniline, in the presence of electrolytes, it has been 
found that log (y/Yo) varies approximately in a linear manner with the ionic 
strength of the aqueous solution, viz., 


log (/ yo) = kum, (39.74) 


where, for a given nonelectrolyte solute, k depends on the added electrolyte. 
The values of & also vary with the nature of the solute, but the order for a 
series of salts is very similar for different nonelectrolytes. In most cases k 
is positive, i.e., y/Yo is greater than unity; according to equation (39.73) this 
means that mo is greater than m. In other words, the solubility of a non- 
electrolyte in water is decreased by the addition of an electrolyte; this is the 
phenomenon known as the salting-out effect. 

For most electrolytes k lies between zero and 0.1; hence, by equation 
(39.74), in a solution of ionic strength 0.1, y/yo for the nonelectrolyte varies 
from unity to 1.023. It is frequently assumed, therefore, that in dilute 
solutions of electrolytes, the activity coefficient of a nonelectrolyte, or of the 
undissociated portion of an electrolyte, is virtually unity. 

There are two points in connection with equation (39.74) to which at- 
tention may be drawn. First, it is seen that the activity coefficient of the 
nonelectrolyte varies directly with the ionic strength; for electrolytes, in 
dilute solution, the activity coefficient depends on the square root of the 
ionic strength of the medium (see Chapter XVII). Second, the activity 
coefficient of the nonelectrolyte increases with the ionic strength whereas for 
an electrolyte the activity coefficient at first decreases. The subsequent 
increase observed in many cases is attributed to a type of salting-out effect.'® 


EXERCISES 


1. Give the complete derivation of equation (39.13). The density of a 0.1 
molar solution in ethanol of KI, which dissociates into two ions, is 0.8014; the 
density of the pure alcohol is 0.7919. Determine the ratio of the activity co- 
efficients Yn, Ym and Je in this solution. 

2. The densities of a number of aqueous sodium chloride solutions at 20° are 
as follows: 

Conen. 10.05 20.25 41.07 62.48 g. liter 

Density 1.0053 1.0125 1.0268 1.0413 g. cc.—1 


Consider to what extent (i) the molality, (ii) the molarity, of each ion is propor- 
tional to its mole fraction in the various solutions. 


1 Randall and Failey, Chem. Rev., 4, 285 (1927); Harned and Owen, ref. 7, pp. 397 et seq. 


404 SOLUTIONS OF ELECTROLYTES 


3. A 0.0! molal solution of cerous sulfate, i.c., Cee(SO4)2z, has a mean ionic 
activity coefficient of 0.171 at 25°C. What are the values of m,, m-, ms, a4. 
and aa? What is the ionic strength of the solution? 

4. A solution contains 0.1 molal sodium sulfate, 0.3 molal copper sulfate and 
0.05 molal zinc sulfate; assuming cach salt to be completely ionized, what is the 
ionic strength? 

5. Show that by setting v equal to unity, equation (39.24) may be used to 
determine the activity coefficient of a nonelectrolyte solute; j is now defined as 
1 — (0% xm). For an aqueous solution, X is 1.858 and a is 5.7 X 10-4. The follow- 
ing values were obtained for the freezing point depressions of aqueous solutions of 
n-butanol at various molalities [Harkins and Wampler, J. Am. Chem. Soc., 53, 
850 (1931) J: 


m 0 m 6 
0.0242 0.04452 0.21532 0.38634 
0.04631 0.08470 0.32265 0.57504 
0.06894 0.12554 0.54338 0.95622 
0.09748 0.17680 0.95555 1.66128 


Determine the activity coefficients of the solute at the molalities 0.1, 0.5 and 1.0 
by graphical evaluation of the integrals. (Plot 7/m against m for the first, and 
0/m against 0 for the second; when is the latter negligible?) 

6. The freezing points of hydrochloric acid solutions, obtained by Randall and 
Young [J. Am. Chem. Soc., 50, 989 (1928) ] by smoothing a large number of 
experimental results, are as follows: 


m 9 m 0 
0.001 0.003675 0.10 0.35209 
0.002 0.007318 0.20 0.7064 
0.005 0.018152 0.30 1.0689 
0.01 0.036028 0.50 1.8225 
0.02 0.07143 0.70 2.5801 
0.05 0.17666 1.00 3.5172 


Determine the mean ionic activity coefficients y of the hydrochloric acid in the 
various solutions. 

7. The relative partial molar heat contents (Li) in cal. mole— and the relative, 
partial molar heat capacities (Cp: — Ch) in cal. deg.-! mole™, of the water in 
hydrochloric acid solutions are as follows: 


m 0.01 0.04 0.10 0.25 0.5 0.75 1.00 
Lı — 0.0042 — 0.031 — 0.111 — 0.44 — 1.28 — 2.60 — 4.16 
Ci — ČP: ~ 0 ~ 0 0 — 0.0056 — 0.0159 — 0.0293 — 0.0450 


Combine these data with the results obtained in Exercise 6 to determine the mean 
activity coefficient of the hydrochloric acid at molalities of 0.05, 0.1, 0.5 and 1.0 
at 25° C. 

8. From the values of the osmotic coefficient ¢ for potassium chloride solu- 
tions at 25° C given below, determine the activity coefficients at the various 
molalities by means of equation (39.54). 

m 0.1 0.2 0.3 0.5 0.7 1.0 1.5 
$ 0.926 0.913 0.906 0.900 0.898 0.899 0.906 


9. The small proportion of undissociated molecules of hydrogen chloride in 
an aqueous solution will be in equilibrium with molecules in the vapor, on the 
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one hand, and with ions in solution, on the other hand. Hence, show that the 
fugacity (approximately, partial pressure) of hydrogen chloride over a solution of 
hydrochloric acid is proportional to az, where a, is the mean ionic activity in 
the solution. 

The hydrogen chloride pressure in equilibrium with a 1.20 molal solution is 
5.08 X 10-7 atm. and the mean ionic activity coefficient is known from E. M. r. 
measurements to be 0.842 at 25°C. Calculate the activity coefficients in the 
following solutions from the given hydrogen chloride pressures [Randall and 
Young, J. Am. Chem. Soc., 50, 989 (1928) }: 


m 2.0 3.0 4.0 5.0 10.0 
p 2.06 K 10€ 7.78 X 10 2.46 X 1075 7.01 X 1075 5.42 X 10° atm. 


10. Show how E. M. F. measurements of the cell Zn | ZnS04(m) | HgS04(8), Hg, 
in which the reaction is Zn + Hg:S50,4(s) = Zntt(m) + SOr—(m) + 2Hg, might 
be used to determine the activity coefficients of zinc sulfate at various molalities. 

11. The £&.M.F.’s of the cell H:(1 atm.)|HBr(m)|AgBr(s), Ag, in which the 
reaction is 4H + AgBr(s) = Ht(m) + Br-(m) + Ag, with hydrobromic acid at 
various low molalities (m), at 25° C, were found to be as follows: 


m E m E 
1.262 X 10— 0.53300 10.994 X 10— 0.42280 
1.775 0.51618 18.50 0.39667 
4.172 0.47211 37.18 0.36172 


[Keston, J. Am. Chem. Soc., 57, 1671 (1935) J. Determine the standard E. M. x. 
Eo of the cell. (The actual value is 0.0713 volt at 25° C.) 

12. With more concentrated solutions of hydrobromic acid the following 
results were obtained for the E. M. v. of the cell referred to in the preceding exercise 
(Keston and Donelson, J. Am. Chem. Soc., 58, 989 (1936) J. Using the value of 
Ee obtained there, determine the activity coefficients of hydrobromic acid at the 
various molalities. 


m E m E 
0.001 0.42770 0.05 0.23396 
0.005 0.34695 0.10 0.20043 
0.01 0.31262 0.20 0.16625 
0.02 0.27855 0.50 0.11880 


13. The E. M. r.'s of the cell with transference Ag, AgCl(s)|0.1 N HCl: HCl(c) | 
AgCl(s), Ag at 25° C and the transference numbers of the hydrogen ion in the 
hydrochloric acid solution of concentration c mole liter -i, are given below [Shed- 
lovsky and MacInnes, J. Am. Chem. Soc., 58, 1970 (1935); Longsworth, ibid., 54, 
2741 (1932) J. Utilize the data to calculate the activity coefficients of hydrochloric 
acid at the various concentrations. 


c X 103 E tut 
3.4468 0.136264 0.8234 
5.259 0.118815 0.8239 

10.017 0.092529 0.8251 
19.914 0.064730 0.8266 
40.492 0.036214 0.8286 
59.826 0.020600 0.8297 
78.076 0.009948 0.8306 


100.00 es 0.8314 
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14. The solubility of silver iodate (AgIOs) in pure water at 25° Cis 1.771 X 10 
mole liter~!; in the presence of various amounts of potassium nitrate the solubilities 
are as follows: i 


KN O AglIO; KNO; AgIO; 
mole liter! mole liter 1 mole liter mole liter 
0.1301 Xx 10 1.823 X 10 1.410 Xx 10 1.999 X 10-* 
0.3252 1.870 7.050 2.301 
0.6503 1.914 19.98 2.665 


[Kolthoff and Lingane, J. Phys. Chem., 42, 133 (1938). J. Calculate the activity 
coefficients of the silver iodate in the various solutions; state the total ionic 
strength in each case. 

15. Show that the free energy of dilution of a solution from one molality (m) 
to another (m), i. e., the difference in the partial molar free energy (u) of the solute 
in the two solutions, is equal to 


AF = vRT In (a’/a) = VRT ln (m' y m), 


where v is the number of ions formed by one molecule of the electrolyte solute. 
The a’s, m’s and the 's are the mean ionic activities, molalities and activity 
coefficients, respectively. How can the free energy of dilution be determined from 
E. M. F. measurements? Utilize the data in Table XX XIII to determine the free 
energy of dilution, in cal. mole of solute, of a 1.0 molal solution of potassium 
chloride to 0.001 molal at 25° C. 

16. Give the complete derivation of equation (39.15) for an electrolyte 
solution. 

17. Making use of equations (38.42), (39.42) and (39.43), show that if the 
effect of pressure on the partial molar volume of the solvent is negligible, the 
rational osmotic coefficient is equal to the ratio of the actual osmotic pressure of 
a solution to the value it would have if it behaved ideally, i.e., the solvent obeyed 
Raoult’s law. 


CHAPTER XVII 
THE DEBYE-HUCKEL THEORY 


40. Ionic INTERACTION IN SOLUTION 


40a. Deviation from Ideal Behavior.—The activity or activity coefficient 
of an electrolyte has been regarded hitherto as a purely thermodynamic 
quantity which can be evaluated from observable properties of the solution. 
The treatment involves no theory, for the activity is defined in terms of the 
chemical potential by the expression u = „°? + RT Ina, and its experimental 
determination depends ultimately on this definition. The activity coeffi- 
cient is related to the activity since it is equal to the latter divided by the 
measurable concentration of the substance in whatever units are chosen as 
convenient in connection with the specified standard state. It has been 
stated earlier (§ la) that theories dealing with the behavior of matter lie, 
strictly, outside the realm of pure thermodynamics. Nevertheless, it is de- 
sirable to refer briefly to the theory of P. Debye and E. Hiickel (1923) which 
has made it possible to calculate the mean activity coefficients of dilute 
solutions of electrolytes without recourse to experiment. The theory thus 
bears the same relationship to thermodynamics as do those described earlier 
which permit of the estimation of other properties, such as heat capacity, 
entropy, étc. Although the treatment of Debye and Hiickel has a number 
of limitations, it represents an important advance in the problem of account- 
ing for the departure of dilute ionic solutions from ideal (Henry’s law) be- 
havior, as is evidenced by the deviations of the activity coefficients from 
unity even at very low concentrations.“ 

The first postulate of the Debye-Hiickel theory is that if the ions of an 
electrolyte lost their charges and became neutral particles, the solution would 
behave like a dilute solution obeying Henry’s law (§ 36a). The departure 
from ideal behavior is then attributed to the mutual interaction of the elec- 
trical charges carried by the ions. Hence, in writing the chemical potential 
(partial molar free energy) of an ion : in the form 


u: = uf + RT Ina; = ut + RT In N. + RT In ., (40.1) 


where the activity a, of the ion is replaced by the product of its mole fraction 
N; and its (rational) activity coefficient y; (cf. § 37b, III B), the term 


1 Debye and Hiickel, Physik. Z., 24, 185, 334 (1923); 25, 97 (1924); for reviews, sce 
H. Falkenhagen, “Electrolytes,” 1934 (translated by R. P. Bell); H. S. Harned and B. B. 
Owen, The Physical Chemistry of Electrolytic Solutions,“ 1943; La Mer, Trans. Electro- 
chem. Soc., 51, 507 (1927); Williams, Chem. Rev., 8, 303 (1931); Schingnitz, Z. Elek., 36, 861 
(1930). For a critical examination of the Debye-Hückel treatment, see R. H. Fowler and 
E. A. Guggenheim, “Statistical Thermodynamics,” 1939, Chapter IX. 
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RT In y; is equal to the partial molar free energy Hiei. of the given ions in 
the solution resulting from electrical interactions. If Fe. represents the 
contribution to the free energy of the solution due to these electrical forces, 
then 


F. i. = — : 
( art) = Hel. = RT In Yis (40.2) 


where n; is the number of moles of ions of the ith kind present in the solution. 


40b. Electrical Potential of Ionic Atmosphere.—The problem is now to calcu- 
late the electrical free energy of the solution, and in this connection Debye and 
Hückel postulated that as a result of electrical interaction each ion in the solution 
is surrounded by an ionic atmosphere of opposite sign, arising somewhat in the 
following manner. Imagine a central positive ion situated at a particular point, 
and consider a small volume element at a short distance from it in the solution. 
As a result of the thermal movement of the ions, there will sometimes be an excess 
of positive and sometimes an excess of negative ions in this volume element. 
However, it will be expected to have a net negative charge as a consequence of 
the electrostatic attraction of the central positive ion for ions of opposite sign. 
In other words, the probability of finding tons of opposite sign in the space surround- 
ing a given ion is greater than the probability of finding ions of the same sign. Every 
ion may thus be regarded as associated with an ionic atmosphere of opposite sign, 
the charge density of the atmosphere being greater in the immediate vicinity of 
any ion, and falling off with increasing distance. The net charge of the whole 
atmosphere extending through the solution is, of course, equal in magnitude, but 
opposite in sign, to that of the given ion. 

By assuming that Boltzmann’s law for the distribution of particles in a field 
of varying potential energy, which is based on statistical mechanics, is applicable 
to the distribution of the ions in the atmosphere of a central ion, Debye and Hückel 
were able to derive an expression relating the charge density at any point to the 
electrical potential at that point. By introducing Poisson’s equation, which is 
based on Coulomb’s inverse square law of force between electrostatic charges, 
another equation connecting the electrical charge density and the potential can 
be derived. From these two expressions the electrical potential V, at an ion due 
to its surrounding atmosphere is found to be 


(40.3) 


where z; is the number of charges carried by the ion, i. e., its valence, e is the unit 
(electronic) charge, D is the dielectric constant of the medium, i.e., the solvent, 
which is assumed to be continuous in nature, d is the mean distance of closest 
upproach of the ions in the solution, and « is defined by 


4re’N 
4 = 1000 DET > ¢;2?, (40.4) 


where N is the Avogadro number, k is the Boltzmann constant, i.e., the gas con- 
stant per single molecule, and T is the absolute temperature; c; is the concentration 
in moles per liter and 2, is the valence of the ions, the summation being carried 
over all the kinds of ions present in the solution. 
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The value of the factor x, as defined by equation (40.4), is seen to increase with 
the concentration of the ions in the solution, and for dilute solutions «xå in the 
denominator of equation (40.3) may be neglected in comparison with unity, so 
that this equation becomes 

ZIEK 

= D (40.5) 
As seen above, the charge of the ionic atmosphere must be equal to the charge 
carried by the central ion, which in this case is z;e. If a charge equal in magnitude 
and opposite in sign to that of the central ion itself were placed at a distance 1/x 
from the ion, the potential produced at the ion in a medium of dielectric constant 
D is given by electrical theory as — z,ex/D. This is seen to be identical with the 
electrical potential, due to the ion atmosphere, given by equation (40.5). It 
follows, therefore, that the efect of the ion atmosphere in a dilute solution is equivalent 
to that of a single charge, of the same magnitude, placed at a distance I/ from the 
central ion. If the whole ionic atmosphere were concentrated at a point, or in a 
thin spherical shell, at a distance 1/x, the effect at the central ion would be the 
same as the actual ionic atmosphere. The quantity 1/& can thus be regarded as 
a measure of the radius of the ionic atmosphere in the given solution. The 
more dilute the solution the smaller is the value of x, and hence the larger the 
thickness of the atmosphere. Under these circumstances there is a greater justi- 
fication in treating the medium, i. e., the solvent, as if it had a continuous, instead 
of a molecular, structure, as is done in connection with the dielectric constant. 


40c. Electrical Free Energy and Activity Coefficient.— From a knowledge 
of the electrical potential at an ion due to its atmosphere, it is possible to 
calculate the work done in charging all the ions in a solution at a given con- 
centration, and also at infinite dilution. The difference between these quan- 
tities, ignoring a possible small volume change in the charging process, is 
then identified with the electrical free energy of the solution. Utilizing 
equation (40.5) for the potential, the result for a dilute solution is found to be 


Pa. 5 Eng, (40.6) 


where n; represents the number of moles of an ionic species of valence 2, 
the summation being carried over all the species present in the solution. 
The derivative of Fa., at constant temperature and pressure, with respect to 
n., all the other n’s being constant, is equal to miei., and hence to RT In y; 
by equation (40.2). Recalling that, according to equation (40.4), k involves 
ch, and hence n, it is found that 


OF a, = _ Nek 
( 55 05 = RT ny, = — EM, (40.7) 
and hence 
N ekz? 
ln y; = SDRT (40.8) 


An equation has thus been derived for the activity coefficient of any single 
ionic species in an electrolytic solution. 


410 THE DEBYE-HUCKEL THEORY 40d 


In order to put this result into a practical form, the expression for &, i. e., 
equation (40.4), is introduced, and then the values of the universal constants 
N, R, k, e and x are inserted. It will be observed that x involves the factor 
cgi; this is very similar to twice the ionic strength defined by equation 
(39.72), except that the former contains the molarity, in place of the molality 
of each ion in the latter. If the ionic strength, in terms of molarity, is 
defined by analogy with equation (39.72) as 


v = $ Lez), (40.9) 
it is possible to write (40.4) as 


8reN 
2 
. 1000 DT 1. (40.10) 


It should be noted that, as stated in § 39k, the value of c, in equation (40.9) 
refers to the actual ionic concentration; in the event that one or more of the 
substances present in the solution is not completely dissociated, due allow- 
ance for this must be made when calculating the ionic strength. Upon 
combining equations (40.8) and (40.10), substituting the numerical values 
for the universal constants, and converting the logarithms, it is found that 


1.824 X 10° 


prir ae (40.11) 


log y: = — 


For a given solvent and temperature, D and T have definite values which 
may be inserted; equation (40.11) then takes the general form 


log y; = — Azivp, (40.12) 


where A is a constant for the solvent at the specified temperature. For 
water, the dielectric constant D is 88.15 at 0° C and 78.54 at 25° C; hence, 
for aqueous solutions A is 0.488 at 0° C, and 0.509 at 25° C. 

40d. Mean Ionic Activity Coefficient.— No method is at present available 
for the experimental determination of the activity coefficient of a single 
ionic species, an expression for which has been derived above on the basis of 
the theoretical concepts of Debye and Hückel. All the methods described 
in Chapter XVI for the determination of activity coefficients give the mean 
value for the two ions of a particular electrolyte. In order to test the results 
of the Debye-Hückel treatment outlined above, it is desirable to derive from 
equation (40.12) a relationship for the mean ionic activity coefficient. Ac- 
cording to equation (39.9) 

vs = YEY, 

where v, equal to v+ + , is the total number of ions produced by one mole- 
cule of the given electrolyte; hence, taking logarithms, 


v4 log y+ + v— log Y-. (40.13) 


log v = rere 
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By equation (40.12), log y+ is equal to — Az? vy and log y- to — Az? vyg; 
making use of the fact that for any electrolyte v,z, is equal to v_z_, where 
the valences 2. and 2. are numerical only and do not include the sign, it is 
found from equation (40.13) that 


log y+ = — Az,z_vu, (40.14) 


where A is the same as before. For an aqueous solution at 25° C, the value 
of A, as seen above, is 0.509, so that 


log ya. = — 0.5092,2_ V. (40.15) 


These equations give the mean ionic activity coefficient in terms of the ionic 
strength of the solution. It is important to remember that y+ refers to a 
particular electrolyte whose ions have the (numerical) valences of 2, and 2_, 
but the ionic strength u contains terms for all the ions present in the solution. 

If the solution contains a single, strong, uni-univalent electrolyte the 
ionic strength u is equal to the molarity c of the solution; at the same time 
z+ and z. are both unity, so that equation (40.14) takes the simple form 


log yz. = A Ve, (40.16) 
or, for such an aqueous solution at 25° C, 
log y+ = — 0.509 Vo. (40.17) 


The various forms of equation (40.15), referred to as the Debye-Hiickel 
limiting law, express the variation of the mean ionic activity coefficient of 
a solute with the ionic strength of the medium. It is called the limiting 
law” because the approximations and assumptions made in its derivation 
are strictly applicable only at infinite dilution. The Debye-Hiickel equa- 
tion thus represents the behavior to which a solution of an electrolyte should 
approach as its concentration is diminished. 


40e. Change of Units and Standard State.— Before proceeding to a comparison 
of the results derived from the Debye-Hiickel treatment with those obtained ex- 
perimentally, some consideration must be given to the matter of units and standard 
states. The ionic strength factor which appears in the Debye-Hiickel equation 
involves ionic concentrations expressed in molarities, i.e., in moles per liter of 
solution. It has been seen, however, that in the study of activity coefficients, 
it is often more convenient to employ molalities, i.e., moles per 1000 g. of solvent; 
the ionic strength is then used in its original form as defined by equation (39.72). 
It will be apparent from equation (37.6), or it can be readily shown from general 
considerations, that in a dilute solution the molarity c and the molality m are 
related by c/po = m, where po is the density of the solvent. It follows, there- 
fore, that 
, U = Uno, (40.18) 


for the concentration range in which the Debye-Hückel limiting law might be 
regarded as applicable. For aqueous solutions po is so close to unity, that y and 
Um may be taken as identical, but for other solvents it is necessary, when employing 
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the Debye-Hiickel equation, either to use u involving molarities, or to apply the 
appropriate correction [equation (40.18) ] to the molal ionic strength. 

The activity coefficients given by the Debye-Hiickel treatment presumably 
represent deviations from the dilute solution behavior, i.e., from Henry’s law, and 
are consequently based on the standard state which makes the activity of an ion 
equal to its mole fraction at infinite dilution (§ 37b, III B). In the experimental 
determination of activity coefficients, however, it is almost invariably the practice 
to take the activity as equal to the molarity or the molality at infinite dilution. 
The requisite corrections can be made by means of equation (39.13), but this is 
unnecessary, for in solutions that are sufficiently dilute for the Debye-Huckel 
limiting law to be applicable, the difference between the various activity coefficients 
is negligible. The equations derived above may thus be regarded as being inde- 
pendent of the standard state chosen for the ions, provided only that the activity 
coefficients are defined as being unity at infinite dilution. 

It should be noted that the Debye-Hiickel theory yields true, and not stoi- 
chiometric, activity coefficients (§ 39a), since it is the behavior of the ions only, 
and not of the whole solute, which is taken into consideration. For strong electro- 
lytes dissociation is virtually complete at all dilutions for which the limiting law 
may be expected to hold; for such solutes, therefore, the distinction between true 
and stoichiometric activity coefiicients may be ignored. 
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4la. Tests of the Debye-Hiickel Equation: Qualitative.—Although the 
Debye-Hückel treatment is generally considered as applying to soutions of 
strong electrolytes, it should be emphasized that it is not restricted to such 
solutions. The results are of general applicability, but it should be noted, 
as mentioned previously, that in the calculation of the ionic strength the 
actual ionic concentration must be employed. For incompletely dissociated 
substances, such as weak and intermediate electrolytes, this involves a 
knowledge of the degree of dissociation which may not always be available 
with sufficient accuracy. It is for this reason that the Debye-Hückel limit- 
ing law equations are usually tested by means of data obtained with strong 
electrolytes, since they can be assumed to be completely dissociated at all 
concentrations for which the law should be valid. 

It will be observed that the Debye-Hiickel limiting equations contain no 
reference, apart from the valence, to the specific properties of the electrolytes 
that may be present in the solution. The mean ionic activity coefficient of 
a given solute, in a particular solvent at a definite temperature, should thus 
depend only on the ionic strength of the solution, the actual nature of the 
electrolytes present being immaterial. This conclusion is identical with the 
empirical result stated in §39k. Further, for different electrolytes of the 
same valence type the Debye-Hiickel theory requires the activity coefficients 
to be the same in solutions of equal ionic strength; this expectation is again 
in general agreement with experiment, provided the solutions are dilute 
($$ 39k, 391). 

It is evident from equation (40.15) that, at a definite ionic strength in a 
given solvent at constant temperature, the deviation of the mean ionic ac- 
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tivity coefficient of an electrolyte from unity should be greater the higher the 
valences of the ions constituting the electrolyte. This is in harmony with 
the results given in Table XXXIII. 

41b. Tests of the Debye-Hiickel Equation: Quantitative.—In essence, 
the Debye-Hickel limiting law, e.g., equation (40.14), states that the plot 
of log ya of a given electrolyte against the square root of the ionic strength, 
i. e., Vu, should approach, with increasing dilution, a straight line of slope 
equal to — Az,z_, where A is a constant whose value depends on the dielec- 
tric constant of the solvent and its temperature. For aqueous solutions at 
25° C, A should be 0.509, and consequently the limiting slope of log ys. 
against Vp should be — 0.50922. How far this theoretical expectation 
is fulfilled is shown by the results in Fig. 29 for three salts of different valence 


0.1 0.2 0.3 0.4 
vu 
Fic. 29. Debye-Hiickel limiting law and valence type 
types, viz., sodium chloride, z427- = 1; calcium chloride, 272 = 2; zine 
sulfate, 272 = 4. The theoretical slope in each case is indicated by a 


broken straight line. It is evident that the experimental results approach 
the values required by the Debye-Hückel limiting law with increasing dilu- 
tion, i.e., with decreasing ionic strength. It is not absolutely certain that 
the hmiting slopes are exactly constant for salts of the same valence type, 
and that the values are always precisely equal to — 0.5092 z2— There is a 
possibility that there may he slight variations from the theoretical figure 
according to the nature of the salt, apart from its valence type, but the 
activity coefficient data for dilute solutions are not sufficiently accurate for 
a clear decision to be made in this connection. It may be concluded, there- 
fore, that. as a first approximation, at least, the Debye-Hickel law represents 
the limiting behavior of electrolytes in aqueous solutions at 25° C. 
According to equation (40.11) it appears that for electrolytes of the same 
valence type, or for a given electrolyte, the limiting slope of the plot of 
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log v against Vu at constant temperature should be inversely proportional 
to D/, where D is the dielectric constant of the solvent. Experimental 
data, obtained by E. M. . measurements, on the activity coefficients of hydro- 
chloric acid in methyl and ethyl alcohols, and in a number of dioxane-water 
mixtures, with dielectric constants varying from 9.5 to 78.6, are in satis- 
factory agreement with the theoretical requirement. It may be noted that 
the lower the dielectric constant the smaller the concentration at which the 
limiting slope is attained (Fig. 30); there are theoretical reasons for this, but 
as they lie outside the scope of thermodynamics they will not be discussed.? 


Fre. 30. Debye-Hückel limiting law and dielectric constant 


The influence of one other variable, namely, the temperature, remains to 
be considered. It is not an easy matter to vary the temperature without 
changing the dielectric constant, and so these factors are taken together. 
From equation (40.11) it is evident that the limiting Debye-Hückel slope 
should vary as 1/ (DT) /, where T is the absolute temperature at which the 
activity coefficients are measured. The experimental results obtained under 
a wide variety of conditions, e. g., from liquid ammonia at — 75° C to water 
at the normal boiling point, 100° C, are generally in satisfactory agreement 

2 Harned, et al., J. Am. Chem. Soc., 61, 49 (1939); for references to numerous tests of 


tha Debye-Hiickel tneory, see ref. 1; also, S. Glasstone, “The Electrochemistry of Solutions,” 
2nd ed., 1937, Chapter VII. 
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with the theoretical requirements. Where discrepancies have been observed 
they can probably be explained by incomplete dissociation of the electrolyte 
in media of low dielectric constant. 

41c. Solubility and the Debye-Hiickel Theory.—An interesting applica- 
tion of the Debye-Hiickel equation is to be found in the study of the influence 
of “inert” electrolytes on the solubility of a sparingly soluble salt. By 
equation (39.70), in a saturated solution 


(mars) = K., (41.1) 


where m. is the mean ionic molality of the salt at saturation and K. is a 
constant for the salt, viz., the solubility product; y+ is the mean ionic ac- 
tivity coefficient of the salt in the given solution, which may contain added 
electrolytes. If S is the saturation solubility of the salt, expressed in 
molalities, then by equation (39.12) 


ma = m (rtr) = S (=), (41.2) 


the molality m being identified with S, the solubility. Substitution of this 
result into equation (41.1), and simplifying gives 


Sys = constant. (41.3) 


This equation accounts for the fact, so frequently observed, that the addition 
of an inert salt, not having an ion in common, will increase the solubility of a 
sparingly soluble salt. The inert salt increases the ionic strength of the me- 
dium, and hence the activity coefficient y+ decreases. In order for the prod- 
uct S to remain constant the solubility S must increase correspondingly. 

If So is the solubility of the salt in pure water and & is that in the presence 
of another electrolyte which has no ion in common with the saturating salt, 
and yo and y are the corresponding mean ionic activity coefficients, then by 
equation (41.3) | 


or 


log 2 = log yo — log y. 
So 
Introducing the values of yo and y as obtained from the Debye-Hückel 
limiting law equation (40.14), it follows, provided the ionic strength is low 
enough for the equation to be applicable, that 


S 
log 5. = 422 (Vu — Wo), (41.4) 
where yo and y are the ionic strengths of the solutions containing the spar- 
ingly soluble salt only, and of that to which other electrolytes have been 
added, respectively. Since yo is a constant for a given saturating salt, it is 
apparent from equation (41.4) that the plot of log (S/So) against W should 
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be a straight line of slope Az,z_, where z4 and 2. are the (numerical) valences 
of the ions of the saturating salt. 

A large number of solubility determinations have been made of sparingly 
soluble salts of various valence types, with values of z,z_ from 1 to 9, in 
solvents of dielectric constant from 10.4, as in ethylene chloride, to 78.6, in 
water at 25°C. The results have been found in nearly all cases to be in 
very fair agreement with the requirements of the Debye-Hiickel limiting 
law.? Appreciable discrepancies have been observed, however, when the 
saturating salt is of a high valence type, especially in the presence of added 
ions of high valence. The effect is particularly large when the high valence 
ions of the saturating and added salts have opposite signs; this suggests that 
there are electrostatic factors which have not been allowed for in the Debye- 
Hiickel treatment.‘ 


Problem: The solubility of silver iodate in pure water at 25° C is 1.771 X 1074 
mole liter; calculate the solubility in the presence of 0.3252 X 10-? mole liter 
of potassium nitrate. 


In this case, So is 1.771 X 10 mole liter, and since silver iodate is a uni- 
univalent salt, this is also the value of uo. In the potassium nitrate solution, y is, as 
a first approximation, equal to (0.3252 107?) + (1.771 X 10-74) = 0.343 K 10-2; 
hence, by equation (41.4) 


S 
= ‘ —2)1/2 — (1. —4)1/2 
log L771 X 10 0.509[ (0.343 X 10-2) (1.77 X 10/2), 
taking A as 0.509 for water at 25° C, with z, and z- both equal to unity. Solving 
this equation, the solubility S in the potassium nitrate solution is found to be 
1.868 X 10-4 mole (AgIO;) liter. (The experimental value is 1.870 X 1074 
mole liter -i.) 


41d. Debye-Hückel Theory and the Osmotic Coefficient.— Multiplication of 
equation (39.49), i. e., d In ys. = ( — 1)d ln m + dọ, by m throughout gives 


md ln y=. = (G — 1)dm + md 
= dim(¢ — 1)] (41.5) 


for the relationship between the osmotic coefficient ¢ of the solvent and the mean 
ionic activity coefficient ys. of the solute. Upon integration of equation (41.5) 
between the molality limits of zero and m the result is 


f’ mamy = m($ — 1), 
0 
and hence, 
61 % md ln y+. (41.6) 
m 0 


3 Cf., Brønsted and La Mer, J. Am. Chem. Soc., 46, 555 (1924); La Mer, King and Mason, 
ibid., 49. 363 (1927). 

La Mer and Cook, J. Am. Chem. Soc, 31, 2622 (1929); La Mer and Goldman, ibid., 
51, 2632 (1929); Neuman, ibid., 54, 2195 (1932). 
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In dilute solution the molality and molarity are approximately proportional, 
so that 


jee S dinya (41.7) 
0 


where c is the molarity corresponding to the molality m ut which the osmotic 
coefficient & is determined. Utilizing the Debye-Hückel limiting law expression 


for In y+, i. e., 2.303 log Y+, and noting that Vy involves c!/?, it is readily found that 


i 2.303 
@=1+4linyz=1+4+ z log y+, 


so that, by equation (40.14), 
legs 2.303 
83 
This is the limiting law for the osmotic coefficient as a function of the ionic strength 


of the solution. At high dilutions, when this equation may be expected to be 
applicable, 1 — & is equal to j (§ 39g), so that, by equation (39.20), 


Az,z_Vy. (41.8) 


i 0 
= — z= — 4 ° 
„ (41.9) 
where @ is the observed freezing point lowering of the solution, X is the molal 
lowering for infinite dilution, v is the number of ions produced by one molecule 
of the solute, and m is the molality of the solution. ‘The Debye-Hiickel theory 
thus provides a direct (limiting) relationship between the freezing point and the 
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Fig. 31. Debye-Hückel limiting law and freezing point depression 


ionic strength in dilute solutions. An illustration of the test of equation (41.8), 
with the values of ¢ being determined by means of (41.9) from freezing point 
measurements in cyclohexanol as solvent, dielectric constant 15.0 at 23.6° C, is 
provided by the results in Fig. 31.5 The full curve is drawn through the values 
of 1 — ¢ for a number of uni-univalent electrolytes, while the broken line shows 
the limiting slope required by equation (41.8). 


s Schreiner and Frivold, Z. phys. Chem., 124, 1 (1926). 
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41e. The Debye-Hückel Theory in More Concentrated Solutions. 
Even a superficial comparison of the Debye-Hiickel limiting law equation 
with the activity coefficient data in Table XX XIII (or Fig. 28) shows that 
the equation requires considerable modification if it is to be valid in solutions 
of appreciable concentration. According to equation (40.14), the activity 
coefficient should decrease steadily with increasing ionic strength, whereas 
the actual values pass through a minimum and then increase. Further, 
according to the Debye-Hiickel treatment the activity coefficient of a par- 
ticular electrolyte at a given ionic strength should depend only on its valence 
type, and not on the specific nature of the ions. The experimental results, 
however, show that this is true only for very dilute solutions. At appreci- 
able concentrations, e.g., greater than 0.02 molal, the activity coefficients of 
HCl, NaCl and KCl differ at the same molality, indicating the existence of 
specific ionic effects. 

It will be recalled that in § 40b the solution under consideration was sup- 
posed to be so dilute that xå was negligible in comparison with unity. If, 
however, the term 1 + xå is retained in the denominator of the expression 
[equation (40.3) | for the electrical potential, it will also appear in the equa- 
tions for the electrical free energy and the activity coefficient. In this event, 
equation (40.14) becomes 


A422 VN 


c 41. 
Ide (41.10) 


log v = 


where d is the mean distance of closest approach of the ions in the solution; 
this varies with the nature of the ions, and thus a specific property of the 
electrolyte is introduced. It is seen from equation (40.10) that x is equiva- 
lent to By l/, where B tirvolves universal constants together with the dielectric 
constant and the temperature. Hence equation (41.10) may be written as 


` Az,2_Vy 
log y+ = — 1+ aB’ 


for a given solvent and temperature; for water as solvent, B is 0.325 X 108 
at 0° C and 0.329 X 105 at 25° C. 

In order to utilize the modified form of the Debye-Hückel equation, it 
is necessary to know the value of d for each electrolyte; although this should 
be of the order of the diameter of the ions, i.e., about 10-8 cm., there is, 
unfortunately, no independent method of assessing its exact value in any 
particular case. The general correctness of equation (41.11) may be tested 
by determining the value of d required to make this equation harmonize 
with the experimental activity coefficients, and seeing if the results are 
reasonable. l 

By rearranging equation (41.11) it can be put in the form 


422 
log Y+ 


(41.11) 


= 1 + dBvy, (41.12) 
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so that if the left-hand side of this equation, obtained from experimental 
values of v, is plotted against vy, the result should be a straight line of slope 
åB. Since B is known, the mean distance of closest approach d of the ions 
can thus be determined. It has been found that for solutions of moderate 
ionic strength, e.g., up to about 0.1 molal, this plot is, in fact, linear, and the 
values of d for several electrolytes derived from the corresponding slopes are 
about 3 to 5 X 10- cm. (Table XXXIV).“ It is seen, therefore, that the 


TABLE XXXIV. MEAN DISTANCE OF CLOSEST APPROACH OF IONS 


Electrolyte a Electrolyte 4 
HCl 4.3 X 107? cm. CaCl. 5.2 X 1078 cm. 
NaCl 4.4 Mgso, 3.4 
KCl 4.1 KSO, 3.0 
CsNO; 3.0 Laz (SO): 3.0 


use of reasonable values for d in equation (41.11) frequently makes it possible 
to represent the variation of the activity coefficient with the ionic strength 
up to appreciable concentrations. However, it must be pointed out that in 
some cases the experimental activity coefficients lead to values of d which, 
although of the correct order of magnitude, viz., 10-8 cm., cannot represent 
the distance of closest approach of the ions. For example, with potassium 
nitrate it is necessary to postulate a value of 0.43 X 10-8 cm. for d in order 
that equation (41.11) may reproduce the dependence of the activity coeffi- 
cient upon the ionic strength in aqueous solution at 25°C. Salts of high 
valence type in particular behave abnormally in this respect. These dis- 
crepancies provide further support for the view that the Debye-Hiickel 
treatment is not quite complete, although it provides a very close approxima- 
tion in many instances. 


41f. The Hückel and Bransted Extensions.—It can be seen from equation 
(41.11) that as the ionic strength increases, the value of log y+ should approach 
a constant limiting value equal to — Az ,z_/dB. Actually, however, it is known 
that log y+ passes through a minimum and then increases. It is evidently neces- 
sary to include an additional term in equation (41.11), and various lines of argu- 
ment lead to the view that it should be proportional to the ionic strength. The 
inclusion of such a term, e.g., C’y, sometimes called the salting-out“ term [ef. 
equation (39.74) J, leads to what is known as the Hückel equation, viz., 


Az 2. 
1+ dBvy 


where C” is a constant which must be derived from experimental data. An equa- 
tion of this type, with properly selected values of the two constants d and C’, has 
been found to represent the behavior of many electrolytes up to concentrations as 
high as three or more molal. It should be noted that over this range the value 
of the activity coefficient depends on the particular standard state chosen for the 
activities; equation (41.13), as already seen, gives the rational activity coefficient 


For further data, see Harned and Owen, ref. 1, p. 381. 


log y+ - + C'u, (41.13) 
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Yn, and this must be corrected to yield Ym or , as required, by means of equa- 
tion (39.13).7 
Upon dividing the numerator by the denominator of the fraction in equation 
(41.13) and neglecting all terms in the power series beyond that involving u, the 
result is 
log y+ =— Azz- v + GA Bz,z.u + C'u 


=— A- + Cu, (41.14) 


where C is a constant for the given electrolyte. This relationship is of the same 
form as an empirical equation proposed by J. N. Brgnsted (1922), and hence is in 
general agreement with experiments 


41g. Uses of the Debye-Hückel Equations. — The various equations de- 
rived from the Debye-Hückel theory have found a number of uses in thermo- 
dynamic problems. For example, the limiting law equation may be em- 
ployed to calculate activity coefficients in dilute solutions when experimental 
values are not available. For a uni- univalent electrolyte the results ob- 
tained in a solvent of high dielectric constant, such as water, are reliable up 
to an ionic strength of about 0.01. By assuming an average value of about 
3 X 10-8 cm. for d, the product åB is approximately unity, since B is 
0.33 X 10° in water at 25° C, and equation (41.11) takes the simple form 


AZsZ— 
log va =~ SEW, 


which may be used to give rough activity coefficients, especially of uni- 
univalent electrolytes, in aqueous solutions up to about 0.1 molal. 


(41.15) 


Problem: Calculate the approximate mean ionic activity coefficient of a 0.1 
molal uni-univalent electrolyte in water at 25° C. 

Since A is 0.509 for water at 25° C, and z, and 2z- are both unity, equation 
(41.15) gives 


0.509 V0.1 
log Y+ >= 7 1+ 01 == ee 0.122, 
7+ = 0.755. 


(Some experimental values are 0.766 for NaOH, 0.769 for KCI, and 0.778 for NaCl.) 


The Hiickel equation (41.13), appropriately adjusted to give yn, has 
been frequently employed for the analytical representation of activity co- 
efficient values as a function of the ionic strength of the solution, and various 
forms of the Debye-Hiickel and Brgnsted equations have been used for the 
purpose of extrapolating experimental results. Some instances of such ap- 
plications have been given earlier (§§ 39h, 39i), and another is described in 
the next section. 


7 Hitckel, Physik. Z., 26, 93 (1925); see also, Butler, J. Phys. Chem., 33, 1015 (1929); 
Scatchard, Physik. Z., 33, 22 (1932); for applications, see Harned and Owen, ref. 1. 
a J. Am. Chem. Soc., 44, 938 (1922); Brønsted and La Mer, ibid., 46, 555 

1924). 
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41h. Debye-Hiickel Equation and Equilibrium Constants.--- When any 
electrolyte, such as an acid or a base, is dissolved in a suitable solvent an 
equilibrium is established between the free (solvated) ions and the undissoci- 
ated portion of the solute. In the simple case of a uni-univalent. clectrolvte 
MA, such as a monobasic acid, the equilibrium may be represented by 


MA =: M+ + A-, 


and the equilibrium constant is given by 
> (tay AAT 
Kaat (41.16) 


where the a terms are the activities of the indicated species, ama being that 
of the undissociated molecules. The constant K is referred to as the 
ionization constant or, better, as the dissociation constant of the substance 
MA in the given solvent at a definite temperature. Writing the activity 
of each species as the product of its molar concentration c, and activity 
coefficient ., in this case ., equation (41.16) becomes 


K ACN . I 
R YMA 
= KI YMCA, (41.17) 
YMA 

It should be understood that cat“ and c refer to the actual concentrations 
of the ions, allowing for possible incomplete dissociation; y+ and y- are then 
the “true” activity, coefficients, e.g., as given by the Debye-Hiickel theory. 
The equilibrium function K’, which is equal to cu ca- MA, is in general not 
constant,* but it becomes equal to the true equilibrium (dissociation) con- 
stant when the activity coefficient factor is unity, i.e., st infinite dilution. 
Before describing the method of extrapolating the resuits to infinite dilu- 
tion, there are some qualitative aspects of equation (41.17) that are of 
interest. The following considerations are quite general, but they are par- 
ticularly important in connection with the dissociation of weak electrolytes, 
e.g., weak acids and weak bases. If the ionic strength of the solution is 
increased, by the addition of neutral“ salts, the activity coefficient factor 
in equation (41.17) decreases. As a result, in order to maintain the equi- 
librium constant, K’ must increase; this means that the dissociation ct the 
weak acid or base will increase, thus increasing cài ca- while decreasing cma. 
At high salt concentrations, the activity coefficients will increase, after pass- 
ing through a minimum, and hence K’ must then decrease. Consequently, 
in the presence of large amounts of salts the extent of dissociation of a weak 
electrolyte will decrease, after having passed through a maximum value. 
This variation of the degree of dissociation with the ionic strength of the 


* If the ionie strength of the medium is maintained constant, o.g., by the addition of 
“inert” electrolytes, the equilibrium function A’ will remain virtually constant, although it 
will, in general, differ from the true dissociation constant. 
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medium is the basis of what is called the secondary kinetic salt effect“ in 
homogeneous catalysis. If a particular reaction is catalyzed by hydrogen 
ions, for example, the concentration of these ions, and hence their catalytic 
effect, can be changed merely by altering the salt concentration of the solu- 
tion. The results, in dilute solution, can often be accounted for quantita- 
tively by utilizing the Debye-Hickel limiting law to express the ionic ac- 
tivity coefficients.“ 

The particular application of the Debye-Hiickel equation to be described 
here refers to the determination of the true equilibrium constant K from 
values of the equilibrium function K“ at several ionic strengths; the necessary 
data for weak acids and bases can often be obtained from conductance 
measurements. If the solution of the electrolyte MA is sufficiently dilute 
for the limiting law to be applicable, it follows from equation (40.12), for 
the activity coefficient of a single ionic species, that 


log Ym+ = log ya- = A, (41.18) 


since z, and z. are both unity. Assuming no ions other than M+ and A7, 
derived from MA, to be present in the solution, it follows that 


u cgi = ilot X 12) + (ca- X 12) J. (41.19) 


If c is the stoichiometric, i. e., total, concentration of the solute, in moles per 
liter, and a is the degree of dissociation, the concentrations cu“ and ca- of the 
respective ions are both equal to ac; hence equation (41.19) becomes 


u = (ac + ac) = ac, 


log M = log ya- = A Vac. (41.20) 


In the region in which the Debye-Hückel limiting law is applicable, the 
activity coefficient of the molecules of undissociated MA is probably very 
close to unity, as may be inferred from the known variation of the activity co- 
efficient of a neutral molecule in the presence of added electrolytes (cf. § 39m). 
It follows, therefore, upon taking logarithms of equation (41.17) that 


so that, by (41.18), 


log K = log K’ + log Ym*t + log a- 
= log K — 2A Vac, 
or 


log K = log K + 2A Vac. (41.21) 


It is seen from this equation that if the value of log K’ in any solution is 
plotted against Vac, where c is the concentration (molarity) and a is the 
degree of dissociation of the electrolyte MA in that solution, the result 
should be a straight line witb intercept equal to log K. For concentrations 
that are too high for the limiting law to hold, the values of log K’ do not fall 
on the straight line, but they approach it with decreasing concentration 


See, for example, S. Glasstone, Textbook of Physical Chemistry, 2nd ed., 1946, 
p. 1139; see also, pp. 1115-18. 
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(Fig. 32). This procedure has been utilized for the determination of dissoci- 
ation constants of weak acids from conductance measurements.“ 

Another application of the Debye-Hiickel equations, involving aa equi- 
librium between polyvalent ions, is worthy of mention because of its interest 
in another connection (§ 45h). If a solution of ferric perchlorate, containing 


0.01 0.02 0.03 0.04 
Vac 


Fic. 32. Dissociation constant of acetic acid 


free perchloric acid to repress hydrolysis, is shaken with finely divided silver, 
the equilibrium 
Ag(s) + Fe(ClO.)3 = AgClO, + Fe(C10,): 


is attained. Since the perchlorates are strong electrolytes, they may be 
regarded as completely dissociated, provided the concentrations are not too 
high; the equilibrium may thus be represented by 


Ag(s) + Fettt = Agt + Fett, 


where the ionic concentrations are equal to the total concentrations of the 
respective salts. The equilibrium constant is then given by 


+++ ce re. 


try tt 
gs e, (41.22) 
YFettt / 


the activity of the metallic (solid) silver being taken as unity; the value of 
the function K’ in any solution can be determined by analyzing the solution 
for ferrous, ferric and silver ions when equilibrium is established. 


1e MacInnes and Shedlovsky, J. Am. Chem. Soc., 54, 1429 (1932); MacInnes, J. Frank. 
Inst., 225, 661 (1938); D. A. MacInnes, “The Principles of Electrochemistry,” 1939, 
Chapter 19, 
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Upon taking logarithms of equation (41.22), and utilizing the extended 
Debye-Hiickel equation in the form of (41.14), adapted to a single ion, viz., 


log Vi = Azivu + Cm, 
it is found that 


log K = log A’ + log yag* + log yre+* — log re. 
= log K. ~ (ei. + eh 4.04 . + Cy 
= log K + 4A vu + Cy, (41.23) 


where A is equal to 0.509 for aqueous solutions at 25° C, and C is a composite 
constant made up of the various C,’s. By rearranging equation (41.23), it 
is seen that 

log K + 44 vu = log K Cu, 


so that the plot of the left-hand side of this expression, which is available 
from the experimental determinations of K’ in solutions of various ionic 
strengths, against the ionic strength should be a straight line; the intercept 
for y equal to zero, 1.e., log K, should give the value of K, the true equilibrium 
constant. Even if the plot is not exactly linear, it should provide a con- 
venient method for extrapolating the data to infinite dilution. From 
measurements made in solutions of ionic strengths varying from about 1.4 
to 0.1, the equilibrium constant has been estimated as 0.53 at 25° C.» It 
appears from other evidence (§ 45h), however, that this result is somewhat 
too high, the correct value being probably about 0.35. The error is un- 
doubtedly due to the somewhat lengthy extrapolation necessary to obtain 
K from the experimental data. If accurate measurements could be made 
in dilute solutions, the final result obtained by the procedure described above 
would be more reliable. 


\ 
EXERCISES 


1. Show that the expression for the mean ionic activity coefficient, derived 
from equation (40.11), can be written in the form 


1.824 Xx 106 
log y+ = — DT Tei Vu. 


2. Plot the logarithms of the activity coefficients of silver iodate obtained in 
Exercise 14, Chapter XVI against the square roots of the corresponding (total) 
ionic strengths, and hence test the Debye-Hiickel limiting law. 

3. Calculate the effective radius of the ionic atmosphere (1/x) in a 0.1 molal 
aqueous solution of potassium sulfate at 25° C. The dielectric constant of water 
at 25° C is 78.54. 

4. Show that for electrolytes of the same valence type, the Debye-Hickel- 
Brgnsted equation (41.14), as applied to moderately concentrated solutions, leads 
to the result 

log (y/yr) = ke, 


n Schumb and Sweetser, F. Am. Chem. Sar.. 87, 871 (1935). 
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where y/yr is the ratio of the mean ionic activity coefficient of any electrolyte to 
that of a reference substance of the same valence type at the same concentration c; 
k is a constant for the given electrolyte. The plot of log (y/yr) against c should 
thus be a straight line [Akerléf and Thomas, J. Am. Chem. Soc., 56, 593 (1934) . 
Test this by the data for hydrochloric acid and potassium chloride in Table 
XXXIII at molalities of 0.1 and higher. (Molalities may be used to represent 
the concentration.) 

5. Evaluate the Debye-Hiickel constants A and B for methanol as solvent 
at 25° C, its dielectric constant being 31.5. Hence, write an expression for the 
mean ionic activity coefficient of zinc chloride in moderately dilute methanol 
solutions as a function of the ionic strengths y and un at 25° C. (The density of 
methanol is 0.790.) 

6. Compare the mean ionic activity coefficient of a 0.1 molal solution of (i) a 
uni-univalent, (ii) a bi-bivalent, electrolyte in water and methanol as solvents 
respectively, at 25° C. The mean ionic diameter d may be taken as 3A in each case. 

7. Utilize the mean ionic activity coefficients for solutions up to 0.05 molal in 
Table XXXIII to determine by a graphical procedure the mean ionic diameter d 
of hydrochloric acid. 

8. Utilize the following data for the solubility ‘of the uni-bivalent salt 
[Co(NHs3)4(C204) J2520¢ in the presence of various amounts of added electrolytes 
[Brønsted and La Mer, J. Am. Chem. Soc., 46, 555 (1924) ] to test the Debye- 
Hückel limiting law at 25°C. The solubility in pure water is 1.545 X 10-4 
mole liter 1. 


Added Salt Solubility Added Salt Solubility 
(equiv. liter!) (mole liter) (equiv. liter!) (mole liter) 

0.001 NaCl 1.597 X 1074 0.01 KNO; 1.880 X 10-* 

0.002 NaCl 1.645 0.005 MgSO, 1.866 

0.005 NaCl 1.737 0.010 BaCl: 2.032 


Plot log (S/So) against vu — Wo; determine the slope and compare with the 
calculated value for a uni-bivalent electrolyte. 

9. Show that if i i is the mean ionic activity coefficient of a uni- univalent 
electrolyte, and y is that of any other electrolyte with ions of valence 2, and z_, 
at the same ionic strength, then the Debye-Hiickel limiting law requires that 
y = ili. What general conclusions concerning the effect of valence on the 
activity coefficient can be drawn from this result? 

10. Using the values of A and B for water given in the text, plot — log y for 
a uni-univalent electrolyte against Vu for ionic strengths 0.01, 0.1, 0.5 and 1.0, 
taking å equal to (i) zero, (ii) 2A, (iii) 4A, (iv) 8A. Hence, draw general conclu- 
sions as to the effect of increasing the ionic size. Investigate qualitatively the 
result of increasing the valence of the ions. 

11. By means of the Debye-Hückel theory, calculate the activity coefficients 
of silver iodate in the various potassium nitrate solutions mentioned in Exercise 14, 
Chapter XVI. Compare the values with those derived from the observed 
solubilities. 

12. Account for the following observations: (i) the addition of increasing 
amounts of an inert“ electrolyte causes the solubility of a sparingly soluble salt 
first to increase to a maximum and then to decrease steadily; (ii) the addition of a 
salt with an ion in common with the sparingly soluble salt causes the solubility of 
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the latter to decrease and then to increase. (Complex ion formation should be 
disregarded.) 

18. Justify, by means of the Debye-Hiickel limiting law, the statement in the 
footnote in § 41h. 

14. The freezing point depressions (@) of dilute aqueous solutions of potassium 
chloride are given below: 


c (mole liter) 0 c (mole liter) 0 
0.001596 0.00586° 0.02867 0.1011° 
0.002143 0.00784° 0.04861 0.1702° 
0.008523 0.03063° 0.1047 0.3606° 


(Lange, Z. phys. Chem., A186, 147 (1934) J. Plot 1 — ¢ against W and determine 
the limiting slope; compare the value with that given by the Debye-Hückel theory. 
(The constant A is 0.488 for water at 0° C.) 

15. The dielectric constant of cyclohexanol is 15.0 and its freezing point is 
23.6 C. Calculate the limiting slope of 1 — ¢ against WV, according to the 
Debye-Hiickel theory, and compare the result with that in Fig. 31. 

16. The following data were derived from conductance measurements of solu- 
tions of picric acid in methanol at 25° CD. A. MacInnes, “The Principles of 
Electrochemistry,” 1939, p. 362]: 


c (mole liter) a K 
1.00 X 107 0.05871 3.662 X 1074 
5.00 X 107? 0.07823 3.320 
2.50 X 107? 0.1037 2.996 
1.25 X 10-2 0.1379 2.758 
6.25 X 1073 0.1820 2.532 
3.125 X 10°3 0.2408 2.384 


Use the Debye-Hiickel equation (for A, see Exercise 5), in conjunction with a 
graphical procedure, to evaluate the true dissociation constant from the K’ values. 
(The result is 1.845 X 104.) 

17. The solubility of barium sulfate in pure water at 25° C is 9.57 X 10-6 mole 
liter 1. Estimate the solubility in the presence of (i) 0.01 molar sodium chloride, 
(ii) 0.01 molar sodium sulfate. Use the Debye-Hückel equation (41.11), assuming 
a value of 3A for the mean distance of closest approach of the ions. 

18. The mean ionic activity coefficients of hydrochloric acid in water and in 
dioxane-water mixtures, at an ionic strength of 0.001, together with the corre- 
sponding temperatures and dielectric constants are given below. Use the data to 
test the Debye-Hiickel limiting law, with particular reference to the effect of 
temperature and dielectric constant. 


te C D Y 
0° 88.15 0.967 

25° 9.53 0.398 

50° 15.37 0.675 


[Harned and Owen, ref. 1]. 


CHAPTER XVIII 
PARTIAL MOLAR PROPERTIES 


‘~42. DETERMINATION OF PARTIAL MOLAR PROPERTIES 


42a. Thermodynamic Significance.—The importance of partial molar 
properties will be evident from the many uses of these quantities that have 
been made in the preceding sections of this book. In the present chapter 
it is proposed to consider certain of these properties, such as the partial 
molar volume and heat content, and related matters, in somewhat greater 
detail. It may be pointed out that the treatment of activities given in 
Chapters XV and XVI is essentially a convenient method for studying 
partial molar free energies or, more correctly, partial molar free energies 
relative to the value in an arbitrary standard state. This may be seen by 
writing the equation u; = wi + RT In a; in the form 


RT In a; = u. — wt F. — Ft, 


since the chemical potential u is equivalent to the partial molar free energy 
F. The determination of the activity a; is thus equivalent to the evaluation 
of the partial molar free energy F. of the constituent 7 relative to that (F) 
in the chosen standard state. 

One significant aspect of partial molar properties is that represented by 
equation (26.6). If G. is the partial molar value of any property in a system 
containing n; moles of the constituent ⁊, then the total value G for the system 
is given by the sum of all the m. G, terms. For a system consisting of a 
single, pure substance the partial molar property is identical with the ordi- 
nary molar value. This result has often been used in the earlier treatment. 

Another aspect of partial molar volumes and heat contents, in particular, 
arises from the thermodynamic requirement that for an ideal gas mixture 
or for an ideal liquid solution, as defined for example in § 30a and § 34a, 
respectively, there is no change of volume or of heat content upon mixing 
the components. This means that the partial molar volume and heat con- 
tent of each substance in the mixture are equal to the respective molar values 
for the pure constituents. Any deviation of the partial molar quantity 
from the molar value then gives an indication of departure from ideal be- 
havior; this information is useful in connection with the study of solutions. 

42b. Apparent Molar Properties.—Although not of direct thermo- 
dynamic significance, the apparent molar property ! is related to the corre- 
sponding partial molar property, as will be seen below. The importance of 


1Cf. G. N. Lewis and M. Randall, “Thermodynamics and the Free Energy of Chemical 
Substances,” 1923, p. 35; J. Am. Chem. Soc., 43, 283 (1921). 
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the apparent. molar properties lies in the fact that they are usually capable 
of direct experimental determination in cases when the partial molar proper- 
ties are not. For this reason. apparent molar quantities are frequently em- 
ployed, particularly for the study of the thermodynamic properties of sys- 
tems of two components. In the subsequent treatment it will be assumed 
throughout that the svstems are of this kind, the two constituents being 
represented by the subscripts 1 and 2; when a distinction is possible, the 
solvent will be regarded as constituent L and the solute as constituent 2. 
If G is the value of a particular property for a mixture consisting of ni 
moles of constituent 1 and n: moles of constituent 2, and Gi is the value of 
the property per mole of pure constituent 1, then the apparent molar value, 
represented by , of the given property for the component 2 is given by 


G = nıGı 


772 


ou = (42.1) 


In order to indicate the fact that the value of c as given by cquation (42.1) 
applies to the constituent 2, i.e., the solute, a subscript 2 is sometimes in- 
cluded. However, this is usually omitted, for in the great majority of cases 
it is understood that the apparent molar property refers to the solute. It is 
seen from equation (42.1) that ġa is the apparent contribution of 1 mole 
of the component 2 to the property G of the mixture. If the particular 
property were strictly additive for the two components, e.g., volume and 
heat content for ideal gas and liquid solutions, the value of ġa would be 
equal to the actual molar contribution, and hence also to the partial molar 
value. For nonideal systems, however, the quantities are all different. 

42e. Determination of Partial Molar Quantities: Direct Method. —In 
view of the definition of the partial molar property G; as 


G; = (57. j (42.2) 
n. JT, P. ni. 


an obvious method for its determination is to plot the value of the extensive 
property G, at constant temperature and pressure, for various mixtures of 
the two components against the number of moles, e. g., n2, of one of them, 
the value of ni being kept constant. The slope of the curve at any par- 
ticular composition, which may be determined by drawing a tangent to the 
curve, gives the value of Gz at that composition.? Since the molality of a 
solution represents the number of moles of solute associated with a constant 
mass, and hence a constant number of moles, of solvent, the plot of the 
property G against the molality can be used for the evaluation of the partial 
molar property of the solute. Once Gz at any composition has been de- 
termined, the corresponding value of Gi is readily derived by means of the 
relationship G = mG1 + nGe. 

2 For methods of determining partial molar properties, see ref. 1; sec also, Young and 
Vogel, J. Am. Chem. Soc., 54, 3025 (1932). 
wae J. Am. Chem. Soc., 47, 793 (1925); Gucker and Brennen, ¢bid., 54, 886 

sw 
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In view of the difficulty of determining the exact slope of the curve at 
all points, it is preferable to use an analytical procedure instead of the 
graphical one just described. The property G is then expressed as a func- 
tion of the number of moles of one component, c.g., the molality, associated 
with a constant amount of the other component. Upon differentiation with 
respect to n, i.c., the molality, an expression for the partial molar property 
is obtained. 


Problem: At concentrations exceeding 0.25 molal, the volume of a NaCl 
solution, per 1000 g. of water, at 25° C is given by 


V = 1002.9 + 16.40m + 2.5m? — 1.2m ml. 


The molar volume of pure water at 25° C is 18.069 ml. mole“. Derive general 
expressions for the partial molar volume and the apparent molar volume of sodium 
chloride in aqueous solutions, and compare the values for a 1 molal solution. 


The partial molar volume is given by 


a wW 
; One / 7. I. ni m Jr. v 


and hence, utilizing the expression for V, 
52 = 16.40 + 5.0m — 3.6m? ml. mole. 


In a 1 molal solution, therefore, V2 is 17.8 ml. mole. 
The apparent molar volume ¢y is given by equation (42.1) as 


i 8 V — (1000/18.016)V, 
JJ r 


Ne m 


since ni is equal to 1000/M,, where Mi, equal to 18.016, is the molecular weight 
of the solvent, i.e., water, and nz is m, the molality. Consequently, utilizing 
the expression for V and taking Vi as 18.069, it follows that 


Y = 16.40 + 2.5m — 1.2m? ml. mole, 


and hence in a | molal solution the apparent molar volume is 17.7 ml. mole. 


AH. From Apparent Molar Properties.—A method that is often more con- 
venient and accurate than that described above, makes use of the apparent 
molar property. It is seen from equation (42.1) that 


G — mG = neo, 


and if nı is maintained constant, so that niG, is constant, differentiation 
with respect to n2, constant temperature and pressure being understood, gives 


(E) 2, (2% 
-( ee 


i= (=) PA (42.4) 


430 PARTIAL MOLAR PROPERTIES 42c 


Since the molality m is equivalent to nz, with ni constant, equations (42.3) 
and (42.4) may be written as 


G. =m ate + 60 (42.5) 
and 
_ doga 
* dinm m + da, (42.6) 


respectively. If the apparent molar property e is determined for various 
values of ns, with nı constant, or at various molalities, the partial molar 
property Gz can be calculated from the slope, at any given composition, of 
the plot of ġa against nz (or m) or against log ns (or log m). The method 
based on the use of equation (42.3) or (42.5) is usually more accurate than 
that involving the logarithmic plot, since it does not give undue importance 
to results obtained in dilute solutions. An analytical method can, of course, 
be used in place of the graphical procedure if ġa can be expressed as a func- 
tion of n: or of the molality. 

For use in a later connection, an alternative form of equation (42.5) is 
required and it will be derived here. The right-hand side of this equation 
is equivalent to d(m¢q)/dm, that is, 


demo) = ¢ 


dm i 


and upon integration, m varying between the limits of zero and m, and moo 
between zero and mdz, it is found that 


For dilute solutions, the molality is proportional to the molar concentration 
c, and hence it is permissible to put this result in the form 


% = | [ Gade. (42.7) 
CJo 
Method of Intercepts.— The method of intercepts is useful in many 
instances, especially as it gives simultaneously the partial molar properties 
of both constituents of a binary mixture of any composition. Let d repre- 
sent the mean value of a particular extensive property per mole of mixture, 
so that the observed value of the property G for the system is given by 


G = (nı -+ na)G. 
Differentiation with respect to ns, at constant ni, constant temperature and 
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pressure being understood, then gives 


a= (ia), T 1 Hao (S), 


The mole fraction Ni of the component 1 is defined by 


Nı 
L 
N1 + ne 


Nı = 


and differentiation of this expression, keeping ui constant, gives 


n dne — N dne 


(nı + n2)? ni ＋ ne’ 


that is, 
m tn a M, 
dna dNı 
Utilizing this result, 


0a 
(nı + m) (=. 2) = TAR (=) 


and upon 8 in equation 
(42.8), it follows that 


Gz = , (2). 
ON1 nı 


The value of da/dNı is indepen- 
dent of the method whereby NI is 
varied, and hence it is unneces- G 
sary to postulate nı constant; 
consequently, it is possible to E 


write 
o eee Ges) > 
dni C 


The values of the mean molar 
property d for mixtures of various 4 Ni 
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(42.8) 


B 


compositions are plotted against pd. 33. Partial molar quantities by method 


the mole fraction NI, as shown in of intercepts 
Fig. 33. Let O be the point at 


which the partial molar property is to be determined; at O draw the 
tangent CD and the horizontal line EF, parallel to the base line 4B. 
The slope of CD is da/dni, and so CE is equal to NiC(dd/d Ni) at O. Since 
AE is the value of d at that point, it is evident from equation (42.9) that 
the distance AC gives the partial molar property Ge. In an exactly similar 
manner it can be shown that BD is equal to Gi for the mixture whose 
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composition is represented by the point O; hence, both Gi and Hz are obtained 
at the same time. 


AV. General Methods.—In the methods described above for the determination 
of partial molar quantities, it has been tacitly assumed that the property G is 
one which is capable of experimental determination. Such is the case, for ex- 
ample, if G represents the volume or the heat capacity. However, if the property 
under consideration is the heat content then, like the free energy, it cannot be 
determined directly. In cases of this kind modified methods, which involve 
measurements of changes in the property, rather than of the property itself, can 
be used. It should be pointed out that the procedures are quite general and they 
are frequently adopted for the study of properties susceptible of direct measure- 
ment, as well as of those which are not. 

If nı moles of constituent 1 and nz moles of constituent 2 are mixed, the ob- 
servable change AG in the property G is given by 


AG = G — (niG, + nore), (42.10) 


where G is the value of the property for the mixture, and Gi and Gz are the molar 
properties for the pure substances. The change AG upon mixing can be deter- 
mined experimentally, even though G cannot. For u series of mixtures, in which 
nı is maintained constant while ns is varied, the change in the property per mole 
of constituent 2 is AG/nz, and equation (42.10) may be written as 


no AG/n2) = G = (mG, + n). 


Upon differentiating with respect to nz, with nı constant, the constancy of tem- 
perature and pressure being understood, the result is 


0(AG/n2) l ae AG 


EPP = (42.11) 


G2 — G2 = m | 
This equation is seen to be similar to (42.3), and the values of G62 — Gz can be 
derived in an analogous graphical manner from the plot of AG/nz against na, with 
ni constant. An equivalent relationship can be employed to obtain G, — Gi. 
An alternative procedure is to divide both sides of equation (42.10) by nı + ne; 
thus, 
Ac =G — (NG, + NG), (42.12) 


where Ad is the change in the property upon mixing the constituents, per mole of 
mixture. As before, d is the value of the property itself per mole, and Ni and N: 
are the mole fractions. By differentiating equation (42.12) with respect to Ni, 
with temperature and pressure constant, and bearing in mind that Ne is equal to 
1 — Ni, it is possible to derive an expression for Ni(dd/dN i) which, upon insertion 
into equation (42.9), gives 

G, == Ga = AG — NI d) 


dN i 


(42.13) 


This expression is seen to be similar to equation (42.9), and hence the method of 
intercepts can be applied to the plot of Ad against Ni, for various mixtures, in 
order to obtain dz — Gz and G, — Gi for any composition. If Gi and G2 are 
known, as would be the case if G represented the volume, then Gi and Q: can also 
be determined. 
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When Ni is zero, i.e., pure 2, and Ne is unity, i.e., pure 1, Aa must be zero; 
the plot of Ad against Ni is thus of the form shown in Fig. 34 if Ad is positive, e.g., 
heat of mixing of ethyl iodide and ethyl acetate. If Aa is negative, the curve is 
similar in form but it lies on the other side of the Ni-axis. Another possibility is 
that Aa is positive when one constituent is present in excess, and negative when 
the other is in larger proportion.‘ 


CC 
AG 
Gr G, 
N,=0 Mole Fraction N,=1 


Fig. 34. Generalized method of intercepts 


It is frequently more convenient to determine the partial specific proper- 
ties, defined in terms of grams instead of moles, of the constituents of a 
solution, and then to multiply the results by the respective molecular 
weights to yield the partial molar properties. Any of the methods described 
above may be adapted for this purpose. The value of the property G or 
of AG per mole is replaced by the valuc per gram, and N or n, the mole 
fraction or number of moles, is replaced by the corresponding gram fraction 
or number of grams, respectively. 


43. PARTIAL MOLAR VOLUMES 


“Ga, Partial Molar Volumes from Density Measurements.—A conveni- 
ent form of method I for determining partial molar volumes in liquid solu- 
tions is based on density measurements at a number of different concentra- 
tions. Consider a solution containing nı moles of solvent of molecular 
weight Mi to 1 mole of solute of molecular weight Ma in a total volume of 
V liters; then its density p is given by 


_ mM, + Me 
10007 

so that 

_ 1000pV — M: 

= —— o 


4 Sosnick, J. Am. Chem. Soc., 49, 2255 (1927); R. F. Newton, private communication. 
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Upon differentiating, at constant temperature and pressure, the result is 


d 1000(pdV + Vdp) 
nı = rs | 


and hence 


dmi 1000[ + V(dp/dV)] 


Since the value of dV /dn, refers to a constant amount, viz., 1 mole, of the 
constituent 2, it is equivalent to (3V /ðnı)r, P. , and hence to Vi, so that 
equation (43.1) gives the value of the partial molar volume, in liters, of 
constituent 1. In order to use this expression, V on the right-hand side is 
replaced by 1/c, where c is the concentration in moles per liter, so that 


7 -—__ MV 
10001 — de 


since V(dp/dV) is equal to — c(dp/dc). To evaluate Pi it is necessary, 
therefore, to determine the density of the solution at various concentrations, 
and to plot the results. The slope at any point gives the required value of 
dp/dc, and this, together with the density, can then be inserted in equation 
(43.2), so as to obtain the partial molar volume of the constituent 1. An 
expression for V2, similar to equation (43.2), and involving dp/dc, can be 
derived in an analogous manner. 

43b. Liquid Mixtures.—When two liquids which form an ideal solution 
are mixed there will be no change of volume, and the partial molar volume 
of each constituent will be equal to its 
ordinary molar volume, as indicated 
earlier. If a solution exhibits positive 
deviations from Raoult’s law (§ 35a), 
there is usually an increase of volume 
upon mixing, and the partial molar 
volume of each substance is greater than 
its molar volume in the pure state. This 
may be attributed to the mean attractive 
force between the molecules in the mix- 
ture being smaller than for the con- 
stituents separately. In fact, the same 
0 0.2 0.4 0.6 0.8 1.0 underlying cause is responsible. for the 


(43.2) 


Mole Fraction of Water 
1.0. 0.8 0.6 0.4 0.2 0 


Mole Fraction of Ethanol increased vapor pressure, i.e., positive 
Fia. 35. Partial molar volumes in deviations, and the volume change. For 
water- ethanol mixtures a system which shows negative deviation 


from Raoult’s law, the attractive force in 
the mixture is greater because of the net attraction of the two molecular 
species; this results in a lowering of the vapor pressure and a decrease of 
volume. Negative deviations from ideal behavior are thus, in general, asso- 
ciated with partial molar volumes that are less than the respective molar 
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volumes. An illustration of a system of this type is provided by the results 
in Fig. 35, which give the partial molar volumes of water and ethanol in mix- 
tures of these two liquids. The results for the alcohol are of particular 
interest, since they show a steady decrease, followed by an increase in dilute 
solution, when the mole fraction is less than 0.1. The interpretation of 
these facts is of considerable interest although it lies outside the immediate 
scope of thermodynamics. 


43c. Solutions of Electrolytes.— Because of the thermodynamic relationship 
between the partial molar volume and the partial molar free energy (chemical 
potential) it is possible to develop a theoretical treatment of partial molar volumes 
of electrolytes by means of the Debye-Hückel concept.“ According to the arg u- 
ments in Chapter XVII, the mean activity coefficient given by the Debye-Hiickel 
limiting law, e.g., equation (40.14), represented by Yp.u., is determined solely by 
the electrostatic forces between the ions in the solution at constant temperature 
and pressure. Strictly speaking, the complete mean activity coefficient y+ should 
contain another factor, designated Yu. e., to allow for nonelectrical forces in the 
solution; this factor may be close to unity, but it will not necessarily be : lependent 
of temperature and pressure. Consequently, it is possible to write, in general, 

Y+ = Yp.H. X Tun. e. Or 
In Y+ = In p. n. + In Yun. e. (43.3) 

By equation (39.2), 

42 — Me = RT In Qe, 


where u? is the chemical potential of the electrolyte in its standard state, which is 
defined in terms of a reference state at 1 atm. pressure, and is consequently inde- 
pendent of the pressure. Replacing dz by (m+Y=+)’”, in accordance with the treat- 
ment in § 39a, it is seen that 


pe — u? = vRT ln ma + HT In , (43.4) 


y being the total number of ions produced by the dissociation of one molecule of 
solute. If equation (43.3) is substituted into (43.4), and the resulting expression 
differentiated with respect to pressure, at constant temperature and composition, 
recalling that, by equation (26.26), (0u2/0P)7,n is equal to V2, whereas u$ is inde- 
pendent of pressure, it is found that 


ð In D. II. ae ð In Vn. c. ‘ 
vRT (AA) al 72 — pRT 55 07 (43.5) 


As the solution approaches infinite dilution and the electrostatic forces become 
negligible, In Yp.n. approaches zero irrespective of the pressure; that is to say, 
as m tends to zero, the left-hand side of equation (43.5) becomes zero, and hence 


ð İn Yn.e. _ 7 
* 55 Yaw?! as m— 0, 
where 7: is the partial molar volume of the solute at infinite dilution. Although 
this result ig strictly applicable only at infinite dilution, it may be assumed to 


5 Adapted from Lewis and Randall, ref. 1, p. 40. 
s Redlich and Rosenfeld, Z. phys. Chem., A155, 65 (1931); R. F. Newton, private 
communication. 
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hold in the same region as does the Debye-Hückel limiting law, and hence substi- 
tution in equation (43.5) gives 


_ ô In Yp.H. _ ô log Yp.n. 
Va — ‘VE = RT (Cae a = 2.303»RT ( . ) (43.6) 


The Debye-Hiickel equation (40.11) for log ., for a single ion, may be com- 
bined with (40.13) to give an alternative expression for the mean ionic activity 
coefficient represented here by the symbol p. H.; thus (ef. Exercise 1, Chapter 
XVII), 

1.824 X 108 
„(OT) 70 
where v; is the number of ions of valence z; formed from one molecule of the solute 
in the solution. For the present purpose, that is, the evaluation of the partial 
molar volume of the solute, equation (43.7) is restricted to a solution containing a 


single completely dissociated electrolyte. In this case, the concentration c; of any 
ion is equal to ve, where c is the concentration of the solute in moles per liter, 


and hence 
u = c. z: = $c) vz, 


so that equation (43.7) becomes 


vt Vu, (43.7) 


log p.. 


_ 1.824 X 108 
V2v(DT)3!2 


This result may now be inserted into equation (43.6) and the differentiation 
carried out, at constant temperature and composition; taking R as 8.314 X 107 
ergs deg.~! mole, it is found that 


2.469 X 10" 1/3 óD 1 57 — 
papim (vet) l 5 5 Y T 55), ve. (43.9) 


Attention may be called to the presence of the term (d // P) r / V; this arises 
because the concentration is inversely proportional to the volume, and the latter 
varies with the pressure, at constant temperature. Actually, — (G // P) r / V is 
the compressibility of the solution, but since equation (43.9) can apply only to 
dilute solutions, it may be regarded as the compressibility of the solvent, and 
hence is known. The dependence of dielectric constant upon pressure, which is 
required for the value of (0D/0P),7, has not been studied to any extent except for 
water as solvent, and even in this case the results are not too reliable. Taking 
the compressibility of water as 45 X 1072 (dyne em. 2) and (0D/d0P)7r/D as 
47 X 1072 (dyne em. 2) at 25 °C, with D equal to 78.54, equation (43.9) reduces to 


log vp. n. = (Drei) Ve. (43.8) 


72 — 7 = 


52 — 72 = 0.99( CY. 22) / Ve ce. molc-1, (43.10) 
for dilute aqueous solutions at 25° C; hence, 
Va = Y+ 0.99 (Cy. 22) 0 V cc. mole“. (43.11) 


Problem: Derive an expression for the partial molar volume of Bal: in dilute 
aqueous solution at 25° C. 

For BaCl, v} = 1, z} = 2, and r- = 2, 2. = 1; hence L: [(I X 2) 
+ (2 X 13)] = 6, so that (Lv. 2) = 62 = 14.7. From equation (43.11), 
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therefore, F 
Va = 1% + 0.99 X 14.7 ve 


= 7 + 14.6Vc cc. mole-. 


The accuracy of equation (43.11) may be tested by plotting the experimental 
values of Pz, the partial molar volume of the solute, at various concentrations 
against Vc; the results should approach a straight line of slope 0.99 (C:) /2 in 
dilute aqueous solution at 25° C. A simpler method, however, is to derive an 
analogous relationship involving the apparent molar volume, for this can be ob- 
tained more readily from the experimental data. The general equation (42.7), for 
dilute solutions, in the present case takes the form 


n . f ° ade. (43.12) 


If the expression for V2 given by equation (43.11) is now introduced, it follows 
directly that 


pv = oF + FX 0.99 i23)*?-Ve 
= G + 0.66( CY.) 02 Ve ec. molet. (43.13). 


The verification of this equation requires accurate measurements of density 
of aqueous solutions at high dilutions, and so not many data are available for the 
purpose. From such information as is available, however, it appears that the 
limiting slope of the plot of the apparent molar volume of an electrolyte solute 
against the square root of the molar concentration is approximately equal to 
0.66 (L.:) / 2, as required by equation (43. 13). 

Attention may be called to the interesting fact that for a large number of salts 
the apparent molar volume in aqueous solution is a linear function of the square 
root of the molarity at concentrations exceeding about 0.25 molar up to quite high 
values. The slope of this line, however, is specific for each electrolyte, whereas, 
according to equation (43. 13), in dilute solution, it should be dependent only on 
the valence type of the solute. In general, the slope at high concentrations differs 
from the theoretical limiting Debye-Hiickel slope as given by equation (43. 13). 8 


44. PARTIAL MOLAR THERMAL PROPERTIES 


446. Relative Partial Molar Heat Contents. The partial molar thermal 
properties, namely, heat content and heat capacity, are of particular interest, 
as well as of practical importance, as will be seen from some of the examples 
to be given below. In accordance with the general definition (§ 26a), the 
partial molar heat content of any constituent of a solution is represented by 


C). 
On: r. P. . 


7 Redlich, J. Phys. Chem., 44, 619 (1940); Redlich and Bigeleisen, Chem. Rev., 30, 
171 (1942). 

8 For review, see H. S. Harned and B. B. Owen, The Physical Chemistry of Electrolytic 
Solutions, 1943, pp. 250 et seq.; also, Gucker, Chem, Rev., 13, 111 (1933). 
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the amounts of all the constituents, except n,, being constant. As indicated 
earlier, since it is not possible to determine absolute values of the heat con- 
tent H of any system, it is the practice to consider values relative to the 
reference state chosen in connection with the definition of activity (§ 37b), 
viz., pure liquid at 1 atm. pressure for the solvent (constituent 1) and the 
infinitely dilute solution at 1 atm. for the solute (constituent 2). 

For the solvent, the standard state and the reference state are identical, 
on the basis of the ‘usual convention, and 5 the molar heat con- 
tent in the reference state may be represented by Hi. The partial molar 
heat content of the solvent in any solution relative to the heat content in 
the reference state is then Hi TR. this quantity i is called the relative partial 
molar heat content of the solvent, and is represented by the symbol Li, 
so that in any solution 

LI = H, — HI. (44.1) 


For the sake of consistency, a slight modification is sometimes made in this 
expression. The partial molar heat content of the pure solvent, i. e., 
which is the same as in a solution at infinite dilution, is, of course, identical 
with the molar heat content of the pure solvent, i. e., Hi = HÌ; hence, 
equation (44.1) may be written 


For the solute, the reference state is the infinitely dilute solution, and 
although this is not the same as the standard state, the partial molar heat 
contents are the same in both cases (§ 37d). The reference value, which is 
the partial molar heat content of the solute at infinite dilution, can then 
be represented by the symbol Hz. The relative partial molar heat content 
Lz in any solution is thus given by 


L: = Hz — A. (44.3) 


It may be noted that with the ee states chosen above, Hi becomes 
identical with Hi, and Hz becomes identical with Hz, at infinite dilution. 
Hence, in an infinitely dilute solution, Li and Le are both zero. 

In accordance with the usual properties of partial molar quantities Jef. 
equation (26.6) ], the heat content of a system consisting of n, moles of 
constituent 1, and nz moles of constituent 2, is 


H = mH, + nelle, (44.4) 
and hence, by equations (44.2) and (44.3), 
— (mA + nzHz) = nil + nL. (44.5) 


The quantity iH + na; may be taken as the reference value of the total 
heat content of the solution, so that the left-hand side of equation (44.5) 
gives the total relative heat content, for which the symbol L is used. It 
follows, therefore, that 

L = nib * nals, (44.6) 


which is consistent with the general property of partial molar quantities. 
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44b. Heats of Solution and Dilution.—The partial molar heat contents 
are related to such experimental quantities as heats of solution and dilution, 
and hence these will be considered. If H is the heat content of a solution, 
as described above, and Hi and Ha are the molar heat contents of the pure 
solvent and solute,“ respectively, at the same temperature and pressure, the 
change of heat content upon mixing the constituents of the solution is then 


This quantity, divided by nz so as to give the value of AH per mole of solute, 
is the total or integral heat of solution at the given concentration (§ 121). 

If equation (44.7) is differentiated with respect to nz, while the tempera- 
ture, pressure and ni are maintained constant, it is found that 


ream], -(. 
One T, P, ny, On T, P. ny 


=F H, (44.8) 


since, by definition, the first term on the right-hand side is equal to H:. 
The quantity obtained in this manner is the partial or differential heat of 
solution of the solute; it is seen from equation (44.8) to be the increase of heat 
content per mole of solute when it ts dissolved in a large volume of solution at a 
particular concentration, so that there is no appreciable change in the latter. 

Another expression for the differential heat of solution of the solute may 
be obtained by adding and subtracting the term Hz at the right-hand side 
of equation (44.8); thus, 


Ho H = (Hz — HY = (H: — 2) 
= ls — Le, (44.9) 


where La is the relative partial molar heat content of the solute in the given 
solution, and Lz is the relative (partial) molar heat content of the pure solute, 
the reference state in each case being the partial molar heat content at 
infinite dilution. Since — Le is equal to H2 — Hz, it is evident from equa- 
tion (44.8) that it represents the differential heat of solution of the solute at 
infinite dilution. 

By differentiation of equation (44.7) with reference to nı, keeping 7, 
P and n: constant, the result, analogous to (44.8), is 


[2] = H, — H, 
T, P, ng 


On, 
= A, = H? or HI = Hi, (44.10) 


since in this case Hi, for the pure solvent, is identical with Hi and Hi. The 
left-hand side of (44.10), which is seen to be equal to the relative partial 
molar heat content Li of the solvent in the given solution, is called the partial 


* The quantity Hi is identical with H? and H;, but the same relationship does not apply 
to H;; the latter refers to pure solute, whereas Hz applies to infinite dilution. 
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or differential heat of dilution.“ Jt may be defined as the chung of heat 
content per mole of solvent when t is added to a large volume of the solution at 
the given concentration. 

The integral heat of dilution * is the change of heat content, per mole of 
solute, when a solution is diluted from one specified concentration to another. 
By Hess’s law, i.e., by the first law of thermodynamics, the integral heat 
of dilution must be equal to the difference of the integral heats of solution in 
the initial and final states. If the dilution is carried out by means of an 
infinite amount of solvent, so that the final solution is infinitely dilute, the 
heat change is referred to as the integral heat of dilution to infinite dilution. 

Ac. Relative Apparent Molar Heat Contents.— If $1 is used to represent 
the apparent molar heat content of the solute, then by equation (42.1), 
H = nH 9 


ou = „ (44.11) 


where Hf is used, as before, in place of HI, for the molar heat content of the 
pure solvent; hence, 


H = im naoh. (44. 12) 
At infinite dilution, equation (44.4) becomes 
Ho = ni? + nl, (44. 13) 
and at the same time the general equation (44.12) takes the form 
= mH? + n}, (44.14) 


where 6½ is the apparent molar heat content of the solute at infinite dilution. 
Comparison of equations (44.13) and (44.14) then shows that 


i $% = H}, (44.15) 


so that the apparent and the partial molar heat contents of the solute are 
‘identical at infinite dilution.f[  _ 

By equation (44.12), H — n,H¥ is equal to nzby, and since, by (44.15), 
nach is equal to nH, it follows that 


H — (mH§ + neH’) = ned — naoh, 


and nence, by (44.5), 


mili + nebe = nz — h) 
= N2 L, (44.16) 


where the relative apparent molar heat content of the solute, i.e., or — on; 
is represented by GZ. This quantity. as will be seen below, is equal in 


* Heats of dilution are sometimes considered as heats of solution of the solvent, to indi- 
cate that there is no essential difference between the solvent and solute. 

t This result is of general applicability; thus G = G, for infinite dilution at any con- 
stant pressure. In equation (44.15) the implied pressure is that of the . state, 
i. e., 1 atm. (cf. § 44a). 
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magnitude but opposite in sign to the (integral) heat of dilution to infinite 
dilution per mole of solute, as defined in § 44b, for a solution consisting of n: 
moles of solvent and nz moles of solute. 

44d. Heats of Dilution to Infinite Dilution.— When n: moles of solute are 
dissolved in an infinite amount, i. e., © moles, of solvent, the heat content 
of the infinitely dilute solution, i.e., H', is given by equation (44.4) as 


Ho = œ Ë? + nH}, (44.17) 
the partial molar heat contents being Hi and Hz, for solvent and solute, 


respectively. For a solution consisting of n, moles of solvent and ne moles 
of solute, the heat content H is [ cf. equation (44.4) ] 


H = ni, + må. | (44.18) 


If «© — nı moles of solvent are added to this solution, it will become identical 
with the one just considered, i.e., n moles of solute in an infinite amount of 
solvent; the change of heat content is then the heat of dilution to infinite 
dilution. The heat content of œ — n, moles of solvent is ( — m1) H, and 
so the sum of the heat contents of the given solution and the infinite amount 
of solvent, before mixing, is mM, + n: + ( — n). The heat con- 
tent, after mixing, is given by equation (44.17), and hence the heat of dilu- 
tion to infinite dilution, represented by AH eo, is 


AH omo = (0 Fe + nll) site [mf + nz: + (20 a ni) Hi. 
ni(H — Hi) + n8? — Z:). (44.19) 
By the definitions of equations (44.2) and (44.3), this becomes 

AH..0 = — nil = naL, 


and hence, by (44.16), 
AH a0 = No L. (44.20) 


The value of AH. o is for the infinite dilution of a solution containing n: 
moles of solute, and consequently the integral heat of dilution to infinite 
dilution, per mole of solute, is equal — Sn, as stated above. 

The integral heat of dilution of any solution to infinite dilution can be 
determined experimentally. To measure the heat change accompanying 
the actual dilution of a given solution by an infinite amount of solvent is, 
of course, not practicable. The procedure employed is to dilute the given 
solution in stages by using finite amounts of pure solvent, or by adding a 
more dilute to a more concentrated solution. The heat content changes in 
the various states are additive, and from the results it is possible to derive 
the heats of dilution to increasing extents. The data obtained in this 
manner for the dilution of 0.1 molar sodium chloride solution to various 
final molarities c, at 25° C, are given in Table XXXV.” The values of 
AHo. 1 represent the heats of dilution, per mole of solute, of the 0.1 molar 
solution to the final concentration of c mole per liter. Extrapolation of these 


Robinson, J. Am. Chem. Soc., 54, 1811 (1982); Harned and Owen, ref. 8, p. 225. 
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values to infinite dilution, preferably by plotting A Ho. 1e Against Vc, gives 
— 83.0 cal. mole for AH. Io, the integral heat of dilution to infinite 
dilution. Hence for 0.1 molar sodium chloride at 25° C, the value of Gr, 
i.e., OH — 7, is 83.0 cal. mole. 


TABLE XXXV. HEAT OF DILUTION OF O. IN SODIUM CHLORIDE SOLUTION AT 25°C 


C AH 0. 1e AH c+0 
0.05 mole liter — 12.8 cal. mole — 70.2 cal. mole 
0.025 — 27.8 — 55.2 
0.0125 — 42.9 — 40.1 
0.00605 — 52.9 — 30.1 
0.00305 — 61.5 — 21.5 
0.00153 — 67.4 — 15.6 
0.00076 — 73.1 — 9.9 
0.00039 — 75.7 — 7.3 
0 (— 83.0) 0 


Once the integral heat of diluting a given solution, e. g., 0.1 molar, to 
infinite dilution is known, the values of $z for other solutions can be deter- 
mined much more easily. All that is necessary is to measure the total 
(integral) heat change accompanying the dilution of any solution to 0.1 
molar; upon adding the value of z for 0.1 molar, the result is 6 for the 
former solution. For solutions more dilute than 0.1 molar, the values of Gr, 
i.e., — AHoso per mole of solute, can be obtained by subtracting AHo. ic, 
which is determined experimentally, from AHo. 1, which may be regarded 
as known. 

The relative apparent molar heat contents of sulfuric acid (solute) in 
mixtures with water (solvent), for various compositions at 25° C, are re- 
corded in Table XXXVI. io It may be noted that when ¢z is positive, 
AH o is negative, and the dilution process is accompanied by the evolution 
of heat. It is seen, therefore, from Table XXXVI that heat is evolved 
upon the infinite dilution of sulfuric acid solutions at all concentrations down 
to the lowest studied, viz., 0.00108 molal. 

44e. Integral Heat of Finite Dilution.—The relative apparent molar heat 
content values in Table XXXVI give not only the heat changes accompany- 
ing infinite dilution of a particular solution, but also the change in heat con- 
tent for a finite dilution. This is, of course, merely a reversal of the pro- 
cedure described above for determining heats of dilution to infinite dilution. 
If a solution is diluted from molality m’ to molality m, the change of heat 
content per mole of solute is represented by 


AH m'm = AH m'o T AH mao 
=— (¢1 — ¢1), (44.21) 


where o and ¢z are the relative apparent molar heat contents of the solute 
at the molalities m’ and m, respectively. 
10 Calculated by Craig and Vinal, J. Res. Nat. Bur. Stand., 24, 475 (1940). 


* The relative partial molar heat contents Li and L: are also included in the table; 
they are derived from the z values, as explained in § 44f. 
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HEAT CONTENTS OF AQUEOUS SOLUTIONS OF SULFURIC ACID aT 25°C 


Molality Noles H:O $L dor, L. L; 
m Moles H:SO, cal. mole dm’? cal. mole cal. mole! 

0 00 0 33.0 X 10 0 0 
0.00108 51,200 1,160 30.8 0.01 1,665 
0.00217 25,600 1,540 29.8 0.03 2,234 
0.00434 12,800 2,080 27.4 0.06 2,889 
0.00867 6,400 2,900 17.74 — 0.13 3,725 
0.01734 3,200 3,480 12.74 — 0.26 4,318 
0.03469 1,600 4,040 8.28 — 0.48 4,811 
0.06938 800 4,550 5.24 — 0.91 5,280 
0.1388 400 5,020 3.32 — 1.54 5,638 
0.2775 200 5,410 1.64 — 2.16 5,842 
0.5551 100 5,620 0.72 — 2.68 5,888 
1.1101 50 5,780 0.54 — 5.70 6,065 
2.2202 25 6,070 0.82 — 24.4 6,681 
3.7004 15 6,550 1.40 — 89.8 7,896 
5.551 10 7, 300 1.98 — 233 9,632 
6.938 8 7,880 2.20 — 362 10,777 
9.251 6 8,800 2.25 — 570 12,222 
13.876 4 10,410 2.24 — 1,043 14,581 
18.502 3 11,660 2.06 — 1,477 16,089 
27.75 2 13,580 1.76 — 2,318 18,216 
55.51 1 16,720 1.27 — 4,731 21,451 
111.01 0.5 19,730 0.64 — 6,743 23,102 

00 0 (23,540) (0.00) (23,540) = L: 


Problem: What is the net amount of heat required to remove half of the water 
from a solution containing 1 mole of H2SQ, to 400 moles HzO at 25° C? 


The final solution will contain 1 mole HSO, to 200 moles H:O, and the heat 
which must be supplied is equal in magnitude but opposite in sign to the heat 
evolved upon diluting this solution to one containing 1 mole H.SO, to 400 moles 
HzO. The change of heat content accompanying the dilution in this case is given 
by equation (44.21) as — [G (for 200 Hz0/1 H: SO,) — z (for 400 H:0/ 1H: SO.) J. 
Hence, from Table XXXVI, 


AH = — (5,410 — 5,020) = — 390 cal. 
The heat required to remove the water is thus 390 cal. 


Problem: How much heat is evolved when 1 mole of H.SO, is added to 200 
moles HzO at 25° C? 


The process is here equivalent to dilution from an initial solution containing 
0H.0/1H.SO, to a final solution of 200 H: O/ 1 HzS0O04. Hence, by Table XXXVI, 
the value of AH is — [LG (for 0H;:0/1H2SQ,) — 1 (for 200H:0/1 H: SO.) ]; thus, 


AH = — (23,540 — 5,410) = — 18,130 cal. 


The amount of heat evolved is 18,130 cal. This is the integral heat of solution 
of the sulfuric acid in the solution. 


Although it is mainly of theoretical interest, there is a simple relationship 
between the integral heat of finite dilution AHm’»m and the corresponding 
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apparent molar heat contents 6% and & of the solute in the initial and final 
solutions. Thus, by definition [cf. equation (44.16) J, 

GL = G r and n = on — $n, 
the same reference value o being applicable in both cases. Inserting these 
expressions into equation (44.21), it is seen that 


44f. Determination of Relative Partial Molar Heat Contents.—A number 
of methods are available for evaluating the relative partial molar heat con- 
tents Li and Lz of the constituents of a solution. One of these makes use of 
the apparent quantities, such as those given in Table XXXVI. Since 


L = nil -+- nebe = NÆ, (44.23) 


by equations (44.6) and (44.16), it follows, upon differentiation with respect 
to nz, the temperature, pressure and number of moles nı of solvent being 


constant, that 
ôL 900 L 
— = l, = n (2 st ) ° 44.24 
(5). P, ai E Ra One JT, P. n, ( ) 


This result is identical with the general equation (42.3), and could, of course, 
have been obtained directly from it. Since nz in equation (44.24) may be 
replaced by the molality m, for this satisfies the condition that ni is constant, 
it follows that, at constant temperature and pressure, 


dr | 
dinm 


l, = L + M ia ce = GL + (44.25) 
By plotting GL against m (or log m), and determining the slope déz/dm 
(or d¢1/d log m) at any required molality, the value of L: can be found, as 
described in § 42c, II. 

For electrolytes, more accurate results are obtained by plotting $1, 
against mz; thus, utilizing the relationship 


dm = 2m dm’, 
it follows from equation (44.25) that 


7 doz 
dm” 


If the value of L: given by equation (44.24) is substituted in (44.23), 
it is found that 


L. = SL + —— (44.26) 


Ons 


Lae a (5. (44.27 
T. P. n, 


Further, if n: is replaced by the 8 then ni is equal to 1000/ Mi, where 
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Mi is the molecular weight of the solvent; hence equation (44.27) becomes 
= — . ; (44.28) 


at constant temperature and pressure. For a solution of an electrolyte, this 
is preferably written in the form 


3/2 
[Dres Mm? | dor | (44.29) 


It is thus possible to derive both Li and Lz from the slope of the plot of ¢z 
against m for a nonelectrolyte, or against m for an electrolyte.* The 
results obtained in this manner, for aqueous solutions of sulfuric acid, are 
included in Table XXXVI, above. 

In the procedure just described, both Li and Lz are obtained from the 
same data, viz., the relative apparent molar heat contents; other methods, 
however, give only Li or Ls, as will be seen shortly. If one of these quanti- 
ties is known, the other can be calculated by using a form of the general 
equation (26.8); thus, in the present case, at constant temperature and pressure, 


nid Li + nd. La = O, 
so that 


Gh Ss ds 
ny 


— mM, 
=— Foo0 dL. (44.30) 


Consequently, if n2/n (or m) is plotted against L: for various compositions, 
it is possible to evaluate Li by graphical integration (ef. § 38f). 

According to the results derived in § 44b, it is seen that Li is equal to the 
differential heat of dilution of the given solution. This may be obtained 
experimentally by determining the heat changes upon mixing a definite quan- 
tity of solute with varying amounts of solvent. If the results are plotted 
against the number of moles of solvent, the slope, i.e., [0(AH)/dni |r, P. n, 
at any concentration gives the differential heat of dilution, and hence Li, 
at that concentration [cf. equation (44.10) ]; this is equivalent to method I 
(S 42c). If the solute is a solid, this procedure is not convenient. The 
method that can then be employed is to take a solution of definite concen- 
tration and determine the heat change per mole of solvent, i.e., AH /ni, upon 
dilution with varying amounts of solvent. If these data are extrapolated 
to zero added solvent, the result is equivalent to the heat change accompany- 
ing the dilution of the solution by a mole of solvent under such conditions 
that the composition remains virtually constant; this is evidently the differ- 
ential heat of dilution of the given solution. An approximate value of this 


It will be evident that if either Li or L. is determined in this manner, the other could 
be obtained directly from equation (44.23). 
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quantity may be determined directly by adding a small amount of solvent 
to a solution, and assuming that the heat change per mole of solvent is equal 
to Li at a mean concentration between the initial and final compositions.“ 


Problem: Solve the first problem in § 44e by using the relative partial molar 
heat contents Li and Lz in Table XXXVI. 


The relative heat content L in the initial state is 400 LI + L: for the system 
400H20/ 1 HzS8 O,; this is (400 X — 1.54) + 5,638 = 5,022 cal. The final solution 
consists of 200 moles HzO and 1 mole H.SQug, and in addition there are 200 moles 
of pure H:O. Since pure solvent is the reference state, Li for the latter will be 
zero (cf. Table XXXVI), and hence L for the final state is 200L, + Lz for the 
system 200H,0/1H.SO,, i. e., (200 X — 2.16) + 5,842 = 5,410 cal. The change 
of heat content is thus 5,410 — 5,022 = 388 cal. Since the final state has a larger 
heat content than the initial state, 388 cal. must be supplied. (The small differ- 
ence from the result in § 44e is due to the use of two decimal places only in Li. It 
should be noted that since L is equal to nz, by equation (44.23), the method used 
here is identical in principle with that employed in the previous solution of the 
problem. The use of relative heat contents is, however, more fundamental.) 


Problem: Calculate the heat change when 1 mole of HSO, is added to a 
solution of 1 mole H2SO, in 400 moles HzO, using Table XXXVI. 


The relative heat content L in the initial state is equal to 400Z, + Lz for the 
solution 400 H:0/1 H:804, plus Lz for the pure H.SQ,; this is (400 X — 1.54) 
+ 5,638 + 23,540 = 28,562 cal. In the final state, L is 400L, + 2L. for the solu- 
tion 200H:0/1H:S0,, i.e., (400 X — 2.16) + (2 X 5,842) = 10,820 cal. The 
change of heat content is thus 10,820 — 28,562 = — 17,742 cal. (This problem 
could also be solved by using the & values in Table XXXVI.) 


44g. Activity Coefficients and Relative Partial Molar Heat Contents.—It was 
seen in § 39c that the variation of the activity coefficient with temperature 
is dependent upon Taz; this variation can be utilized, both directly and indi- 
rectly, to evaluate relative partial molar heat contents. By equation (26.25), 
LO (u,/ T) /d TIE. N = — H. / T2 for any constituent of a solution; hence, utilizing 
(43.4), for an electrolyte, in the form 


0 
T — T = yR In my, 


it follows, upon differentiation with respect to temperature, at constant pressure 


and composition, that 
Hz — : ð In yx 
je TR ( aT Jpn 


Since Hz — ÄH! is equal to Li, this is equivalent to 


1. r- E) aan 


u Randall and Bisson, J. Am. Chem. Soc., 42, 347 (1920); Randall and Rossini, ibid., 
51, 323 (1929); Rossini, J. Res. Nat. Bur. Stand., 6, 791 (1930); 9, 679 (1931); Gucker, J. Am. 
Chem. Soc., 61, 459 (1939). 
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or 


ð In Y 
Lı = — vR (5075 1 (44.32) 


By determining the mean ionic activity coefficient at several temperatures, e. g., 
from the elevation of boiling point at different pressures,“ the values of Lz at 
various concentrations may be calculated from the plot of In y+ (or log y+) against 
either T or 1/7. The relative partial molar heat contents of a few salts have been 
determined in this manner.“ 

The reverse of this procedure provides one of the main applications of the 
relative partial molar heat contents. If these are determined by means of thermal 
measurements, as described in § 44f, they can be employed to evaluate the ac- 
tivity coefficients at one temperature if those at another temperature are known 
(§§ 38c, 39c). 


Problem: Assuming Lz to remain constant, calculate the relative change in the 
mean ionic activity coefficient of 1 molal sulfuric acid solution from 0° to 25° C. 


Integration of equation (44.31) with La constant gives 


or L. 1 7 
5% 4.576% T T)’ 
where y and +’ are the mean ionic activity coefficients at T and T”, respectively. 


For Hz804, v is 3, i. e., 2H+ + S807, and by Table XXXVI, Lz for a 1 molal 
solution is close to 6,000 cal. Hence, 


1 7273 6,000 (273 — 273 


B „, 4.576 X 3 ( 273 X 298 


) = 0.134, 


so that Yyo73/Yyos = 1.36. (If allowance were made for the variation of Lz with 
temperature, using partial molar heat capacities given later (Table XXXVIII), 
a slightly smaller ratio, about 1.34, is obtained. The experimental value, derived 
from E. M. F. measurements, is 1.33. The variation of ys with temperature is 
unusually large, because Lz for sulfuric acid is considerably greater than for most 
electrolytes.) 


An indirect method of using equation (44.31) is based on the employment of 
E. M. F. measurements. For example, if the solute is a suitable electrolyte M, A,, 
the E. M. r. of a cell of the type M|Solution of M, A, A, referred to in § 39h, is, 
in the general case, 


E = EO — ad In ah. 


= pP — aua ma, 


NF 


where & is the number of faradays associated with the formation of 1 mole of the 
solute M, A, in the cell. Upon rearranging this result, and differentiating with 


* The variation of the activity coefficient with pressure is negligible. 
33 Smith, et al., J. Am. Chem. Soc., 61, 1123 (1939); 63, 1351 (1941). 
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respect to temperature, at constant pressure and composition, it is seen that 


aE ~ E/T) __ vk (dinys\ 
( oT Von NF ( oT Jox e 
Utilizing equation (44.31), it follows that 
L. = NFT? Gara ) (44.34) 
oT P,N 
= NFT (E7) — NF(E — Eh, (44.35) 
oT P. N 


which is a form of the Gibbs- Helmholtz equation (25.31), since L: is equal to 
A, — H: (cf. also, equation (45.3) ]. 

By means of equation (44.35), it is evidently possible to determine the relative 
partial molar heat content of an electrolyte by measuring the B. Mk. r. of a cell of 
the type mentioned above at several temperatures, so that the temperature coeffi- 
cient can be evaluated. This gives the first term on the right-hand side of equa- 
tion (44.35), and the second term is obtained from the actual £.M.F.’s.4 

The most convenient procedure, however, is to express the E. M. r. of the cell, 
with electrolyte at a given molality or molarity, as a power series function of the 
temperature; thus, 

ES a TUT TTT dT? +., (44. 36) 


where a, b, c, etc., are empirical constants. Similarly, the standard E. M. r. can 
be represented by an analogous expression 


ED = d ＋ e + oT? + do (44.37) 


If the temperature range is not too large, it is not necessary to proceed beyond 
three terms; hence, 


E-E (a — 9) 
T T 


Upon differentiating with respect to temperature and inserting the result in 
equation (44.34), it follows that 


Lı = — NF[(a — a) — (c — &)T?]. (44.38) 


The relative partial molar heat content of the solute can thus be determined at 
any temperature within the range in which equations (44.36) and - (44.37) are 
applicable. 

The relative partial molar heat contents of the constituents of a liquid metallic 
alloy can be obtained in an analogous manner by making use of cells of the type 
described in § 38e, viz., Metal A (liquid) | Fused salt of A] Solution of A in metal 
B(liquid). In this case the standard state is taken as pure liquid A, and, conse- 
quently, Æ’, the standard B. M. r., is zero; equation (44.34) then becomes 


O(E/T) 
NFT? (20), = La. 


18 Harned, et al., J. Am. Chem. Soc., 54, 423 (1932); 55, 2179, 4838 (1933); La Mer, et al., 
ibid., 55, 1004, 4343 (1933); Akerlöf, et al., ibid., 39, 1855 (1937); 62, 620 (1940); see also, 
Harned and Owen, ref. 8, Chapters 10, 11, 12 and 13. 


+ b de) + (e — &)T. 
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The values of LA for a series of compositions can thus be obtained by changing the 
proportion of A in the alloy electrode; the corresponding values of Ls can then be 
calculated by a suitable application of the equation (26.8), i.e., nadLa + ngdLp = O, 
as seen in § 44f.14 


44h. Determination of Heat of Solution of Solute.—In some cases, par- 
ticularly, when the solute is a liquid which is completely miscible with the 
solvent, e.g., sulfuric acid and water, or a gas that is very soluble, e. g., 
hydrogen chloride in water, it is possible to extrapolate the relative partial 
molar heat content Lz, i.e., Hz — Hz, to the value for the pure solute. This 
quantity is Hz — Hz, where Hz refers to the pure solute, and hence is 
identical with Lz defined in § 44b, and employed in equation (44.9). Inci- 
dentally, for the pure solute ni is zero, and hence, by equation (44.16) the 
corresponding value of La, in this case La, is equal to G. The figures on the 
last line of Table XXXVI were obtained by extrapolation of the ¢z values. 
Once Lz is known, the differential heat of solution of the solute at any 
composition can be calculated, since it is equal to Lz — Ls [ef. equation 
(44.9) ]; — Lz is itself equal to the differential heat of solution at infinite 
dilution, as seen in § 44b. 

An expression for the integral heat of solution can be derived in various 
ways; perhaps the simplest is to utilize equation (44.21). In this case the 
initial state m’ is the pure solute, so that ¢7, is identical with La, as found 
above; hence the integral heat of solution, to form a solution of molality m, 
is — (Le — $L) or 62 — Le, where G refers to the final molality. This 
procedure was actually used in the second problem in § 44e. 

When the solute is a solid having a limited solubility, then it is not pos- 
sible to obtain Le at all accurately by ex- 
trapolation of the z values, and another 
procedure is used. The solute, e. g., a salt, 
can invariably be obtained in the pure C 
state, and the integral heat of solution to 
a particular concentration can then be de- AH 
termined experimentally. By reversing the 
procedure just described, it is thus possible 
to evaluate Lz, provided z is known for 


the same concentration. Molality (m) 
Alternatively, the differential heat of Fie. 36. Deter wat oe ene 
solution [d(AH)/dnz],,, which is equal to ol solution 


Lz — Lz, may be obtained if the observed 
heat change AH, when m moles of solute (equivalent to nz) are added to a 
definite quantity, e.g., 1000 g. of solvent (equivalent to constant nı), is plot- 
ted against m, and the slope determined at any required composition (e. g., 
C, Fig. 36). If L. at this composition is available, then Lz may be derived 
immediately. 

11 See, for example, Strickler and Seltz, J. Am. Chem. Soc., 58, 2084 (1936); Selts, 
Trans. Electrochem. Soc., 77, 233 (1940). 
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It may be remarked that in dilute solution the heat of solution AH is 
usually a linear function of the molality (see Fig. 36); the integral heat of 
solution per mole, i.e., AH /m, is then equal to the differential heat of solution 
d(4H)/dm. Provided the solution is sufficiently dilute, therefore, the ex- 
perimental value of the former may be identified with — La, since this is 
equivalent to the differential heat of solution at infinite dilution. 


Problem: The integral heat of solution at infinite dilution per mole of KCl 
was found by extrapolation to be 4,120 cal. at 25° C. The integral heat of solution 
of 1 mole of KCl in 55.5 moles of water, to make a 1 molal solution, is 4,012 cal. 
From the slope of the plot of the heat of solution per mole of solute against the 
number of moles of solvent, the differential heat of dilution of 1 molal KCl solution 
is found to be 3.57 cal. mole l. What is the differential heat of solution of KCl 
in this solution? 


The integral heat of solution at infinite dilution may be identified with the 
differential heat of solution under these conditions, and hence — L: = 4,120 cal. 
mole. Further, for a finite solution, the integral heat of solution per mole of 
solute is GE — Lz (or L — Lz); this is 4,012 cal. mole for the 1 molal solution, 
so that G (or L) is — 108 cal. mole. The differential heat of dilution, 3.57 cal. 
mole, is Li; since L = nL, + nol, where ni is 55.5 and nz is 1 mole, Lz = 306 
cal. mole- 1. The differential heat of solution of the solute is Lz — Le, and hence 
in the 1 molal solution this is — 306 + 4,120 = 3,814 cal. mole of KCI. 


For a system consisting of two similar, miscible liquids, e.g., alcohol and 
water or benzene and toluene, it is neither necessary nor desirable to dis- 
tinguish between solvent and solute. The treatment for deriving heats of 
solution may be applied to either constituent. The fact that the pure liquid 
is chosen as the reference state for each substance is immaterial, for the 
results must be independent of the particular reference state. 


44i. Thermal Properties and the Debye-Hiickel Theory.—Since equation 
(44.31) relates the relative partial molar heat content of an electrolyte to the mean 
ionic activity coefficient, there is clearly a possibility of introducing the Debye- 
Hückel treatment.! Thus, inserting equation (43.8) * into (44.31) and carrying 
out the differentiation, allowing for the fact that c is inversely proportional to 
the volume, the result is 


2.469 X 100 
D/ 27172 


3 T ðD T ov 
299 1 his 5 5 le. 
(Ly. 2.) 20 +5 57 ＋ 35 oF ) „Ve ergs mole 


(44.39) 


For water at 25° C, (d D/d T) y, at atmospheric pressure, is — 0.3613 deg.—!, the 
dielectric constant D is 78.54, and the coefficient of cubical expansion (OV /0T) p/V 
is 2.58 X 10-4 deg. 1; the quantity in the large parentheses is thus — 0.346. 


% Bjerrum, Z. phys. Chem., 119, 145 (1926); Scatchard, J. Am. Chem. Soc., 53, 2037 
(1931); H. Falkenhagen, “Electrolytes,” 1934 (translated by R. P. Bell); Harned and Owen, 
ref. 8, p. 48. 

* By following the procedure used in § 43c it can be shown that in dilute solutions, at 
least, the nonelectrical factor in the activity coefficient is independent of temperature; hence, 
p. H. may be used for y+ when differentiating with respect to temperature. 


L 2 
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Consequently, dividing by 4.184 X 107 to convert the result into calories, equa- 
tion (44.39) becomes 


Lz = 255( Cy. 21) / Je cal. mole-. (44. 40) 


The quantity most easily determined experimentally is the integral heat of 
infinite dilution AH co; as seen in § 44d, the value per mole of solute is equal to 
— r, the relative apparent molar heat content of the solute at the concentration c. 
By utilizing a similar procedure to that employed in deriving equation (43.12), 
it is found that 


1 c 
a- . Las 
and hence, by (44.40), 


AHeso = 1 X 2550 Cv. 21) / 
= — 170 (Cy. 2) Ve cal. mole-. (44.41) 


The heat of dilution to infinite dilution, per mole of solute, should thus be propor- 
tional to the square root of the concentration, at least for dilute solutions. The 
slope of the plot of AH o against Ve should approach the limiting value of 
— 170( Cy.) / for aqueous solutions at 
25 C. The experimental results appear 
to be in general agreement with equation 
(44.41). Although the data are probably 
not precise enough to permit the exact verifi- 
cation of the theoretical slope, they show 
that equation (44.41) probably constitutes 
a satisfactory limiting approximation 
(Fig. 37). 0 

It is of interest to observe that the nega- 
live sign of AH,..9 means that the infinite 
dilution of a dilute solution of an electrolyte 
is accompanied by an evolution of heat. At 
higher concentrations, however, when the Fig. 37. Heats of dilution and the 
limiting equation (44.41) is no longer, even Debye-Hiickel limiting law 
approximately, applicable, the sign of the 
heat of dilution for many salts is reversed (cf. Fig. 37); heat is then absorbed 
when the solution is diluted to infinite dilution. 

Attention may be called to the fact that equation (44.41) can be derived from 
the Debye-Hückel treatment in an alternative manner, which is based on the 
same fundamental principles as that just described. In § 40a the deviation from 
ideal behavior, as represented by the activity coefficient, was attributed to the 
interaction of the ions, and the heat of dilution to infinite dilution may be ascribed 
to the same cause. The quantity AH so can thus be identified with — Hei. corre- 
sponding to Fei. evaluated in § 40c; these quantities are then related by a form of 
the Gibbs-Helmholtz equation [cf. (25.28) J, 


9 Fei. / T) 
— AH. = Ha, = — m | aft) | 


16 For reviews, see Lange and Robinson, Chem. Rev., 9, 89 (1931); Robinson and Wallace, 
ibid., 30, 195 (1942); Harned and Owen, ref. 8, pp. 223 et seq. 


AH, 49 cal. mole” l 
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If equation (40.6) for F. I. is inserted in this expression, and the differentiation per- 
formed, the result obtained, after making appropriate substitutions for (do D/d T) p, 
(8V/dT)p/V, etc., is found to be identical with (44.41). 


44j. Partial Molar Heat Capacities.—The heat capacity at constant 
pressure Cp of a solution containing nı moles of solvent and na moles of 
solute is given by 


the pressure and composition being constant. Upon differentiation with 
respect to nı, maintaining nz constant, it follows that 


Cp, = (=) wee f (44.42) 
T, P, ng 


Oni Tôn: 


where Cp; is the partial molar heat capacity, at constant pressure, of the 
constituent 1 of the given solution. The partial molar heat content Hi of 
this constituent is defined by 


A, = (2 ) 
: OM r. P. a, 


and hence differentiation with respect to temperature gives 


aH, oH 
(5) nð T = Cr, N 


the result being identical with Ci, by equation (44.42). The partial molar 
heat capacity of the solvent in any particular solution may thus be defined 
by either equation (44.42) or (44.43). Similarly, for the solute, i.e., con- 
stituent 2, 


_ (Cr oH, 
Crs = (£ ). P. a1 -(3 oT 5 (44.44) 
If equation (44.2) for the relative partial molar heat content, i.e., 
Lı = A, — Hi, 


is differentiated with respect to temperature, at constant pressure and 
composition, it follows that 
(1) 
oT 


(T)., - (T),, 
= Cp, — Ch, (44.45) 


where C%., identical with Cp: or C%,, is the molar heat capacity of the pure 
solvent or the partial molar heat capacity of the solvent in a solution at 
infinite dilution. Thus, Ci may be regarded as an experimental quantity, 
and if the variation of the relative partial molar heat content of the solvent 
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with temperature, i. e., (L/ YT) p. x, is known, it is possible to determine 
Cp, at the corresponding composition of the solution. The necessary data 
are rarely available from direct thermal measurements of LI, such as those 
described in § 44f, at several temperatures, but the information can often 
be obtained, although not very accurately, from E. M. y. measurements. 

By differentiating the expression for the relative partial molar heat 
content of the solute [equation (44.3) ] it is found, in an exactly similar 
manner to that used above, that 


. 
OT JPN OT /. N oT Jpn 
= Cp, — C%,. (44.46) 


In this expression C%, is the partial molar heat capacity of the solute in the 
infinitely dilute solution. Although the experimental significance of this 
quantity is not immediately obvious, it will be shown below to be capable 
of direct determination. Thus, from a knowledge of the variation of Zs, 
the partial molar heat content of the solute, with temperature, it should be 
possible to derive, with the aid of equation (44.46), the partial molar heat 
capacity of the solute Cya at the given composition. 


It was seen in § 44g that it is sometimes possible to express L. as a function 
of temperature by means of B. M.. measurements. In this event, the differentia- 
tion can be carried out so as to give Čp: Ch, directly. Thus, utilising equation 
(44.38), it follows from (44.46) that 


Cp, C = 2NF(c — c) T, 


which is applicable at the same concentration as are (44.36) and (44.37). In 
Table XX XVII a comparison is made of the relative partial molar heat capacities 
of hydrochloric acid in various solutions as obtained from E. M. v. and from thermal 
measurements; the corresponding values of the relative partial molar heat contents 
are also given.!’ 


TABLE XXXVI. THERMAL PROPERTIES OF HYDROCHLORIC ACID 
IN AQUEOUS SOLUTION AT 25°C 


L Cra — Che 


2 
Molality E. M. F. Thermal E. M. r. Thermal 

0.02 87 100 cal. mole! 1.5 — cal. deg. 1 mole! 
0.05 132 150 2.2 — 

0.10 181 203 2.9 2.4 

0.20 245 274 3.7 3.4 

0.50 396 431 5.3 5.3 

1.0 606 645 7.6 7.5 

2.0 1055 1056 11.2 10.6 

3.0 1506 1486 14.0 13.0 


It will be recalled that in connection with partial molar heat contents it 
was not possible to determine actual values, but only the values relatiye to 


17 See ref. 13. 
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a chosen reference state. However, with partial molar heat capacities, 
actual values can be obtained from experimental measurements at constant 
pressure (or volume), just as can the total heat capacity of the system. In 
fact, by determining the latter at various compositions, the partial molar 
heat capacity of each constituent can be evaluated by the method of inter- 
cepts (& 42c, III and IV). For solutes of limited solubility, e.g., electro- 
lytes, when heat capacity measurements cannot be made over the whole 
range of composition from pure 1 to pure 2, only one intercept, namely, the 
one which gives Cel, can be obtained. The corresponding Cya could then 
be estimated by the use of equation (26.8) and graphical integration. How- 
ever, because of the relatively low concentrations, in terms of mole fractions, 
the method of intercepts is not very accurate for solutions of salts. 

AAk. Apparent Molar Heat Capacities.— Another approach to the prob- 
lem of partial molar heat capacities is through a consideration of the respec- 
tive apparent quantities. In accordance with the usual definition [equa- 
tion (42.1) J], the apparent molar heat capacity of the solute is given by 


0 
Cp = nC h, 
N2 


oc = (44.47) 
where C%, has been written, for consistency, in place of C%,, the heat ca- 
pacity of the pure solvent; Cy is the experimental heat capacity of the solu- 
tion containing nı moles of solvent and nz moles of solute. In accordance 
with the general equation (42.3), therefore, 


Cre = dc +n (5 j (44.48) 


One 


constant temperature and pressure being understood. Utilizing the molality m 
in place of nz, in the usual manner, this becomes 


Cre = Ge +m 1 (44.49) 

By plotting the observed values of the apparent molar heat capacity against 

the molality, it is possible to determine d¢c/dm at any molality, and hence 

Cp: at that molality can be obtained from equation (44.49). This procedure 

is satisfactory for nonelectrolytes, but for electrolytes it is preferable to 

plot & as a function of m, as in & 44f; thus, equation (44.49) may be 
written 

m?’ 

Cra = ġe + 5 aoe. . (44.50) 

For solutions of electrolytes containing large proportions of solute, e.g., 

concentrated solutions of sulfuric acid, the plot of o against m/ gives less 

accurate results than does an alternative method. Utilizing the fact that the 

mole fractions Ni and Ns are equal to ni/(n1 + n:) and n:/(nı + nə), re- 

spectively, it can be readily shown that equation (44.48) can be put in 
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the form | 
Crs = bo + wins BE (44.51) 
dN z 
at constant temperature and pressure. The values of déc/dN: are then 
obtained from the plot of G against No, the mole fraction of the solute; thus, 
Ca can be obtained for any composition by means of equation (44. 51). 

It will be observed from equation (44.49) that at infinite dilution, when 
m is zero but d¢éc/dm is finite, Cyz must become equal to Go; hence (cf. 
equation (44.15) ], 

Chg = Ge. 
Since the value of the apparent molar heat capacity at infinite dilution may 
be obtained by the extrapolation of experimental data, it is thus possible, 
as indicated earlier, to determine C}, the partial molar heat capacity of the 
solute at infinite dilution. 

The foregoing treatment permits the calculation of the partial molar heat 
capacities of the solute; it will now be shown how the values for the solvent 
may be obtained from the same data. By combining equations (44.47) and 
(44.48) with the general relationship for partial molar quantities, viz., 


Cp = niCp, + nC ps, 


where Cy is, as before, the observed heat capacity of the solution of the 
specified composition, and Cp, and Čr: are the partial molar heat capacities 
of solvent and solute in that solution, it is found that, at constant temper- 
ature and pressure, 
— 12 dc 
Ci = Ch, r (5 a ste) b (44.52) 
which is analogous to equation (44.27). As before, replacing ne by the 
molality, and nı by 1000/ MI, where Mi is the molecular weight of the sol- 
vent, equation (44.52) becomes 
Mm? 40 
e 
1000 dm 
and hence 
3/2 
F 


The former of these two equations may be used for nonelectrolytes and the 
latter for electrolytes. Since Ci is actually equal to the molar heat capacity 
of the pure solvent, its value may be taken as known. For solutions of high 
molality, better results are obtained by utilizing the equivalent form 


do 
Co, = Č 2222 
Pl Pı Na dn’ 
where Nz is the mole fraction of the solute.'® 


18 Randall and Ramage, J. Am. Chem. Soc., 49, 93 (1927); Randall and Rossini, ibid., 
32, 323 (1930); Rossini, J. Res. Nat. Bur. Stand., 4, 313 (1930); 6, 791 (1931); 7, 47 (1931); 
9, 679 (1982). 


— 
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The partial molar heat capacities of water (1) and sulfuric acid (2) at 
25° C, obtained as described above, are recorded in Table XX XVIII." 


TABLE XXXVII. HEAT CAPACITIES OF AQUEOUS SOLUTIONS OF SULFURIC ACID aT 25°C 


Molality _Moles H; $c Ori Üp: 
m Moles H:S0, cal. deg. 1 mole! 

0.0347 1,600 6.00 18.01 7.06 
0.0694 800 6.85 18.01 8.37 
0.1388 400 8.10 18.01 10.22 
0.2775 200 9.82 18.00 12.84 
0.5551 100 12.32 17.97 16.55 
1.110 50 15.85 17.90 21.78 
1.850 30 19.35 17.77 26.80 
3.700 15 22.40 18.04 22.01 
5.551 10 21.22 18.57 15.68 
6.938 8 19.85 18.88 12.92 
9.251 6 18.77 18.02 18.77 
13.876 4 20.15 16.46 26.39 
18.502 3 22.20 15.33 30.26 
27.753 2 26.03 12.51 37.05 
44.406 1.25 31.52 9.92 41.64 
55.51 1.00 33.16 15.09 36.08 
85.62 0.6483 32.40 22.94 29.21 
188.51 0.2976 31.40 17.96 31.42 
388.70 0.1428 31.68 14.23 32.22 
o 0 32.88 2.94 32.88 


Attention may be called to the remarkable variations in these quantities 
with the composition, particularly the sharp drop of Cp; from about 18 to 
9.9, followed by a rapid increase to over 20 cal. deg.—! mole—!, and the corre- 
sponding rise of Cra up to 41.6, followed by the decrease to 29 cal. deg.— 
mole, in the region of 50 molal. This composition corresponds closely to 
equimolecular amounts of water and sulfuric acid, and suggests the forma- 
tion of a strong complex, viz., H2SO,.H:.0. The other, minor, variations 
must also have a definite chemical significance, but their consideration lies 
outside the scope of this book. It may be mentioned, however, that these 
variations are not evident in the total heat capacity of the mixture; they 
become apparent only when the results are treated thermodynamically so 
as to give the respective partial molar quantities. 


Problem: A solution of 2 moles of HSO, to 100 moles H: O at 30° C is mixed 
with one containing 1 mole of H.SO, to 200 moles H:O at 25° C. Assuming the 
heat capacities to remain constant, and ignoring losses due to radiation, etc., 
what will be the final temperature? 


The problem is here somewhat similar to that involved in the determination 
of flame temperatures in §§ 13a, 13c. The simplest procedure is to bring the 
initial solutions to the reference temperature, 25° C, and allow them to mix at 
this temperature; from the net heat ; change, the temperature of the final solution 
can be calculated. 


19 Calculations by Craig and Vinal, ref. 10 from data that are probably not too reliable. 
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For the solution of 2 moles H, SO, to 100 moles H:O, i.e., 50H:0/1H:SO,, 
Cp is 1000p; + 20. = 100 X 17.90 + 2 X 21.78 = 1,833.6 cal. deg. 1 (from 
Table XXXVIII). Hence, if this is cooled from 30° to 25° C, AH is — 5 X 1,833.6 
= — 9,168 cal., assuming Cp to remain constant. The other solution is already 
at 25° C, and for this AH is zero. 

Since L is equal to nz, by equation (44.23), the relative heat contents of the 
initial solutions at 25° C are 26 for 50 H: O/ 1 H: SO. plus S for 200H:0/1HSO,, 
i. e., 2 X 5,780 + 5,410 = 16,970 cal. (from Table XXXVI). The final solution 
contains 3 moles of H: SO. and 300 moles H: O, so that the relative heat content is 
30 L for 100H:O0/ 1H: SO,, i.e., 3 X 5,620 = 16,860 cal. Hence AH for mixing is 
16,860 — 16,970 =— 110 cal. The total AH for cooling and mixing is thus 
— 9,168 — 110 = — 9,278 cal. 

This value of AH must be equal in magnitude but opposite in sign to that re- 
quired to heat the final solution to the final temperature. The heat capacity of 
the solution is 300 X 17.97 + 3 X 16.55 = 5,441 cal. deg.'. Hence, the increase 
of temperature, above 25° C, is 9,278/5,441 = 1.71°; the final temperature is, 
therefore, 26.71° C. 


441. Heat Capacities and the Debye-Hiickel Theory.—By combining the 
general equation (44.46) with the expression for Lz [equation (44.39)] derived 
from the Debye-Hiickel theory, it is found that for a solution containing a single 
strong electrolyte, 


14 
or. — Oy = 55 (Eva, V, 7) r ers deg. mole-t, (44.53) 


where f(D, V, T) is a somewhat complicated function involving the first and second 
derivatives of D and V with respect to temperature, at constant pressure. These 
quantities are known only approximately, but for aqueous solutions at 25° C, 
equation (44.53) becomes, after conversion to calories, 


Cp, — Ch, = 4. 7 (CL:) / Vc cal. deg. 1 mole”. (44.54) 


From this result, it is possible to obtain, by means of an equation of the form of 
(42.7), an expression for the apparent molar heat capacity; thus, 


oc = G + 1 X 4.7 (Cr :) e cal. deg. mole. (44.55) 


It is doubtful if heat capacity measurements of sufficient reliability have yet 
been made in solutions dilute enough for equations (44.53) to (44.55) to be ap- 
plicable. It cannot be said, therefore, that the Debye-Hückel limiting law for 
heat capacities of electrolytes has been adequately tested. Such a test, involving 
as it does two successive differentiations with respect to temperature of the Debye- 
Hiickel equation for the activity coefficient (or electrical free energy), would be 
extremely stringent.2° It may be mentioned that, as in the case of the apparent 
molar volume, both the apparent and relative molar heat capacities have been 
found to vary in a linear manner with the square root of the concentration in the 
range from about 0.2 to 3.0 molar. The slope of the plot of the heat capacity 


function against Ve is specific, varying even among electrolytes of the same valence 


20 Cf. Young and Machin, J. Am. Chem. Soc., 58, 2254 (1936); Wallace and Robinson, 
ibid., 63, 958 (1941). 
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type. The slopes are, of course, quite different from the limiting values required 
by the Debye-Hückel equations.” 


EXERCISES 


1. Derive an expression for Ñ: in terms of dp/dc, analogous to equation (43.2). 
The variation of the density of aqueous ammonium nitrate solutions with the 
molarity (c) at 25° C is given by 


p = 0.99708 + 3.263 X 10-%c — 9.63 X 1071c? — 4.73 X 10 g. ml. 


(Gucker, J. Phys. Chem., 38, 307 (1934) J. Determine the partial molar volume 
of the salt in a 1.0 molar solution. 

2. Show that if V is the volume of a solution consisting of m moles of solute 
in 1,000 g. of solvent (i.e., molality m), then 


P: = 1 (Ms — 46) 
p dm 


where M: is the molecular weight of the solute and Pa is its partial molar volume 
in the given solution. 

3. The apparent molar heat capacity of sucrose in water is given as a function 
of the molality by the expression 


oc = 151.50 + 1.130m — 0.0466m? cal. deg. - mole 


[Gucker, Pickard and Planck, J. Am. Chem. Soc., 61, 459 (1939) J. Derive 
expressions for Ci and Ca; C%, is 18.02 cal. deg.-! mole- 1. Calculate the heat 
capacity of a solution consisting of 1 mole of sucrose and 1,000 g. water. 

4, Give in full the derivation of equation (42.13). 

5. Prove that, in general, 6 = G, so that the apparent molar value of any 
property of a solution at infinite dilution is equal to the partial molar property of 
the solute in the same solution. 

6. When various numbers of moles (ni) of water were added to 9,500 g. of a 
2.9 molar solution of strontium chloride at 25° C, the observed changes of heat 
content were as follows: 


11 37.2 30.0 27.7 20.0 10.0 moles 
AH — 129.8 — 113.3 — 109.2 — 86.3 — 48.5 cal. 


[Stearn and Smith, J. Am. Chem. Soc., 42, 18 (1920) J. Evaluate the differential 
heat of dilution, i. e., Li, of the 2.9 molar strontium chloride solution. 

7. The mean ionic activity coefficient of 1 molal sodium chloride was found 
to be 0.641 at 80°, 0.632 at 90° and 0.622 at 100° C [Smith and Hirtle, J. Am. 
Chem. Soc., 61, 1123 (1939) J. Determine the value of L: at about 90° C. 

8. Using the values for L. for hydrochloric acid solutions at various molalities 
at 25° C, calculate by a graphical method the values of Li at 0.1, 0.5, 1.0, 2.0 and 
3.0 molal. 


m L: m L: m L: 
0.0001 7.2 cal. 0.04 136 cal. 1.0 645 cal. 
0.0016 28.6 0.10 202 2.0 1,055 
0.01 71 0.50 430 3.0 1,484 


11 Randall and Rossini, ref 18; Rossini, ref. 18; Gucker, et al., J. Am. Chem. Soc., 54, 
1358 (1932); 55, 1013 (1933); 57, 78 (1935). For nonelectrolytes, see Gucker, et al., ibid., 
59, 447, 2152 (1937); 61, 459 (1939). - 
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9. The values of Čr: — Chg for hydrochloric acid in the temperature rango 
from 0° to 25° may be taken to be constant, viz., 2.4 cal. deg.~! for 0.1 molal, 
7.5 cal. deg.~! for 1.0 molal, and 13.0 cal. deg.—! for 3.0 molal. Use these results 
together with the data in Exercise 8 to calculate the ratio of the mean ionic ac- 
tivity coefficients of hydrochloric acid at the temperatures 0° and 25° C for 0.1, 
1.0 and 3.0 molal solutions. What error is involved in neglecting the variation 
of Lz with temperature, i. e., in taking Cp. — Che to be zero? 

10. Making use of the known heats of formation of lead dioxide, pure sulfuric 
acid, lead sulfate and water, and of the data in Table XXXVI, determine the 
change of heat content for the reaction 


Pb -fe PbO, + 2H280.(25 ag) = 2PbS0, + 2H20(Ni/Ne = 25.0) 


which takes place in the lead storage battery. (Compare Exercise 4, Chapter V 
which is for a slightly different concentration of acid.) 

11. Upon mixing chloroform and the dimethyl ether of ethylene glycol, the 
following changes of heat content, per mole of mixture, were observed for various 
mole fractions (N) of chloroform at 3° C: 


N 0.1 0.2 0.4 0.5 0.6 0.8 0.9 
An — 290 — 560 — 1010 — 1180 — 1180 — 720 — 400 cal. 


[Adapted from Zellhofer and Copley, J. Am. Chem. Soc., 60, 1343 (1938).] De- 
termine H H for each component by a graphical method at the mole fractions 
0.2, 0.4, 0.6 and 0.8, and plot the results. Does the system exhibit positive or 
negative deviations from ideal behavior? 

12. Pure acetone has a vapor pressure of 185.2 mm. and ether one of 443.5 mm. 
at 20° C. For a liquid mixture containing 0.457 mole fraction of the former, the 
respective partial vapor pressures are 105.2 and 281.8 mm., respectively. Assum- 
ing ideal behavior of the vapors, determine the partial molar free energy F — Fe 
of each constituent of the mixture, relative to that of the pure liquid. 

13. The E. M. F. of the H: HCl(m) | AgCl(s), Ag cell can be expressed as a func- 
tion of the temperature of the form 


E. = E + a(t — 25) + b(t — 25}, 


t being on the centigrade scale. The following values of a and b were obtained 
for various molalities of hydrochloric acid, and for the standard (hypothetical 
1 molal ideal) solution: 


m 0.001 0.01 0.1 1.0 Standard 
a X 10° 560.1 177.9 — 180.5 — 512.1 — 639.64 
b X 106 — 3.149 — 3.041 — 2.885 — 2.541 — 3.181. 


Determine Lz and Cp, — Cn for each solution at 25° C [Harned and Ehlers, 
J. Am. Chem. Soc., 54, 2179 (1933) J. 

14. The apparent relative molar heat contents G of potassium chloride in 
aqueous solution at 25° C at various molalities are as follows: 


-m $L m $L m $L 
0.01 38 cal. mole 0.50 48 2.00 — 169 
0.05 69 0.70 18 3.00 — 300 
0.10 78 1.00 — 26 4.00 — 405 


0.20 81 1.50 — 99 4.50 — 448 
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Plot GL against m/ and hence verify the values of L. given below. 


m La m L, 
0.10 91 cal. mole! 2.00 — 446 
0.20 72 3.00 — 648 
0.50 — 21 4.00 — 782 
1.00 — 176 4.82 (sat.) — 840 


(Data from Harned and Owen, ref. 8.) 

15. The heat of solution of solid potassium chloride to form an infinitely 
dilute solution at 25° C is + 4,120 cal. mole. Use this result and the data in 
the preceding exercise to determine (i) the magnitude and sign of the heat change 
when 1 mole of KCl is dissolved in sufficient water to make a saturated solution 
(4.82 molal); (ii) the integral heat of dilution of a 4.0 molal solution to 0.1 molal, 
per mole KCl; (iii) the heat change per mole KCl, apart from heat of vaporization, 
required to concentrate a 0.01 molal solution to the saturation point; (iv) the heat 
change when 1 mole of KCl separates from a large amount of saturated solution; 
(v) the heat change when 1 mole of KCl is added to a solution consisting of 1 mole 
of KCl and 1000 g. water; (vi) the heat change when 1 mole of KCl is added to a 
very large amount of a 1 molal solution; and (vii) the heat change, apart from 
heat of vaporization, for the removal of 1 mole of water from a large amount of 
a 1 molal solution. Give the sign of AH in each case. 

16. Verify equation (44.41) by using the expression for Fei. given by (40.6) 

17. Show that for a solution consisting of nı moles of solvent and nz moles of 
solute the following relationship holds: n: (integral heat of solution — differential 
heat of solution) = n, (differential heat of dilution). 

18. The following thermal properties have been recorded for sodium hydroxide 
solutions at 20° C [adapted from Akerlöf and Kegeles, J. Am. Chem. Soc., 62, 620 
(1940) : 


Lı L: Cpi Üp: 
m , cal. mole~! cal. deg. 1 mole 
0.5 0.6 — 14 17.96 — 11.3 
1.0 2.4 — 162 17.81 — 1.6 
1.5 4.4 — 250 17.64 4.4 
2.0 5.3 — 275 17.46 7.8 
3.0 0.3 — 170 17.16 9.7 
4.0 — 16.1 88 16.94 7.7 


Assuming the heat capacities to be independent of temperature, determine the 
final temperature when 1 mole of solid NaOH is dissolved in 1,000 g. water, given 
that the heat of solution to form an infinitely dilute solution is — 10,100 cal. 

Determine the final temperature in each of the following cases: (i) 1,000 g. 
water are added to a solution consisting of 4 moles NaOH and 1,000 g. water; 
(ii) 2 moles NaOH are added to a solution containing 2 moles NaOH and 1,000 
g. water; (iii) a solution consisting of 1 mole NaOH and 500 g. water is mixed 
with one consisting of 0.5 mole NaOH and 1,000 g. water. 

19. Show that if the vapor behaves as an ideal gas, the relative partial molar 
heat content Li of the solvent in a solution is given by 


Š ð In (pi/p:) 
L = Rr (2) 
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where pi is the vapor pressure in equilibrium with the solution, of constant compo- 
sition, and p is that of the pure solvent; the external (total) pressure P is supposed 
to be 1 atm. Hence suggest possible methods for the determination of Li of a 
given solution. 

20. Show that in very dilute solution the nonelectrical factor yn... in the 
activity coefficient of an electrolyte, defined in § 43c, is independent of tempera- 
ture, at constant pressure and composition. 


CHAPTER XIX 
E. M. F. S AND THE THERMODYNAMICS OF IONS 


45. E.M.F.’s AND ELECTRODE POTENTIALS 


45a. Reversible Cell and Reversible Electrodes.—It was seen in Chapter 
XIII that the E. M. . of a reversible cell is a measure of the free energy change 
of the process taking place in the cell, and this fact has been already utilized 
to determine activities and activity coefficients. There are, however, many 
other useful applications of reversible cells, and some of these will be de- 
scribed in the succeeding sections. It is desirable, in this connection, to 
consider first the fundamental structural basis of reversible galvanic cells. 
Every reversible cell consists of at least two reversible electrodes, and several 
types of such electrodes are known. The first type of reversible electrode 
consists of an element in contact with a solution of tts own ions, e.g., zinc in 
zinc sulfate solution or silver in silver nitrate solution. Although electrodes 
of this kind ysually involve metals, certain nonmetals yield reversible elec- 
trodes, at least in principle; these are hydrogen, in particular, and also 
oxygen and the halogens, the corresponding ions being hydrogen, hydroxyl 
and halogen ions respectively.* Since the electrode material is a noncon- 
ductor and often gaseous when the element is a nonmetal, a sheet of platinum, 
or other inert conductor, coated with a finely ‘divided layer of this metal, 
is employed for the purpose of maintaining electrical contact. 

If the reversible element is a metal or hydrogen, which is in equilibrium 
with positive ions (cations), the reaction occurring at the electrode when it 
forms part of a cell may be formulated as 


M = M?*t ze, 


where e represents an electron; the valence of the cation in this case is z, 
so that it carries z positive charges. The direction of the reaction indicated 
depends on the direction of flow of current through the cell of which the 
electrode under consideration is part. If the electrode element is a non- 
metal A, the corresponding reactions are 


At =A + ze, 


where Ar is the negative ion (anion) of valence z, e.g., OH-, Cl-. With an 
oxygen electrode, which is theoretically reversible with respect to hydroxyl 


a Although no method has yet been found for establishing a reversible oxygen gas- 
hydroxyl i ion solution electrode, this electrode is possible in principle; other electrodes, e.g., 
nickel in a nickel salt solution, are somewhat similar. Such electrodes will be referred to 

as theoretically reversible” or as “reversible in principle.” 
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ions, the reaction may be written 
20 90 -+- H,O + 26. 


Electrodes of the second type consist of a metal and a sparingly soluble 
salt of this metal in contact with a solution of a soluble salt of the same anion. 
An example of this form of electrode consists of silver, solid silver chloride 
and a solution of a soluble chloride, e.g., hydrochloric acid, viz., 


Ag, AgCl(s)| HCl soln. 


The reaction in this electrode consists, first, of the passage of silver ions 
into solution, or the reverse, i. e., 


Ag(s) = Agt + e, 


and this is followed by interaction of the silver tons with the chloride ions 


in the solution, 1.e., 
Agt + Cl = AgCl(s) 


to form the slightly soluble salt silver chloride. The net reaction is then 
Ag(s) + CI- = AgCl(s) + e, 
which is essentially the same as that of a chlorine electrode, 
CL = $Ch + e, 


except that the silver chloride is to be regarded as the source of the chlorine. 
Electrodes of the type under consideration are thus reversible with respect 
to the common anion, namely, the chloride ion in this case. The Ag, AgCl 
electrode is thermodynamically equivalent to a chlorine gas electrode with 
the gas at a pressure equal to that in equilibrium with silver chloride dis- 
sociating at the experimental temperature (ef. § 45j) according to the 
reaction 
AgCl(s) = Ag(s) + $Cle(g). 


Electrodes of this kind have been made with other similar halides, e.g., silver 
bromide and iodide, and mercurous chloride and bromide, and also with 
various sparingly soluble sulfates, oxalates, etc. 

The third type of reversible electrode consists of an inert metal, e.g., gold 
or platinum, immersed in a solution containing both oxidized and reduced states 
of an oxidation-reduction system, e.g., Fett and Fe, Fe(CN)s~—~ and 
Fe (CN) Y, and Mnt + 4H.O and MnO; + 8H+. The purpose of the 
inert metal is to act as a conductor for making electrical contact, just as with 
a gas electrode. The oxidized and reduced states may consist of more than 
a single species, as in the case of the manganous ion-permanganate system, 
just given, and the substances involved are not necessarily ionic. For ex- 
ample, in an important type of reversible electrode the oxidized state is a 
quinone, together with hydrogen ions, while the corresponding hydroquinone 
is the reduced state. Electrodes of the kind being considered are sometimes 
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called oxidation-reduction electrodes or redox electrodes; the chemical reac- 
tions occurring at these electrodes are either oxidation of the reduced state 
or reduction of the oxidized state, e.g., 


Fet = Fett + e, 
Mnt + 4H20 = MnO; + 8H+ + 5e, 


depending on the direction of the current through the cell. In order that 
the electrode may behave reversibly, it is essential that both oxidized and 
reduced states of the given system should be present. 

The three types of reversible electrodes described above differ formally, 
as far as their construction is concerned; nevertheless, they are all based on 
the same fundamental principle. A reversible electrode always involves an 
oxidized and a reduced state, using the terms “‘oxidized”’ and reduced in 
their broadest sense; thus, oxidation refers to the loss of electrons, and reduc- 
tion means gain of electrons. If the electrode consists of a metal M and its 
ions M+ the former is the reduced state and the latter is the oxidized state. 
Similarly, for an anion electrode, the A ions are the reduced state and A 
represents the oxidized state. In the Ag, AgCl electrode, the metallic silver 
and the chloride ions together form the reduced state of the system, while 
the silver chloride is the oxidized state. It can be seen, therefore, that all 
three types of reversible electrodes are made up from the reduced and 
oxidized states of a given system, and in every case the electrode reaction 
may be written in the general form 


Reduced state = Oxidized state + Ne, 


where N is the number of electrons by which the oxidized and reduced states 
differ. 

45b. Reactions in Reversible Cells. The reaction occurring at a re- 
versible electrode is either oxidation, i. e., 


Reduced state — Oxidized state + Ne, 
or reduction, i.e., 
Oxidized state + Ne — Reduced state. 


It can be seen, therefore, that in a reversible cell consisting of two reversible 
electrodes, there is a continuous flow of electrons, and hence of current, if 
oxidation occurs at one electrode, where electrons are set free, and reduction 
occurs at the other electrode, where the electrons are taken up. According 
to the convention widely adopted, the R. M. r. of the cell is positive when oxida- 
tion takes place at the left-hand electrode of the cell as written, reduction occurring 
at the right-hand electrode, as a result of spontaneous operation. If the B. M. v. 
is positive, there is thus a tendency for electrons to pass from left to right 
through the wire connecting the electrodes outside the cell. If the reverse 
is the case, so that reduction is taking place at the left-hand electrode and 
oxidation at the right-hand electrode, the R. M. T. of the cell as written is 


1 See S. Glasstone, “An Introduction to Electrochemistry,” 1942, Chapter VI. 


45b E.M.F.’8 AND ELECTRODE POTENTIALS 465 


negative. If the cell is written in the opposite direction, the sign of its 
E.M.F. would be reversed; it is important, therefore, to pay special attention 
to the actual representation of the cell. 

If the sign of the E. M. F. of a cell is known, there is no uncertainty con- 
cerning the direction of the reaction, but if it is not available, the reaction 
is written as if oxidation takes place at the left-hand electrode. By utilizing 
the general information concerning electrode reactions, it is usually a simple 
matter to determine the process taking place in a particular cell. Consider, 
for example, the cell 


Pt, Hz (1 atm.) |HCl(m)| AgCl(s), Ag, 


referred to in § 39h; assuming the process at the left-hand electrode to be 
oxidation, i.e., liberation of electrons, it may be written as 


4H, (1 atm.) = Ht +e, 
whereas at the right-hand electrode, the reduction process is 
AgCl(s) + « = Ag(s) + CI, 
so that the complete cell reaction is 
4H, (1 atm.) + AgCl(s) = H+(m) + Cl-(m) + Ag(s), 


the hydrogen and chloride ions,* representing hydrochloric acid, being 
formed at the molality m existing in the cell. The complete reaction would 
occur for the passage of 1 faraday of electricity, for 1 electron only is involved 
in each individual electrode process as written. 

If the cell had been written in the reverse direction, viz., 


Ag, AgCl(s) | HCl(m) Hz (1 atm.), Pt, 


the reaction would be exactly opposite to that given above; thus, for 1 
faraday, 


Ag(s) + H+(m) + Cl-(m) = AgCl(s) + 4H: (1 atm.). 


In this case the silver is oxidized to silver chloride at the left-hand electrode, 
while hydrogen ions are reduced to hydrogen gas at the right-hand electrode. 
At moderate concentrations of hydrochloric acid the cell in this form has a 
negative E.M.F., and so the spontaneous cell reaction is the reverse of that 
given here, coinciding with the direction given above. 

Another example of a reversible cell for which the reaction is of interest is 


Ag|AgClO.soln. Fe( CIO), Fe(C10,)3 soln. Pt, 


equivalent to 
Ag|Agt Fet+, Fet++| Pt. 


* The ions are, of course, hydrated in solution; this may be understood without actually 
indicating the inclusion of water molecules, 
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Assuming oxidation to take place at the left-hand electrode, the process is 

Ag(s) - Agt + «, 
whereas at the right-hand electrode the reduction process is 

Fer + e — Fet, 
so that the complete cell reaction, for the passage of 1 faraday, is 

Ag(s) + Fer = Agt + Fett 
with the ions in solution, i.e., 
Ag(s) + Fe( CIO); = AgC10, + Fe(ClO,)s. 


45c. Change of Heat Content in Cell Reaction.—The B. M. F. of a re- 
versible cell is related to the free energy change AF of the reaction occurring 
within it, at constant temperature and pressure, by equation (33.36), viz., 


AF =— NFE, (45.1) 


where E is the E. M. Fr., and N is the number of faradays (F) required for the 
cell reaction. If the entropy change for the process were known it would 
be possible to determine the change in heat content AH, i.e., the heat of 
reaction at constant pressure, at the given temperature. Alternatively, 
AS for the reaction may be determined, as indicated in § 33m, from the 
temperature coefficient of the B. M. F. of the cell. As given in that section, 
the treatment referred in particular to the standard entropy change, but the 
results are applicable to any conditions existing in the cell. 

The matter may be treated quite generally by utilizing the Gibbs- 
Helmholtz equation (25.31), viz., 


\ 


AF = AH + r | 2G? | (45.2) 


so that combination with (45.1) gives 


~. 


NFE = — AH + ner (57) 
aT ) p 


or 
JE 


AH =— NF |z - T), (45.3) 


From this equation it is possible to calculate AH for any cell reaction, irre- 
spective of whether the substances involved are present in their standard 
states or not. It will be evident that the term NF(d@E/0T)p is equivalent 
to AS, the entropy change for the cell reaction. 


Problem: The E. M. r. of the cell 
Zn ZnClz( I. Om) AgCl (s), Ag 
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is 1.015 volts at 0° C and 1.005 volts at 25° C. Assuming the temperature coef- 
ficient to be approximately constant in this vicinity, calculate the heat change of 
the cell reaction at 25° C. 

First, consider the actual cell reaction. Since the B. M. r. is positive, oxidation 
takes place at the left-hand electrode; thus, 


Zn(s) — Zn + 2e. 
The simultaneous reduction reaction at the right-hand electrode is 
2AgCl(s) + 2e— 2Ag(s) + 2ClI-, 
so that the complete cell reaction is 


Zn(s) + 2AgCl(s) Zn (Im) + 2Cl-(2m) + 2Ag(s), 
or 


Zn(s) + 2AgCl(s) = ZnCl.(1m) + 2Ag(s), 


for the passage of 2 faradays, since 2 electrons are involved in each electrode 
process.“ It will be noted that the Zn + 2Cl~ is equivalent to zine chloride 
in the 1 molal solution existing in the cell. 

The heat of the reaction as written may be obtained from equation (45.3). 
By taking F, the faraday, as 23,070 cal. volt! g. equiv.—! (Table 1, Appendix) with 
E in volts and (0E/0T)p in volt .deg.—!, the value of AH will be in calories. At 
25° C, E is 1.005 volts and (E/ T) may be taken as equal to AE/AT, i. e., 
(1.005 — 1.015)/25 = — 4.0 X 10-4 volt deg.-!. Hence, since N is 2 equiv. in 
this case, it follows that at 25° C, i.e., 298.2° K, 


AH = — 2 X 23,070[1.005 + (298.2 X 4.0 x 10-1] 
= — 51,830 cal. = — 51.83 Kcal. 


It may be noted that since the zinc chloride solution is 1 molal, the ionic activities 
are somewhat different from unity and vary with temperature; hence AH as 
calculated is not quite the same as the standard value, although the difference 
would probably be less than the experimental error. 


45d. General Expression for E.M.F.’s of Reversible Cells.—Suppose 
that the general reaction 


aA ++bB+:--=1L+mM +--- 


can take place in a reversible cell of &.M.F. equal to E, for the passage of N 
faradays; for this reaction the free energy change AF is — WFE, with the 
substances A, B, ..., L, M, ete., at the activities actually existing in the cell. 
If these substances were all in their respective chosen standard states, the 
E. M. F. would be the standard value FE, and the standard free energy change 
AF? would. be — NFE. 


* It would be quite permissible to write the reaction as 
Zu (s) + AgCl(s) = }ZnCle(1m) + Ag(s) 
for the passage,of one faraday. 
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According to the reaction isotherm derived in § 33a, the free energy 
change of the process is represented by 


l m 2 s o 
AF = A + RT In * (45.4) 
A + RT In Ja, (45.5) 


where, as in § 32c, the symbol J, indicates a function of the same form as 
the equilibrium constant involving, in this instance, the activities of the 
various substances in the given cell. Replacing AF by — NFE and AF 
by — NF, the result is 
RT 
E = ØP NF In Ja, (45.6) 
which is the general equation for the E.M. F. of any reversible cell. 

In order to employ equation (45.6), the values may be inserted for the 
constants R and F; since E is almost invariably expressed in volts, F may 
be conveniently used in coulombs g. equiv.~!, and R in int. joules (i. e., 
volt-coulombs) deg.~! mole! (see Table 1, Appendix). Upon converting 
the logarithms, therefore, equation (45.6) becomes 


2.3026 X 8.313 T 
96,500 NN 


= E — 1.984 x 10-4 £ log J volte (45.7) 


At 25° C, which is the temperature commonly employed for E. M. F. measure- 
ments, T is 298.16 K, and hence 


\ 0.05914 
N 


E  — og Ja 


E = K 


log Ja volts. (45.8) 


The application of the foregoing equations may be illustrated with refer- 
ence to the cells considered in § 45b. Thus for the cell Pt, Ha (1 atm.) 
HCl(m)|AgCl(s), Ag, the reaction for 1 faraday (N = I) is 


4H; (1 atm.) + AgCl(s) = H+ + Cl + Ag(s), 
and hence, by equation (45.6), 
„ Ee yee (45.9) 
F Anh, GAgC! 


Since the silver and silver chloride are present as solids, they are in their 
conventional standard states; hence aa, and @agc: may be set equal to 
unity. Further, the hydrogen gas is at a pressure of 1 atm. and although 

* Unless there is a specific statement to the contrary, it may be assumed that the ex- 


ternal pressure is 1 atm., so that pure solids taking part in cell reactions are in their standard 
states. 
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this does not represent unit fugacity, the departure from ideal behavior is 
so small that the difference is quite negligible; hence the hydrogen gas may 
be regarded as being in its standard state, so that an, is also unity. Conse- 
quently, equation (45.9) becomes 


E = E — a In agrar. (45.10) 


Another convenient form of this equation is obtained by replacing an taci- 
by (auc1)? in accordance with (39.6); hence, 


E =  — = In AHCI, (45.11) 


where ani is the mean activity, i. e., a+, of the hydrochloric acid in the cell 
solution. The standard E. M. F. of the cell Æ is seen to be its B. M. r. when the 
product of the activities of the hydrogen and chloride ions, or the activity 
of the hydrochloric acid, in the cell is unity. Actually this standard E. M. r. 
was determined by the extrapolation procedure described in § 39h, its value 
being 0.2224 volt at 25° C. 

For the other cell considered in § 45b, involving silver and iron per- 
chlorates, the reaction for 1 faraday is 


Ag(s) + Fett = Agt + Fett, 
so that the E.M.F. is given by 


E = E — Ai In Ong" Ore’ 
F Gre 


j (45.12) 
the activity of the solid silver being omitted, since this is unity. In general, 
the activity factors for substances which are present in the cell in their 
standard states may be omitted from the expression for the B. M. . 

45e. Single Electrode Potentials.—There is at present no method avail- 
able for the experimental determination of the potential of a single electrode; 
it is only the E. M. F. of a cell, made by combining two or more electrodes, 
which can be actually measured. In fact, it is doubtful if absolute single 
electrode potentials, like single ionic activities, have any real thermodynamic 
significance. However, by choosing an arbitrary zero of potential, it is 
possible to express the potentials of individual electrodes on an arbitrary 
reference scale. The zero of potential used in thermodynamic studies is the 
potential of a reversible hydrogen electrode with gas at 1 atm. pressure (or 
ideally, unit fugacity) in a solution containing hydrogen ions at unit activity. 
This particular electrode, i.e., H, (1 atm.), Ht(ag+ = 1), is the standard 
hydrogen electrode, since both the hydrogen gas and the hydrogen ions are 
in their respective standard states of unit activity. The convention given 
above, therefore, is to take the potential of the standard hydrogen electrode as 
zero at all temperatures; electrode potentials based on this scale are said to 
refer to the hydrogen scale. 
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If any electrode, e.g., one consisting of the metal M in contact with a 
solution of its ions M, is combined with the standard hydrogen electrode 
to make the complete cell 


MM (a+) H+(ag* = 1) H: (1 atm.), 


the potential of the left-hand electrode, on the hydrogen scale, would be 
equal to the measured E. M. r. of the cell, since the potential of the right- 
hand electrode is zero, by convention.“ The reaction taking place in this 
cell for the passage of z+ faradays is . 


M(s) + 2,H+(agt.= 1) = M* (a4) + 42,Hs (1 atm.), 


and since the solid metal M, the hydrogen ions and the hydrogen gas are all 
in their standard states, it follows immediately, from equation (45.6), that 
the E. M. F. of the cell or the potential of the electrode is given by 
RT 
Ey = Hi — 2.5 In a4, (45.13) 
where a, is the activity of the M. ions in the electrode solution. The 
standard electrode potential Ez. is seen from equation (45.13) to be that 
when the M* ions in the solution are at unit activity. 
If the electrode is reversible with respect to an anion of valence z_, so 
that the cell obtained by combining it with a standard hydrogen electrode is 


AA (a-) H. (an! = 1) Hz (1 atm. ), 
the cell reaction for z. faradays is 
Ar (a-) + z-HT (an! = 1) = A + 32 Hz (1 atm.). 


Here again, the electrode potential is equal to the E. M. r. of the cell, given 
by equation (45.6) as 


RT, 1 
E, = E — a 
RT 
= EA -+ -F In ., (45.14) 


where a_ is the activity of the A* ions in the electrode solution; the non- 
metal A is assumed to be in its standard state. As before, the standard 
potential Æ$ of the electrode is that when the reversible ions, i.e., A”, are 
present at unit activity. 

The results just derived may be put in a general form applicable to 
electrodes of all types. When any reversible electrode is combined with a 
standard hydrogen electrode, as depicted above, an oxidation reaction takes 
place at the former, while at the latter the hydrogen ions are reduced to 

* It is tacitly assumed here, and subsequently, that liquid-junction potentials, i. e., 
potentials existing at the junction between two different solutions, do not arise or else have 
been completely eliminated. 


45f E. M. F. S AND ELECTRODE POTENTIALS 471 


hydrogen gas. Writing the electrode process in the general form given at 
the end of § 45a, viz., 


Reduced state = Oxidized state + Ne, 
and the corresponding hydrogen electrode reaction as 
NH“ (an! = 1) + Ne = 4 NH: (1 atm.), 
the complete cell reaction for the passage of N faradays is 
Reduced state + NMH (an“ = 1) = Oxidized state + 3NUH: (1 atm.). 


The E. M. F. of the cell, which is equal to the potential of the reversible elec- 
trode under consideration, is then obtained from equation (45.6) as 


RT s (Oxidized state) 
NF (Reduced state) 


the activities of the hydrogen gas and hydrogen ions being omitted since they 
are both unity in the standard hydrogen electrode. This equation, in which 
the parentheses are used to indicate the product of the activities of the 
substances concerned, is completely general, and expresses the potential of 
any electrode on the hydrogen scale. The standard potential Ea. is that 
for the electrode when all the substances concerned are present in their 
respective standard states of unit activity. 

In the case of an electrode consisting of a metal M (reduced state) and 
its ions M (oxidized state), the activity of the reduced state, i.e., the metal, 
is unity; hence, the general equation (45.15) becomes equivalent to (45.13), 
since N is now equal to 21. On the other hand, for an electrode involving 
anions Ar (reduced state) and A (oxidized state), the activity of the latter 
is unity, and equation (45.15) becomes identical with (45.14). 

For an electrode containing a conventional oxidation-reduction system, 
terms are included in both numerator and denominator of equation (45.15). 
For example, if the system is manganous-permanganate ions, as given in 
§ 45a, the expression for the electrode potential is 


Ea. = Eq. — (45.15) 


__8 
RT In AMnO. aH 


Ea. = E — 
i . 5F N 


the solution being assumed to be dilute enough for the activity of the water 
to be taken as unity (cf. § 38c, problem). 

45f. Sign of Electrode Potential.—It will be recalled that in deriving 
equation (45.15) for the potential of an electrode on the hydrogen scale, the 
electrode was placed at the left in the hypothetical cell in which it was com- 
bined with. a hydrogen electrode. The reaction taking place in the cell, 
as seen above, involved the conversion of the reduced state to the oxidized 
state of the (left-hand) electrode system. For this reason, the potentials 
given by equation (45.15), and also by the related equations (45.13) and 
(45.14), are called oxidation potentials. If the electrode had been written 
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to the right of the cell, the reaction taking place within it would be reduction, 
and the potential would be equal to the value given by equation (45.15) but 
with the sign reversed. The reduction potential of any electrode is thus equal 
in magnitude, but of opposite sign, to the corresponding oxidation potential. 

In order to indicate whether the process in a particular electrode is to be 
regarded as oxidation or reduction, a simple convention is employed. If 
the electrode material is a metal, an oxidation electrode is represented by 
writing the reduced state of the system to the left and the oxidized state to 
the right; the following, for example, are all oxidation electrodes: 


Cu, Cut (e. g., CuSO, soln.) ; Ag, Agt (e.g., AgNO; soln.); 
Ag, AgCl(s), CI- (e.g., KCl soln.). 


The potentials of these electrodes are given by the appropriate forms of 
equation (45.15). 

If the electrodes are written in the reverse manner, with the oxidized 
state to the left and the reduced state to the right, viz., 


Cut, Cu; Ag, Ag; CE, AgCl(s), Ag, 


it is implied that the electrode process is reduction, and the potential is 
given by equation (45.15) with the sign reversed. 

When the electrode material is nonmetallic, and an inert metal must be 
used to act as an electrical conductor, the convention is to write the symbol 
of the inert metal, e.g., Pt, to the left when an oxidation electrode is implied 
and to the right when a reduction process is to be inferred. The order of 
writing the components of the solution is immaterial, although if one is a 
gas or a sparingly soluble liquid or solid it is usually written next to the 
inert metal. The following are oxidation electrodes: 


Pt, Cl, C; Pt, Oo, OH-; Pt, Is, L; Pt, Fe, Fett, 
and the corresponding reduction electrodes are: 
Cl-, Cl, Pt; OH, Oz, Pt; I-, Iz, Pt; Fett, Fe, Pt. 


If these conventions are rigidly adopted, many of the complexities which are 
to be found in the literature become unnecessary.? 
If any two reversible electrodes are combined to form a reversible 
cell, e.g., 
Pt, Cl (9) | CI- | AgCl(s), Ag, 


then in accordance with the conventions given above the process at the left- 
hand electrode is presumed to be oxidation, while at the right-hand electrode 
a reduction is supposed to take place when the cell operates spontaneously, 
upon closing the external circuit. It will be noted that this is in agreement 
with the convention adopted in § 45b. The B. M. r. of a complete cell is then 


2G. N. Lewis and M. Randall, “Thermodynamics and the Free Energy of Chemicai 
Substances, 1923, p. 402. 


45g E. M. 7.8 AND ELECTRODE POTENTIALS 473 


equal to the algebraic sum of the potentials of the two electrodes, one being an 
oxidation potential and the other a reduction potential. Assuming, for sim- 
plicity, that in the cell depicted above the chlorine gas is at 1 atm. pressure 
and the activity of the chloride ions is unity, the (oxidation) potential of 
the left-hand electrode is found experimentally to be — 1.358 volt, and the 
(reduction) potential of the right-hand electrode is ＋ 0.2224 volt, at 25° C. 
The B. M. r. of the cell as written is therefore — 1.358 + 0.222 = — 1.136 
volt. The negative sign shows immediately that if this cell were to be 
constructed, then upon closing the circuit there would actually be reduction 
at the chlorine gas electrode and oxidation at the silver electrode. By 
writing the cell in the opposite direction, i.e., 


Ag, AgCl(s)|CI~|Cia(g), Pt, 


the E. M. r. would be 1.136 volt, indicating that the spontaneous cell reaction 
involves oxidation at the left-hand electrode, viz., 


Ag(s) + CI- = AgCl(s) + ., 
and reduction at the right-hand electrode, viz., 
4Cls + ¢ = Cl. 
The net reaction in the cell when the circuit is closed is therefore 
Ag(s) + 4Cle(g) = AgCl(s), 


that is, the formation of solid silver chloride from solid silver and chlorine 
gas; this is in agreement with expectation, for the reverse reaction would 
certainly not be spontaneous at ordinary temperature and pressure. 

Attention may be called to a matter of interest in connection with the 
E. M. F. of a cell. As seen above, the latter is the sum of an oxidation and 
a reduction potential, and this is equivalent to the difference of two oxidation 
potentials. As a consequence, the E. M. . of a cell is independent of the 
arbitrary zero chosen for the representation of single electrode potentials; 
the actual value of the zero of the scale, whatever it may be, cancels out 
when taking the difference of two potentials on the same scale. 

45g. Standard Electrode Potentials. — For the purpose of recording elec- 
trode potentials the important quantity is the standard potential for any 
given system. The actual value of this potential depends on the chosen 
standard states; as usual, pure solids and liquids at atmospheric pressure 
are taken as being in their standard states, and the standard state of an ion 
is generally chosen so that the ratio of the activity to the molality becomes 
unity in very dilute solution (§§ 37b, 39a). The activities of ions are thus 
expressed in terms of their respective molalities. Once its standard poten- 
tial is known the potential of an electrode containing arbitrary activities 
(concentrations) of the various substances concerned can be readily calcu- 
lated by means of the appropriate form of equation (45.15). The obvious 
method of determining the standard potential of any electrode is to set up 
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this electrode with the components at known activities, to combine it with 
a standard hydrogen electrode, and then to measure the E. M. r. of the result- 
ing cell. This will give the potential of the electrode on the hydrogen scale. 
By inserting the value for Æ in equation (45.15) and using the known activi- 
ties, the standard potential F can be evaluated. Actually this procedure 
is not simple: the standard hydrogen electrode is not always a practical 
device, the activities of the cell substances are not necessarily known, and 
there is always the possibility of a junction between two liquids in the cell 
which introduces an uncertain “liquid junction“ potential. 

One way whereby the difficulties are overcome is to use a reference 
electrode, of a form more convenient than the hydrogen electrode, as a 
secondary standard. One such reference electrode is the silver-silver chlor- 
ide electrode. As already seen, the standard E. M. v. of the cell formed by 
combining a hydrogen electrode with this electrode is 0.2224 volt at 25° C 
(§§ 39h, 45d); thus, the B. M. r. of the cell 


Pt, H: (1 atm.) | H+ (ant = 1) Cl-(ac = 1)| AgCl(s), Ag 


is 0.2224 volt. The left-hand electrode is the standard hydrogen electrode, 
and so its potential, by convention, is zero; thus the standard reduction 
potential of the silver chloride electrode, viz., 


Cl-(acı7 = 1)|AgCl(s), Ag, 
is 0.2224 volt at 25° C. 
In order to determine the standard potential of a metal forming a soluble, 
highly dissociated chloride, e.g., zinc, the measurements are made on cells 
of the type 


Zn] ZnCl: (m) AgCl(s), Ag. 
The cell reaction for the passage of 2 faradays is 
Zn(s) + 2AgCl(s) = 2Ag(s) + Zntt + 207, 


and since the solid zinc, silver chloride and silver are in their respective 
standard states, the E. M. r. is given by equation (45.6) as 


E = ED — 27 in azad (45.16) 


The activity of each ionic species may be represented as the product of its 
molality and its (stoichiometric) activity coefficient; hence azn** is equal to 
my + and acı” to 2my., where m is the molality of the zinc chloride solution 
in the cell. By equation (39.9), v V. is equal to 7%, where yu, is the mean 
ionic activity coefficient; hence equation (45.16) becomes 


E= E 27 In [m X (2m) J 
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which, upon rearrangement, gives 


RT, , , 3RT 
E + 5p ln 4m = B — In ye. (45.17) 


The problem of evaluating E is now similar to that in § 39h. The simplest 
procedure is to determine the E. M. r. of the cell for various molalities of zinc 
chloride, and to plot the values of E + (RT/2F) In 4m? as ordinate against 
a function of the molality, e.g., Vm, as abscissa. At infinite dilution, i. e., 
when m is zero, the right-hand side of equation (45.17) is equal to E, since 
y+ is then unity and In y, is zero. The extrapolated value of the ordinate 
for m = O is thus equal to E. Alternatively, the method of extrapolation 
utilizing the Debye-Hückel limiting law, as in § 39h, may be employed. 

The value of E for the cell was found to be 0.9834 volt at 25° C, and 
since the standard (reduction) potential of the right-hand i. e., silver chloride, 
electrode was recorded above as 0.2224 volt, it follows that the standard 
(oxidation) potential Ez, of the zinc electrode is given by EZ, + 0.2224 
= 0.9834 volt, so that En is 0.7610 volt at 25°. 

If the chloride of the metal is not suitable, for one reason or another, the 
sulfate may prove satisfactory. In this event a sulfate reference electrode, 
e.g., SO , Hg-SO,(s), Hg may be employed in place of the silver chloride 
electrode. The standard (reduction) potential of this electrode has been 
found to be 0.6141 volt at 25° C, by means of measurements simitar to those 
described in connection with the silver chloride cell in § 39h. 

In some cases, e.g., the silver-silver ion electrode, neither the chloride 
nor the sulfate is satisfactory because of their sparing solubility. It is then 
necessary to construct cells containing solutions of the nitrate, e.g., silver 
nitrate: There is, however, no nitrate reference electrode, and a chloride 
electrode is employed, the two solutions being separated by a solution of 
an inert electrolyte, constituting a “salt bridge. Due allowance must then 
be made for liquid junction potentials, but as the values of these potentials 
are somewhat uncertain, the results are not always highly accurate.“ 

45h. Standard Potentials from Equilibrium Constants and Free Energy 
Data. When direct measurement of electrode potentials is not convenient 
or when the allowance for the activity coefficients is uncertain, it is often 
possible to determine the standard electrode potential by indirect procedures. 
One of these is based upon the relationship AF’ = — NFE’, where F is the 
standard E. M. F. of a cell, and AF” is the standard free energy change of the 
reaction taking place within it. As seen in § 33b, AF” is related to the equi- 
librium constant K of the reaction, i.e., AF’ =— RT ln K (ef. equation 
(33.6) J, and hence it follows that 


NFE = RT In K, 


RT 
E = wr? K, (45.18) 
3 For descriptions of determination of standard potentials, see Lewis and Randall, 
ref. 2, Chapter XXX; see also, D. A. MacInnes, “The Principles of Electrochemistry,” 
1939, Chapters 10 and 16; G’asstone, ref. 1, Chapters VII and VIII. 
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or at 25° C, 


0.05914 
i N 


log K. (45.19) 


It is seen, therefore, that if the equilibrium constant of a reaction could be 
determined experimentally, the standard E. M. . of the cell in which that 
reaction takes place can be calculated. The constant K is, of course, the 
true (thermodynamic) equilibrium constant, and in its determination allow- 
ance should be made for departure of the solution from ideal behavior, either 
by including activity coefficients or by extrapolation to infinite dilution. 

The method may be illustrated by reference to the Sn, Sn electrode. 
If combined with a Pb, Pbt+ electrode there would be obtained the cell 


Sn] Sn Pb+ Pb, 
in which the reaction 


Sn(s) + PDT = Snt + Pb(s) 


would take place for the passage of 2 faradays. The equilibrium constant 
K is given by 
ASn 


Apb * z 


Ke 


the activities of the solid tin and lead being unity. By shaking finely 
divided metallic tin and lead with a solution containing the perchlorates of 
these metals, and analyzing the solution after the equilibrium 


Sn(s) + PbC10,(ag) = SnClO,(ag) + Pb(s) 


was established, the value of K was found to be 2.98 at 25° C. Upon inser- 
tion of this result into equation (45.19), the standard E. M. . of the tin-lead 
cell, depicted above, is found to be 


0.05914 
2 


E = log 2.98 = 0.014. 


This is equal to the standard (oxidation) potential of the Sn, Snt electrode 
minus that of the Pb, Pb electrode; the latter is known to be 0.126 volt, 
and so the standard (oxidation) potential of the Sn, Sn electrode is 0.140 
volt at 25° C.“ 

The same method has been used to determine the standard potential of 
the ferrous-ferric electrode, by considering the cell 

Ag|Agt Fe, Fet++| Pt, 
in which the reaction, for the passage of 1 faraday, is 
Ag(s) + Fett = Agt + Fett. 

The value of K for this equilibrium was given as 0.53 at 25° C in § 41h, and 

4 Noyes and Toabe, J. Am. Chem. Soc., 39, 1537 (1917). 
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hence the standard E. M. r. of the cell is found to be — 0.016, by equation 
(45.19). The standard (oxidation) potential of the Ag, Agt electrode is 
known to be — 0.799 volt, and hence that of the Pt, Fe, Fet+++ electrode 
is — 0.783 volt at 25°C. It appears from various direct E. M. . measure- 
ments that the correct standard potential is about — 0.771 volt, the dis- 
crepancy being probably due to uncertainty in the extrapolation of the 
equilibrium constant values to infinite dilution, as indicated in § 41h. 


The procedure just described essentially utilizes free energy values to calculate 
E.M.F.’8, and another example, based on the same principle, is the determination 
of the standard potential of the oxygen electrode. The problem is to evaluate 
the E. M. F. of the cell 


Pt, H: (I atm.)|H*+(an+ = 1), OH-(aoπ̃ = 1) 0: (1 atm.), Pt, 


for the potential of the left-hand electrode is zero, by convention, and the right- 
hand electrode represents the standard (reduction) potential of the oxygen elee- 
trode. The reaction taking place in this cell is 


H: (1 atm.) + 402 (1 atm.) = H2O()), 


for the passage of 2 faradays. The standard free energy change of this reaction 
is known to be — 56.70 kcal. at 25° C (see Table X XIV), and this is equivalent to 
— NFE’, where & is here equal to 2 equiv. Hence, taking F as 23,070 cal. volt 
g. equiv. , it is seen that 


go — 56.70 & 1,000 
2 * 23,070 
This is the standard E. M. F. of the cell 
Pt, H: (1 atm.) ] Water O: (1 atm.), Pt, 


in which both hydrogen and oxygen electrodes are in contact with the same solu- 
tion, the latter having the same activity as pure water, at 25° C. If the hydrogen 
ion activity in this solution is taken as unity, the potential of the left-hand elec- 
trode is then zero, and hence 1.229 volts is the potential of the electrode 


HzO ()), Ht (ant = 1) [O: (1 atm. ), Pt. 


It is known from other investigations that in pure water the product of the activities 
of hydrogen and hydroxyl ions, i.e., autaon~, is always equal to 1.008 X 10—— at 
-25° C (§ 45k). Hence the electrode just indicated can also be represented as 


OH~(aon~ = 1.008 X 10) O: (1 atm.), Pt, 
or reversing the electrode, so as to imply oxidation, the potential of the electrode 
Pt, Oz (1 atm.) OH- (aon = 1.008 X 1071) 


is — 1.229 volts at 25° C. This result may be inserted into equation (45. 14), 
which gives the oxidation potential of an electrode yielding negative ions; thus, 
at 25° C, since the valence of tlie OH- ions is unity, 


— 1.229 = E + 0.05914 log (1.008 X 107"), 
EO = 0.401 volt. 


= 1.229 volts 
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The standard (oxidation) potential of the oxygen gas electrode is thus — 0.401 
volt at 25° C. 


Another method for calculating standard potentials from free energy 
data will be described in § 46c; this employs heat content and entropy values, 
so that the free energies are obtained indirectly. 

451. Standard Electrode Potentials and their Applications.—By the use 
of methods, such as those described above, involving either E. M. r. measure- 
ments or free energy and related calculations, the standard potentials of a 
large number of electrodes have been determined. Some of the results on 
the hydrogen scale for a temperature of 25° C are quoted in Table XX XIX; 5 
as noted above the standard state for any ion is taken as the (hypothetical) 
ideal solution of that ion at unit molality. The potentials in Table XX XIX 
are all oxidation potentials, as indicated by the symbols (cf. § 45f) and by 
the expression for the electrode process in each case. The corresponding 
standard reduction potentials are obtained by reversing the signs. The 
standard E. M. F. of any cell can be obtained by adding the standard oxidation 
potential of the left-hand electrode to the standard reduction potential of 
the right-hand electrode. The same result is obtained, of course, by sub- 
tracting the standard oxidation potential of the mght-hand electrode from 
that of the left-hand electrode. 

Numerous applications of standard electrode potentials have been made 
in various aspects of electrochemistry and analytical chemistry, as well as 
in thermodynamics. Some of these applications will be considered here, 
and others will be mentioned later. Just as standard potentials which 
cannot be determined directly can be calculated from equilibrium constant 
and free energy data, so the procedure can be reversed and electrode poten- 
tials used for the evaluation, for example, of equilibrium constants which 
do not permit of direct experimental study. Some of the results are of 
analytical interest, as may be shown by the following illustration. Stannous 
salts have been employed for the reduction of ferric ions to ferrous ions in 
acid solution, and it is of interest to know how far this process goes toward 
completion. Although the solutions undoubtedly contain complex ions, 
particularly those involving tin, the reaction may be represented, ap- 
proximately, by 


Sntt+ + 2Fett = Snt + 2Fet. 


A knowledge of the equilibrium constant would provide an indication of the 
extent to which the reaction proceeds from left to right; if it were large, then 
the process could be regarded as being virtually complete. The reaction 
between stannous and ferric ions can, in principle, be made to take place in 
the reversible cell 


Pt] Sn, Sn. = Fett, Fet++| Pt, 
$ Data mainly from W. M. Latimer, The Oxidation States of the Elements and Their 


Potentials in Aqueous Solutions, 1938, where a very complete collection of electrode 
potentials will be found, 
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TABLE XXXIX. 


Electrode 


Fe, Fett 

Pt, Cr, Cr 
Cd, Cd++ 

Co, Cot+ 

Ni, Nitt 

Ag, AgI (e), I- 
Sn, Sn“ 


Pt, Tir, Tir 
Ag, AgBr (s), Br 
Pt, Sntt, Sntt++ 
Pt, Cut, Cutt 

Ag, AgCl(s), CI- 
Hg, Hg: Cl: (s), Cl- 
Cu, Cutt 


Pt, Fe (CN) y, Fe(CN); ~ 


Pt, Oz, OH- 
Pt, Iz(s), I- 
Pt, MnO7~, MnO; 


Hg, Hg: S0. (s), SO 


Pt, Fe“ “, Fe“. 


Pt, Br: (J), Br- 
Pt, TI“, TI 
Pt, Cl: (g), CI- 


Pt, Mn++, MnO7, Ht 


Pt, Ce, Cet+++ 


Pt, PbSO,(s), PbO2(s), SO7~ 


Pt, Pb, P! 
Pt, Cott, Cot++ 


E. M. F. S AND ELECTRODE POTENTIALS 


STANDARD (OXIDATION) POTENTIALS AT 25° c * 


Reaction 
Li — Lit + e 
K- Kt +e 
Na — Nat ＋ e 
4H: + OH- — HO + e 
Zn — Zntt + Qe 
Fe — Fett + 2e 
Cr. — Crttt e 
Cd — Cdtt + 2e 
Co — Cott + 2e 
Ni — Nitt + 2e 
Ag ＋ IT — AgI + 
Sn — Snt + 2e 
Pb — Pb. + 2e 
4H, — Ht +e 
Ti > fi 4 e 
Ag + Br- — AgBr + e 
Sntt —> Sntttt + 2e 
Cut — Cutt + e 
Ag + Cl — AgCl + e 
Hg + Cl — 4Hg.Cl. + e 
Cu — Cutt + 2e 
Fe (CN) — Fe(CN) T + € 
20H- — 402 * H 20 + 2e 


2Hg + SO — Hg:S0, + 2e 
Fett — Fer +. e 

2Hg — Hgt + 2e 

Ag — Agt +e 

Hgł*t — 2Hgt* + 2e 

Br — 4Brz + e 

Tit — TIH + 2e 

Cl- — 1Clz + e 


Mn++ + 4H20 - MnO; + 8H* + 5e 


Cett+ Ce + e 


PSO. + 2H:0 — PbO: + 411+ + 807 + 2e 


Pb*t — Pb + 2e 


Cott — Cott + e 
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Potential 
3.024 volt 


* Numerous other standard potentials can be calculated from the standard free energy 
values in Table 5 at the end of the book. 


for the passage of 2 faradays. 


The standard E. M. r. is equal to the standard 


(oxidation) potential of the stannous-stannic electrode, i.e., — 0.15 volt, 
minus the standard (oxidation) potential of the ferrous-ferric electrode, i.e., 
— 0.771 volt; hence, Ee is — 0.15 — (— 0.771) = 0.62 volt at 25°C. By 
equation -(45.19), therefore, since N is 2, 


0.62 = log K, 
K = 9.3 X 10”. 


0.05914 
2 
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The large value of the equilibrium constant shows that the reaction proceeds 
to virtual completion from left to right, within the limits of analytical 
accuracy. 

An examination of these calculations shows that the large value of the 

ilibrium constant is determined by the large difference between the 
standard potentials of the Snt, Snt+++ and Fet+, Fet++ systems. In 
general, the greater the difference in the standard potentials, the more com- 
pletely will the system with the lower (algebraic) oxidation potential be 
reduced, and that with the higher oxidation potential be oxidized. This 
conclusion is applicable to oxidation and reduction in the general sense, al- 
though the example given above refers to conventional oxidation and 
reduction. 

For the sake of completeness, attention may be called to the fact that 
the calculation of an equilibrium constant from standard potentials is 
equivalent to the determination of the standard free energy of the corre- 
sponding reaction. Since AF” is equal — RT ln K the former can be readily 
obtained if K is known. Alternatively, of course, AF? could be calculated 
directly from — MFE, without the use of the equilibrium constant. 

Another important use of standard potentials is for the determination of 
solubility products, for these are essentially equilibrium constants (§ 39j). 
If M., A. is a sparingly soluble salt, a knowledge of the standard potentials 
of the electrodes M, M., A, (s), A*- and M, M*+ permits the solubility 
product to be evaluated. "A simple example is provided by silver chloride 
for which the standard (oxidation) potential of the Ag, AgCl(s), Cl elec- 
trode is known to be — 0.2224 volt at 25° C. The activity of the chloride 
ion in the standard electrode is unity, and hence the silver ion activity must 
be equal to the solubility product of silver chloride. The value of aa“ may 
be derived from equation (45.13), utilizing the standard potential of silver; 
thus Ex is — 0.2224 volt, Ex for silver is — 0.799, and z is 1, so that at 25° C, 


— 0.2224 = — 0.799 — 0.05914 log aast, 
daet = 1.78 X 10-2, 


so that the solubility product aagt X dor of silver chloride is 1.78 X 10-1 
at 25° C, in terms of molalities. 
Since the solubility product, e.g., of silver chloride, is the equilibrium 
constant of the process 
AgCl(s) = Agt + CI, 


the ions being in solution, the standard free energy change AF” is equal to 
— RT ln K., where K. is the solubility product. Hence, the standard free 
energy change for the solution of solid silver chloride in water at 25° C is 
equal to — 2.303 X 1.987 X 298.2 log 1.78 X 10, i.e., 13,300 cal. It will 
be observed that this value is positive, and hence (ef. § 25f) solid silver 
chloride will not dissolve to form silver and chloride ions at unit activity in 
terms of molality. Because of the low solubility of silver chloride in water 
it is obvious that the reverse process, namely the precipitation of this salt 
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from a solution in which the silver and chloride ions have activities, or 
(approximately) concentrations, of 1 molal, will be spontaneous. For this 
process the standard free energy change is — 13,300 cal. at 25° C. 


45j. Dissociation Pressures.—In § 45a it was stated that the Ag, AgCl(s), CI- 
electrode could be regarded as a chlorine electrode with the gas at a pressure equal 
to the dissociation pressure of silver chloride at the experimental temperature. 
That this must be the case can be seen in the following manner. Consider the 
reaction between solid silver chloride and hydrogen taking place in the hydrogen- 
silver chloride cell; this may be written in two stages, viz., first, an equilibrium 
between solid silver chloride, on the one hand, and solid silver and chlorine gas at 
its dissociation pressure pci, on the other hand, 


AgCl(s) = Ag(s) + 3Cl2(nei,), 


and second, reaction between the chlorine and hydrogen in the presence of water, 
to form hydrochloric acid, i.e., hydrogen and chloride ions in solution, 


1Cla(pei,) + 4H: (1 atm.) = H+ + Cr. 


The free energy change for the dissociation of solid silver chloride to yield chlorine 
gas at the pressure pci, is zero, since the system is in equilibrium; hence, the free 
energy change of the second reaction is identical with that for the over-all process. 
An electrode consisting of chlorine gas at the dissociation pressure pci, would thus 
have the same potential, in a given chloride ion solution, as would the Ag, AgCl(s) 
electrode. 

The conclusion just reached may be utilized to determine the dissociation 
pressure of chlorine gas in equilibrium with solid silver chloride; for this purpose 
it is necessary to consider the problem of a gas electrode in which the pressure 
differs from the standard value of 1 atm. For such electrodes, the general equa- 
tion (45.15) is still applicable, but allowance must be made for the activity, 1.e., 
approximately the pressure, of the chlorine gas, as well as of the reversible ions. 
For a chlorine electrode, the gas is the oxidized state and the chloride ion the 
reduced state, and hence the electrode process may be written as 


20l = Cle(g) + 2e, 


for the passage of 2 faradays of electricity. By equation (45.15), therefore, the 
oxidation potential is given by 


RT 
Boy = Eb, 25 in 45, 
RT RT 
= EQ, — 25 ln poi, + | In acr. (45.20)* 


If the pressure (or fugacity) of the chlorine gas were 1 atm., this would reduce to 
exactly the same form as equation (45.14). 

At 25° C, the value of E&, is — 1.358 (Table XXXIX), and if the activity 
aor of the chloride ions is taken as unity, the oxidation potential of the chlorine 


It would be permissible to write the electrode reaction as Ci- = Cl () + e, so that 
N is unity; in this case, however, the activity of the chlorine gas would be pd and that of 
the ions ac. thus leading to the same result as in equation (45.20). 
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gas electrode would be 


0.05914 
2 log Polz, 


Eo, = — 1.358 — 


from equation (45.20). Further, if poi, is the dissociation pressure of silver 
chloride at 25° C, this potential must be identical with that of the Ag, AgCl(s), 
Cl-(acer” = 1) electrode, which is — 0.2224 volt; hence, 


— 0.2224 = — 1.358 — ae leber 


Pcia = 3.98 X 10 œ⁰ù8˙ atm. 


The dissociation pressure of solid silver chloride at 25° C is thus 4 X 10-7» atm.; 
if the necessary thermal data were available, it would be possible to calculate the 
dissociation pressure at other temperatures (cf. §§ 33h, 33i). 

Although the preceding discussion has dealt in particular with silver chloride, 
the general conclusions are applicable quite generally, not only to the chlorides 
of other metals, but also to bromides, iodides and oxides. Thus, the potential of 
an electrode M, MO(s), OH- is exactly equivalent to that of the oxygen electrode 
Pt, Os(po,), OH-, in the same hydroxyl ion solution, with oxygen gas at the dis- 
sociation pressure of the oxide MO, at the experimental temperature. By utilizing 
this relationship, together with heat of reaction and heat capacity data, estimates 
have been made of the temperatures at which various metallic oxides dissociate 
freely in air, the dissociation pressure being then equal to the partial pressure of 
oxygen in the atmosphere, i.e., 0.21 atm. 


Problem: The standard potential of the Ag, Ag,0(s), OH- electrode is — 0.344 
volt at 25° C. The heat of formation of silver oxide is — 7,300 cal. at 25° and 
AC is about 1.0 cal. deg.-! mole. Estimate the temperature at which silver 
oxide will dissociate freely in air. 


Treating the electrode as an oxygen electrode in a solution in which dog is 
unity, the potential is given by equation (45.15) as 


E = EO — RT In Pon 


since 4 faradays are required to convert an oxygen molecule into OH- ions. In 
this case, E is — 0.344, and Ee for the oxygen electrode is — 0.401 volt (Table 
XXXIX); hence, at 25° C, 


— 0.344 = — 0.401 — 


0.05914 
4 log Pos 


so that po, is 1.40 X 10 atm. This may now be taken as the equilibrium con- 
stant for the reaction 
2Ag,0(s) = 4Ag(s) + O20), 


two molecules of silver oxide being necessary to produce one molecule of oxygen, 
so that K, is equivalent to po, For this reaction AH at 298° K is — 24 H for 
the formation of the oxide, i.e., 14,600 cal., and AC is, similarly, — 2.0 cal. deg.—; 
hence, by equation (12.16) or (33.29), 


14,600 = AH§ — 2.0 X 298; AH$ = 15,200 cal. 
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Utilizing equation (33.30), with K equal to 1.40 X 10 atm. at 298° K. 


15,200 2.0 I’ 
2.303RT F 8T + 2.303 


Taking R as 2 cal. deg.~! mole, Z’/2.303 is found to be 9.76; hence, the general 
expression for log K becomes 


log (1.40 X 10) = — 


15,200 
4.576T 
The oxide will dissociate freely in air when Po, i. e., K, is 0.21 atm.; inserting this 


value in the expression for log K, and solving by successive approximations, T is 
found to be 435° K, i.e., 162° C. (The experimental value is about 150° C.) 


log K = — — 1.0 log T + 9.76. 


45k. The Dissociation (Ionization) Constant of Water.—In pure water, 
and in any aqueous solution, an equilibrium exists between the undissociated 
molecules of water, on the one hand, and hydrogen and hydroxyl ions, on 
the other hand; thus, 


H: O(0‚) = H+ (ag) + OH- (aq). 
The equilibrium (dissociation) constant of this reaction is given by 


K = auton” 
QH,0 
but for pure water, or for dilute aqueous solutions of electrolytes, the ac- 
tivity of the water, i.e., an, o, may be taken as unity; the result, referred to 
as the dissociation (or ionization) constant or, sometimes, as the ionic 
product, of water, is then 
Ku = Qnutdon™. (45.21) 


One of the most accurate methods for determining the dissociation con- 
stant of water is based on E.M.F. measurements of cells of the type 
Pt, H: (1 atm.) MOH (mi) MCl(ma)|AgCl(s), Ag, 
where M is an alkali metal, e. g., lithium, sodium or potassium. The E. M. F. 


of this cell, like that for other hydrogen-silver chloride cells (§ 45d) is 
given by 


E = E — F in an ac (45.22) 
Since, by equation (45.21), an ma- is equal to K., it follows that 
E = n K. — F In 2C 
F 9 0 
2 Fh Ke = a In mo _ RT In Yer (45.23) 
MOHR F 70H 


where, in equation (45.23), the activities have been replaced by the products 
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of the respective molalities and activity coefficients. Upon rearrangement, 
equation (45.23) gives 


RT, mi- RT KT Yo 
Pee ine SS in Ky = hn. 
= F a F F Fon 
F(E = EO) Mei — Yo." 
Tb log Ky log S: 45.24 
2.303 H T + log Mon eee log 70H ( i ) 


At infinite dilution the activity coefficient fraction yci-/you- becomes equal 
to unity, so that log (Y- on-) is then zero; under these conditions, there- 
fore, the right-hand side of equation (45.24) becomes equal to — log Ky. 
It follows, therefore, that if the left-hand side of this equation, for various 
molalities of MOH and MCI, is plotted against some function of the concen- 
tration, e.g., the ionic strength, the intercept for infinite dilution gives the 
value of — log K. At 25° C, Æ for the cell under consideration is known 
to be 0.2224 volt, and the actual E. M. p. of the cell, i. e., E, can be measured; 
by assuming mor to be equal to m: (for MCI) and mou- to be equal to mi 
(for MOH), the left-hand side of equation (45.24) can be readily evaluated. 
From results of this kind, with various chlorides and hydroxides, K» has 
been found to be 1.008 X 10—H at 25°C. Accurate measurements of the 
same type have been made in the temperature range from 0° to 50°C, 
with cells containing a number of different chlorides. 


The E. M. F. of the hydrogen-silver chloride cell 
Pt, H: (1 atm.) | HCl( ) MCl (n:) | AgCl(s), Ag, 


containing hydrochloric acid and a metallic chloride solution, is 


E= Eo . In af ddr (45.25) 


If this result is combined with equation (45.22) for the E. M. . of the similar cell 
containing the hydroxide (and chloride) of the metal M, it is seen that 


a+ Fn 
pep = EI In -A 


F aH*aci~ 
_RT _ magmo RT. YH YC 
wep In 5 7 In 5 (45.26) 


the standard potentials Ee being the same in equations (45.22) and (45.25). If 
the ionic strengths in the two cells are kept equal, then provided the solutions are 
relatively dilute, the activity coefficient factor in equation (45.26) is unity and its 
logarithm is zero; equation (45.26) then becomes 


„ RT, myatmg- 
E — E F In 5 (45.27) 


By introducing the term (RT/F) ln mob, equation (45.27) can be rearranged 
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to give ; 
4 a +} - 
z me In mu mon- = E RT — (45.28) 


where, as before, the primed quantities refer to the cell containing hydrochloric 
acid, and those without primes apply to the alkali hydroxide cell. The particular 
interest of equation (45.28) lies in the fact that it permits of the determination 
of mutmon™, known as the molal ionization product of water, in various halide 
solutions. In a pure halide solution the molalities of the hydrogen and hydroxyl- 
ions are equal; hence, the square root of matmon™ gives the actual molalities of 
the hydrogen and hydroxyl ions, produced by the ionization of water, in the 
halide solution.“ 


451. The Dissociation (Ionization) Constant of a Weak Acid.—The 
dissociation constants of weak acids, as defined in § 41h, may also be deter- 
mined by means of EB. M. r. measurements. For this purpose another form 
of the hydrogen-silver chloride cell, viz., 


Pt, H: (1 atm.) HA (mi) Na A (m) NaCl (ma) | AgCl(s), Ag, 


where HA is the weak acid and Na A is its sodium salt, is employed. The 
E. M. F. of this cell is given, as usual, by 


E = P — I in aH 


T 
= pP — F in matmor — an In RO. (45.29) 
The dissociation constant K of the acid may be expressed in the form 
* aH. mH D YH NA 
QHA MHA YHA 


and combination of this result with equation (45.29) gives 


E = EO — RT in DHA a RT In WA Ter- z= n e 
F ma F. Ya” F 
F(E = E?) MHAMc _ YHAYCY 
2.303 RT F log ma- = log ae log K 5 (45.30) 


If the left-hand side of this equation, for various molalities of HA, NaA 
and NaCl, is plotted against the ionic strength, the value extrapolated to 
infinite dilution gives — log K, since the first term on the right-hand side 
of equation (45.30) is then zero. As a first approximation, mn is taken as 
equal to mi, mor to mz and ma- to mz; this neglects the dissociation of the 
acid HA in the presence of the salt. Allowance for the dissociation can be 
made, if necessary, by utilizing a preliminary value of K for the given acid. 

* Harned and Hamer, J. Am. Chem. Soc., 55, 2194 (1933); for reviews, see H. S. Harned 


and B. B. Owen, The Physical Chemistry of Electrolytic Solutions, 1943, Chapter 15; 
Chem. Rev., 25, 31 (1939). 
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The procedure just described has been used for the determination of the 
dissociation constants of a number of weak monobasic acids. It has also 
been extended to the study of polybasic acids and amino-acids. 

Dissociation constants of weak acids can also be derived from measure- 
ments on “unbuffered” cells of the type 


Pt, H: (1 atm.)|HA(m;) = NaCl(ms) | AgCl(s), Ag. 


These are similar to those described above except for the omission of the salt 
NaA from the electrolyte. By means of these cells it is also possible to 
determine the quantity mn m] mR, which gives the actual extent of dis- 
sociation of the weak acid, in solutions containing various amounts of sodium 
chloride or other halides.’ 


46. THERMODYNAMICS OF IONS IN SOLUTION 


46a. Free Energies of Formation of Ions.—In Chapter XIII the standard 
free energies of formation of various neutral molecules were given; it will 
now be shown how corresponding values may be obtained for many ions. 
The results may then be combined to determine the standard free energy 
changes of reactions involving ions as well as neutral molecules. In the cell 


M|M*(a, = 1) H+(au*+ = 1)| He (1 atm.), 


the E. Mu. T. of which is equal to the standard potential EM of the M, M- 
electrode, the reaction for 2, faradays is (cf. § 45e). 


M(s) + 2,H+(aqt = 1) = M (a, = 1) + 32,He (1 atm.). 


Hence the standard free energy change of this reaction is — z,FE\y. How- 
ever, the convention of taking the standard potential of the hydrogen elec- 
trode as zero is equivalent to stating that the standard free energy change 
for the transfer of hydrogen gas to hydrogen ions, or the reverse, is arbi- 
trarily set equal to zero. Consequently, on the basis of this convention, 
— 2 FEu is the standard free energy change accompanying the formation 
of M ions in solution, viz., 


M(s) = M#t(a, = 1) + ye. 


By adopting the foregoing convention, therefore, it is possible to define the 
standard free energy of formation of a positive ion M, from the element M, 
as — 2,FE\M, where Eu is the standard (oxidation) potential on the hydro- 
gen scale. 

Similarly, for an electrode involving negative ions, the reaction in the cell 


. AA (a- = 1) H. (HT = 1) H: (1 atm.) 
is 
Ar (a- = 1) ＋z-HT (an!“ = 1) = A + 2-H: (L atm.) 


7 Harned and Ehlers, J. Am. Chem. Soc., 54, 1350 (1932); Nims, ibid., 55, 1946 (1933); 
Harned and Owen, ref. 6. 
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for z- faradays. Hence, adopting the same convention as above, viz., that 
the standard free energy change of formation of hydrogen ions is zero, 
— 2_FE}, is the standard free energy of the process 


Ar (a. = 1) = A+ z. 


This is the reverse of the standard free energy of formation of the A* ion, 
and consequently the latter is equal to z FEA where E is the standard 
(oxidation) potential of the A, Ar electrode.“ 

Provided the potential of an electrode of the type M, M* or A, A=, 
where M and A are elements, can be measured, the standard free energy of 
formation of the M. and A” ions, respectively, can be readily determined. 
For this purpose the data in Table XX XIX may be used. If the ion is 
one which cannot form a stable electrode of the simple type indicated, 
indirect methods must be adopted; sometimes electrode potential or equi- 
librium data can be employed, but in other cases recourse must be had to 
heat content and entropy values. For example, the potential of the Fe, 
Fet++ electrode cannot be determined experimentally because the system is 
unstable; however, the potentials of the Fe, Fet and the Pt, Fe, Fett+ 
systems are known, viz., + 0.441 and — 0.771 volt at 25°, respectively, and 
from these the free energy of formation of the ferric ion can be determined. 
Thus, for the process 


Fe = Fett + 2e, 
the standard free energy change is — 2F X 0.441, i.e., — 0.882F, and for 
Fett = Fel + e, 
itis — F X (— 0.771), i.e., 0.771F. The total standard free energy change 
for the formation of ferric ions, 
Fe = Fer + 36, 


is thus (— 0.882 + 0.771)F i.e., —O.111F. To express the free energy 
change in calories, F is taken as 23,070 cal. volt—, so that the free energy of 
formation of ferric ions is — 2,560 cal. g. ion. 

The calculation of free energies of formation of ions from equilibrium 
data may be illustrated by reference to the iodate (IO3) ion. At 25°C the 
equilibrium constant K for the system 


31Iz(s) + 3H2O() = 105 + 5I- + 6H+ 
is approximately 2 X 10-5", so that the standard free energy change is 
given by 
AF = — RT In K =— 4.576 X 298.2 log K 
= 76,000 cal. = 76.0 kcal. 


In general, the standard free energy of formation of any ion in solution is equal to 
— 2FE°, where z is the valence of the ion including its sign. 
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By convention (cf. § 33k) the free energy of formation of every element in 
its standard state is taken as zero, and, as seen above, the same applies to 
the hydrogen ton. The standard free energy of formation of liquid water at 
25° Cis — 56.70 kcal. mole (Table XXIV), and that of the iodide ion is de- 
rived from its standard potential (Table XX XIX) as 1 X 23,070 X (— 0.536) 
cal., i.e., — 12.37 kcal. g. ion -i. It follows, therefore, that 


[AF°(IOs) + (5 X — 12.37) + (6 X 0)] — [(3 X 0) + (3 X — 56.70) J = 76.0, 
AF°(IO;) = 32.3 kcal. g. ion, 


so that the standard free energy of formation of the iodate ion at 25° C is 
— 32.3 kcal. g. ion. 

A similar result has been obtained from measurements of the potential 
of the electrode Pt, IOs + 6H, $1,(s), for which the reaction is 


212(s) + 3H:00)0 = 103 + 6H* + 5e. 


The standard potential at 25° C is — 1.195 volt, and so the standacd free 
energy change is — 5 X 23,070 X (— 1.195) cal., or 137.8 kcal. The 
standard free energies of formation of solid iodine and of hydrogen ions are 
taken as zero, and since that for liquid water is — 56.70 kcal. mole at 
25° C, it follows that 


[AF°(IO;) + (6 X 0)] — Lg Xx 0) + (3 * — 56.70)] = 137.8, 
AF°(IO3) = — 32.3 kcal. g. ion—, 


in agreement with the result obtained above. 

46b. Standard Entropies of Ions.—The evaluation of the standard en- 
tropies of ions has provided a method for the calculation of standard free 
energies of formation, and hence the standard electrode potentials, of ions 
which are not susceptible of direct experimental study. The data may also 
be used in conjunction with other entropy values, such as those given in 
Chapter IX, to determine the entropy changes of reactions involving both 
molecules and ions. Several methods are available for determining the 
standard entropies of ions, the particular one used depending on the 
circumstances. 

For ions which are reversible with respect to a metallic element that 
dissolves in dilute acid solution, the following procedure is the simplest. 
Consider the general reaction accompanying the solution of the metal M, viz., 


M + z Ht = M+ + 32,02; 


the standard free energy change AF” is — 2 FEN, and this can be determined 
if the standard potential Ey, is known. The standard heat content change 
Ale of the same reaction is virtually identical with the experimental heat 
of solution of 1 g. atom of the metal in a dilute acid solution. By utilizing 
the familiar thermodynamic relationship AS“ = (AH® — AF*)/T, it is thus 
possible to determine the standard entropy change of the reaction between 
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the metal and hydrogen ions in solution. Considering the species involved 
in the reaction it is seen that 


AS? = (Sut + 12, Sk.) — (Sm + 2. SR“), (46.1) 


where St“ and Sn“ are the standard entropies of the M=. and H+ ions, 
respectively, and Sn, and Sm are the entropies of the hydrogen gas at 1 atm. 
and of the metal M, respectively. These two latter quantities are pre- 
sumably known, from the data in Tables XV and XIX, and if by convention 
the standard entropy of the hydrogen tion is taken as zero,“ it is possible to 
calculate Sz“ for the given ion by means of equation (46.1).® 


Problem: The standard heat of solution of 1 g. atom of potassium in dilute 
acid is found to be — 60.15 kcal. at 25° C. The standard oxidation potential of 
this metal is 2.924 volt at the same temperature; the standard entropy of solid 
potassium is 15.2 E. U. g. atom™ and of gaseous hydrogen it is 31.21 E. u. mole}. 
Calculate the standard entropy of the potassium ion in solution at 25° C. 


For the solution reaction 
K(s) + Ht = Kt + 4H2(g), 


AH?’ is about — 60.15 kcal., i.e., — 60,150 cal., and AF® is obtained from the 
standard potential as — 1 X 23,070 X 2.924, i.e., — 67,450 cal. Hence, 


AS? = [ — 60,150 — (— 67,450) ]/298.2 = 24.5 E. u., 
and by equation (46.1) 


24.5 = (Skt + $4 X 31.2) — (15.2 + 0), 
Str = 24.1 B. U. g. lon. 


If the standard potential of an electrode is known at two or more tem- 
peratures, the entropy of the reversible ion can be determined by using a 
form of the Gibbs-Helmholtz relationship. As seen in 5 33ʃ, the standard 
entropy change may be expressed in terms of the standard electrode po- 
tential, viz., 

dE? 


0 — 3 
AS NF 7 (46.2) 


and this is also the value of AS’ given by equation (46.1). The subsequent 
procedure for obtaining Sz“ is then similar to that described above. 


* Since it has been postulated that the standard potential of the hydrogen electrode 
is zero at all temperatures, it follows that AS? for the reaction 4H:(g) = H+ + e must also 
be zero. An alternative convention would therefore be to take the standard entropy of the 
hydrogen ion as equal to that of 4H:(g); this is equivalent to postulating zero entropy for 
the electrons. It is immaterial, however, which convention is employed, provided it is 
adhered to strictly. Since the convention that S° for the hydrogen ion is zero is widely 
used in the literature, it will be adopted here. 

8 Latimer and Buffington, J. Am. Chem. Soc., 48, 2207 (1926); Latimer, Chem. Rev., 18, 
349 (1936), and numerous papers by Latimer, et al., in J. am. Chem. Soc.; see also, Bernhardt 
and Crockford, J. Phys. Chem., 46, 473 (1942). 
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Problem: From measurements of the standard potential of zinc, the value of 
dE°/dT was found to be — 1.00 X 10 volt deg. 1 at 25°C. The standard 
entropy of solid zinc is 9.95 E. U. g. atom and of hydrogen gas it is 31.21 E. v. 
mole! at 25° C. Calculate the standard entropy of the zinc ion.“ 


In this case, the reaction with hydrogen ions in solution is 
Zn(s) + 2H* = Zn** + Hz), 


and the standard entropy change is 2 X 23,070 X (— 1.00 X 107‘) cal. deg.—1; 
hence AS’ is found to be — 4.61 E. u. By equation (46.1), therefore, 


— 4.61 = (San + 31.21) — (9.95 + 0), 
Sun = — 25.9 E. U. g. ion, 


For anions, in particular, an entirely different procedure is adopted to 
determine the standard entropy of the ion in solution. Consider the solid 
salt M., A, in equilibrium with its ions M+ and A- in a saturated solution; 
thus, 


M. A, (S) = v Mt + -A. 


The equilibrium constant is equal to the solubility product K,, at 1 atm. 
pressure, and hence the standard free energy change AF” of the indicated 
process is given by — RT ln K. (ef. §45i). 

The significance of AH” for the reaction may be seen in the following 
manner. The total heat content of the products (right-hand side) in their 
standard states is H. + v_H°, and this is equivalent to H, the standard 
partial molar heat content of the solute M. A, in solution. The standard 
heat content of the initial state (left-hand side), which consists of pure solid 
solute at 1 atm. pressure, is identical with the molar heat content Hs of 
the solid salt. It is seen, therefore, that 


AH’ = $ — Hs. (46.3) 


Since H is equal to the partial molar heat content of the solute at infinite 
dilution, it follows from equation (44.8) that AH” in this case is equal to the 
differential heat of solution of the solid salt in the infinitely dilute solution. 
In dilute solution the total heat of solution usually varies in a linear manner 
with the molality, and so the differential heat of solution is then equal to 
the integral heat of solution per mole (cf. § 44h). 

For a sparingly soluble salt the differential heat of solution in the satu- 
rated solution is virtually the same as that at infinite dilution; the former 
can be derived from the solubility of the salt at two temperatures (§ 36f), 
and the resulting value can be used for AH’ of the process under considera- 
tion. Alternatively, the experimentally determined heat of precipitation of 
a sparingly soluble salt may be taken as approximately equal, but of opposite 
sign, to the differential heat of solution. 


Bates, J. Am. Chem. Soc., 61, 522 (1939). 
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By means of arguments exactly similar to those given above, it can be 
shown that 
AF = Fi — FS = p — Fs, (46.4) 


and by combining equations (46.3) and (46.4) with the thermodynamic 
relationship AF? = AH’ — TAS*, it is found that for the present process 


0: ae 
as = Sr = BH 


where 88 is the standard partial molar entropy of the salt in solution and 
Ss is the molar entropy of the solid salt. The standard partial molar en- 
tropy of the solute in solution may be taken as the sum of the molar entropies 
of the constituent ions, i.e., 

82 = S + 80, (46.6) 
so that by equation (46.5) 


AS = „ Su + „S — Ss. (46.7) 


If the standard entropy of either of the ions and that of the solid salt is 
known, the entropy of the other ion may thus be calculated. 

As indicated previously, AH can be determined in various ways, and 
Ss for the solid salt can be obtained from heat capacity measurements, 
based on the third law of thermodynamics. There remains the evaluation 
of AF’ to be considered. If the solubility product K, is known in terms of 
activities, either by extrapolation of solubility measurements (5 39) or from 
electrode potentials (§ 45i), AF” can be obtained directly, since it is equal to 
— RT In K., as stated above. When the activity solubility product is not 
available, use may be made of equation (39.70) for the solubility product, i.e., 


Ss, (46.5) 


K. = (mv). 


. 


As seen in § 41c, m4 may be replaced by m’(v'tv7=), and m may be identified 
with the saturation solubility of the given salt; hence, it follows that 


K. (mit =. (46.8) 


The value of m may be obtained from the solubility of the salt at the specified 
temperature and Y+. can be derived from the Debye-Hückel equation, if 
the solution is sufficiently dilute. For more concentrated solutions, Y+ 
may be estimated by extrapolation from activity coefficients determined in 
more dilute solution, or by comparison with that of a similar salt at the 
same concentration. 


Problem: The solubility of barium sulfate in water is 9.57 X 10 molal at 25°; 
the heat of solution is 5,970 cal. mole- 1. The standard entropy of the barium ion 
is 2.3 E. U. g. ion! and that of solid barium sulfate is 31.5 E. v. mole. Determine 
the standard entropy of the sulfate ion in solution. 


For BaSO,, both v, and v. are unity and v is 2, so that by equation (46.8) 
AF’ = — RT In K, = — 2RT eln mY. 


492 N. M. r. S8 AND THE THERMODYNAMICS OF IONS 46c 


The value of m in the saturated solution is given as 9.57 X 10 and Y, for this 
concentration may be estimated from the Debye-Hückel limiting law. Since both 
ions are bivalent, the ionic strength is equal to 4 X 9.57 X 10, and hence by 


equation (40.15), — log ya. = 0.509 X 4 X MX 9.57 X 10-6 = 0.0126, so that 
Ys = 0.971. Consequently, 


AF® = — 2 X 4.576 X 298.2 log (9.57  10-* X 0.971) 
= 13,740 cal. 

Since AH’ is 5,970 cal., AS® of solution is (5,970 — 13,740)/298.2 = — 26.0 k. u 
Hence, by equation (46.7), 

— 26.0 SR. + 830 — SB. 80. 

= 2.3 + 880 — 31.5, 
880 = 3.2 E. v. g. ion™ at 25° C. 

(An average value from various data is given as 4.4 E.U. g. ion.) 


The standard free energies of formation of a number of ions and the 
corresponding entropies at 25° C, based on the conventions stated in the 
preceding sections, are recorded in Table XL.“ The AH’ values for the 


TABLE XL. STANDARD FREE ENERGIES AND HEATS OF FORMATION (IN KCAL. d. ION™!) 
AND ENTROPIES (IN CAL. DG. 1 d. ION!) OF IONS AT 25° c * 


AF AH? 80 AF AH* 8e 
Ion kcal. kcal. k. u. Ion kcal. kcal. B. U. 
Al — 115.5 — 126.3 — 76 PO — — 241.0 — 229 — 45 
Fet++ — 2.53 — 9.3 — 61 AsO- — 153.4 — 215 
Catt — 132.7 — 129.5 — 11.4 * — 176.1 — 216.3 4.4 
Mgt+ — 107.8 — 110.2 — 31.6 NO; — 26.25 — 49.5 35.0 
Zn — 35.18 — 36.3 — 25.7 "ae — 126.4 — 160.5 — 13.0 
Fet+ — 20.3 — 20.6 — 25.9 I- — 12.33 — 13.6 25.3 
++ 39.42 41.6 — 6.5 Br- — 24.58 — 28.7 19.7 
Kt — 67.43 — 60.3 24.2 Ci — 31.33 — 39.9 13.50 
Nat — 62.59 — 57.5 14.0 OH- — 37.59 — 54.8 — 2.49 
Agt 18.44 25.2 17.54 CN- 39.14 34.9 25 


* For further values, see Table 5 at end of book. 


formation of various ions are also given; these may be derived from the 
AF and TAS data, or they may be obtained by an alternative procedure 
described below (§ 46d). 


46c. Application of Standard Entropies.—If the heat of solution of a metal M 
in dilute acid is known, and the entropy of the M“ ion is available, it is obviously 
a simple matter, by reversing the calculations described above, e.g., for the po- 
tassium ion, to calculate the free energy of formation of the M“. ion, and hence 
the standard potential of the M, M* electrode. The standard potentials of Mg, 
Mg** and Al, Al“, for example, which cannot be obtained by direct measure- 
ment, have been calculated in this manner. 


10 Entropy and free energy data mainly from, Latimer, ref. 5. 
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To calculate the standard potential of an anion electrode two methods have 
been used. The first is possible if the heat of formation from its elements of the 
corresponding acid in dilute aqueous solution is available. In order to illustrate 
the procedure the standard potential of the chlorine electrode will be calculated. 
For the reaction 


3H2(g) + iCl:(g) + ag = Ht(ag) + CI (aq), 


AH’ is found to be — 39.94 kcal. at 25° C. The standard entropies of hydrogen 
and chlorine gases are 31.21 and 53.31 E. v. mole and that of the chloride ion is 
13.5 E. U. g. ion™!; since the standard entropy of the hydrogen ion, by convention, 
iS zero, 


AS’ = (0 + 13.5) — $(31.21 + 53.31) = — 28.76 E. u. 


Consequently, the standard free energy change AF® of the reaction, i.e., AH® 
— TAS, is — 39,940 — (298.2 X — 28.76), i.e., — 31,360 cal. By convention, 
the standard free energies of formation of the hydrogen and chlorine gases and the 
hydrogen ion are all zero; hence the standard free energy of formation of the 
chloride ion is — 31,360 cal. at 25° C. As seen earlier, this is equal to z_FE%, 
where EA is the standard potential of the Pt, Clz(eg). Cl~ electrode, so that 


23,070 X EA = — 31,360 cal. 
EA = — 1.359 volts. 


The direct experimental value is — 1.358 volts at 25° C. 

Another method makes use of the heat of formation of a dilute solution of a 
salt of the anion. Once again the procedure will be explained by reference to the 
chloride ion. The heat of formation AH’ from its elements of sodium chloride 
in dilute solution, 1.e., i 


Na (s) + $Cla(g) + ag = Na (ag) + CI- (ag), 


is — 97.4 kcal. at 25° C. The standard entropy of solid sodium is 12.2 E. u. g. 
atom, that of chlorine gas is 53.31 E. U. mole, and the values for the sodium 
and chloride ions in solution are 14.0 and 13.5 E. v. g. ion-, respectively. Hence, 
for the reaction given, 


AS? = (14.0 + 13.5) — [12.2 + (3 X 53.3) J = 11.35 E. u., 
and consequently 


AF’ = AH® — TAS? = — 97,400 — (298.2 X — 11.35) 
= — 94,000 cal. 


Since the standard free energies of formation of the solid sodium and the chlorine 
gas are both zero, this result represents the sum of the free energies of formation 
of the sodium and chloride ions. The standard potential of sodium is 2.714 volt, 
and so the standard free energy of formation of the sodium ion is — 1 X 23,070 
X 2.714, i.e., — 62,600 cal. The standard free energy of formation of the chloride 
ion is therefore, — 94,000 — (— 62,600), i.e., ~ 31,400 cal., and the corresponding 
potential would be — 1.36 volts at 25° C. This method has been used for de- 
termining the standard potential ¿f the Pt, F. (g), F electrode, for which direct 
measurements have not been made. 
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46d. Standard Heats of Formation of Ions.—The standard free energies 
of formation of ions are based on the convention that for the hydrogen ion 
the value is zero (§ 46a); this is consistent with the postulate that the 
standard potential of the hydrogen electrode is zero (§ 45e). Since it has 
been stipulated that this potential be taken as zero at all temperatures, it 
follows, from equation (45.3) for example, that AH®, the standard heat of 
formation of the hydrogen ion, must also be zero. This is the convention 
adopted in the determination of the standard heats of formation of other 
ions; two general methods have been employed for the purpose. 

The first method, which uses free energy and entropy data, may be 
illustrated by reference to the heat of formation of the SOr- ion. It is seen 
from Table XL that the standard free energy & formation of this ion is 
— 176.1 kcal., so that for the reaction 


H:(g) + S(s) + 202(9) + ag = 2Ht(ag) + SOr- (ag) 


the value of AF” is — 176,100 cal. at 25° C. From Tables XV, XIX and 
XL, ASo is given by [0 (for 2H+) + 4.4 (for SOr-) ] — [31.21 (for H:) 
+ 7.62 (for S) + 2 X 49.00 (for 202) ] = — 132.5 E. Uv. Consequently AH? 
for the formation of the sulfate ion, taking that for the hydrogen ion as zero, 
is equal to AF? + TAS, i.e., — 176,100 + (298.2 X — 132.5) = — 215,600 
cal., or — 215.6 kcal. 

If, now, the heat of formation of a metallic sulfate at infinite dilution is 
known, e. g., 


2Na(s) + S(s) + 20209) + aq = 2Nat(ag) + SOr- (ag) 
AH? = — 330.5 Kcal., 


the heat of formation of the associated cation, i.e., the Nat ion, can be 
calculated. In the present case, the standard heat of formation of the 
sodium ion is 4[— 330.5 — (— 215. 6) ] =— 57.5 kcal. From this result 
and the heat of formation of sodium chloride at infinite dilution, viz., 
— 97.4 kcal., the standard heat of formation of the chloride ion, i. e., 
— 97.4 — ( 57.5) = — 39.9 kcal., can be obtained. Proceeding in this 
manner, the values for other ions can be derived. Instead of starting with 
the SOr- ion, as described above, AH for the formation of the chloride ion, 
or of another ion, could have been evaluated from the appropriate AF and 
S° data and made the basis of the calculations. 

The second general method makes use of thermal data only. At 25° C, 
the heat of formation of gaseous hydrogen chloride is — 22.06 kcal., and the 
heat of solution at infinite dilution is — 17.88 kcal., so that for the reaction 


JH: (9) + $Cla(g) + ag = H+(aq) + Cl-(ag) 


AH’ is — 39.94 kcal. By convention, the heats of formation of the hydrogen 
gas, the chlorine gas and the hydrogen ion are all zero, so that the standard 
heat of formation of the chloride ion is — 39.94 kcal. From the known heats 
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of formation of various chlorides at infinite dilution, the heats of formation 
of the associated cations can be evaluated. 


Another approach to the subject is through a consideration of the heat of 
neutralization of a strong acid and strong base at infinite dilution; this is equivalent 
to the standard heat change of the reaction 


H*(aqg) + OH- (ag) = H.O0(/) AH’ = - 13.50 kcal., 
at 25° C. By combining this with the heat of formation of liquid water, viz., 
H.(g) + 40.(9) = H:O() AH’ = — 68.32 kcal., 
it is seen that 
H2(g) + 10:0) = H*(ag) + OH-(ag) AH! = — 54.82 kcal. 


On the basis of the usual convention, the standard heat of formation of the OH- 
ion is — 54.8 kcal. at 25° C. Utilizing the known heat of formation of sodium 
hydroxide in dilute solution, i. e., — 112.2 kcal., the heat of formation of the sodium 
ion is found to be — 112.2 — (— 54.8) = — 57.4 kcal., in satisfactory agreement 
with the result obtained previously. 


Instead of starting with an anion in the calculation of the heats of 
formation of ions, it is possible to use a cation. For this purpose it is 
necessary to know the heat of solution of a metal in very dilute acid solu- 
tion, e.g., 


Al(s) + 3HCl(aq) AA (aq) + 3CI-(aq) + 3Ha2(Q). 


Since the dilute acid may be regarded as completely ionized, this reaction is 


equivalent to : 
Al(s) + 8H*+(ag) = Al***(aq) + 3H2(g), 


and hence the heat change, 1.e., — 126.3 kcal. at 25° C, in this case, is equal 
to the standard heat of formation of the All- ion. The values for other 
cations can be derived in the same manner, and hence the heats of formation 
of anions can be calculated from the heats of formation of dilute solutions of 
the appropriate salts. 


Problem: Utilize the standard heats of formation of the ions to determine the 
heat of formation of a dilute solution of calcium nitrate at 25° C. 


The required result is obtained by adding AH” for the Ca** ion to the value 
for 2NO; ions; from Table XL, this is seen to be — 129.5 +2 X — 49.5, i. e., 
— 228.5 kcal. at 25° C. (This is very close to the experimental value.) 


The standard heats of formation of ions, as recorded in Table XL, may 
be combined with the free energies of formation and the entropies, in the 
same table,.to calculate thermodynamic quantities for a variety of ionic re- 
actions. Further, these data may be utilized in conjunction with those 
given in Tables V, XV, XIX and XXIV to determine standard free energy, 
entropy and heat content changes for reactions involving both ions and 
neutral molecules. 
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Problem: Calculate the values at 25° C of AF®, AS? and AH for the reaction 
2NO(g) + $0:(9) + H: O0) + ag = 2Ht(ag) + 2NOr (ag). 


The free energies and heats of formation and the entropies of the various 
species are as follows (see Tables V, XV, XIX, XXIV and XL): 


NO(g) O2(g) HzO (“) H+ NO; 
Free Energy (kcal.) 20.66 0 — 56.70 0 — 26.25 
Heat Content (kcal.) 21.6 0 — 68.32 0 — 49.5 
Entropy (E. u.) 50.34 49.00 16.75 0 35.0 
Hence, 
AF® = (0 — 2 X 26.25) — [(2 X 20.66) + 0 — 56.70] = — 37.12 kcal. 
AH’ = (0 — 2 X 49.5) — [(2 X 21.6) + 0 — 68.32] = — 73.9 kcal. 
AS? = (0 + 2 X 35.0) — [(2 X 50.34) + (2 X 49.00) + 16.75] = — 120.9 E. v. 


From the AF’ and AH” values, AS? should be ( 73,900 + 37,120)/298.2 = — 123.4 
E. U., the small difference being due to the fact that some of the data are not quite 
exact. 


EXERCISES 


1. Determine the chemical reactions taking place in the following (theo- 
retically) reversible cells: 


(i) Cd CdSO4 soln. | PbSO,(s), Pb 

(ii) K(Hg)| KCl soln. | AgCl (s), Ag 

(iii) Pt, He(g) | HI soln. | Iz(s), Pt 

(iv) Fe] FeCl. soln. FeCl, FeCl; soln. | Pt 

(v) Zn, Zn(OH)2(s)| NaOH soln. | HgO(s), Hg 

(vi) Hg, HgeCle(s) | KCl soln. i KSO; soln. | Hg:zSO4(s), Hg 
(vii) Pt, Cla(g) | KCl soln.: KBr soln. | Br.(l), Pt 
(viii) Pt, He(g)| HCl soln. NaOH soln. | H.(g), Pt. 


2. Write equations for the B. M. r.'s of the cells given in Exercise 1; liquid 
junction potentials may be ignored. 
3. Devise (theoretically) reversible cells in which the over-all reactions are: 


(i) PbO(s) + H2(g) = Pb(s) + H:0 (0 
(il) H2(g) + 102000 H- 000 
(iii) Zn(s) + 2AgBr(s) = ZnBr: soln. + 2Ag(s) 
(iv) 4H2(g) + 4Cl:(g) = HCl soln. 
(v) 5Fet+ + MnO; + 8H+ = 5Fet*+ + Mn+ + 4H.O 
(vi) 2Hg(l) + Cla(g) = Hg2Cl.(s) 
(vii) Cett+++ + Ag(s) = Cett+ + Agt 
(viii) 2Ag(s) + 402(g) = Ag:0(8) 


Suggest possible uses for some of these cells. 

4. Propose cells, without liquid junction, which might be used for determining 
the activities (or activity coefficients) of (i) H:SQ,, (ii) KCl, (iii) NaOH, (iv) 
CdBrz, in solution. Why is it not possible to determine the activity of a nitrate 
in this manner? 
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5. The E. M. r. of the cell H, (1 atm.) HCl(a = 1)|AgCl(s), Ag is 0.22551 volt 
at 20°, 0.22239 volt at 25° and 0.21912 volt at 30° C [Harned and Ehlers, J. Am. 
Chem. Soc., 54, 1350 (1932) J. Write out the cell reaction and determine the 
standard change of (i) free energy, (ii) heat content, (iii) entropy, at 25° C. Com- 
pare the results with those obtained from tabulated data. 

6. The variation with temperature of the E. M. r. of the cell H: (1 atm.) 
HBr(a = 1) Hg- Br (s), Hg is given by Larson [J. Am. Chem. Soc., 62, 764 
(1940) ] as 


E = 0.13970 — 8.1 X 10 — 25) — 3.6 X 10—(t — 25)2, 


where t is the temperature on the centigrade scale. Write down the cell reaction 
and determine the standard change of (i) free energy, (ii) heat content (iii) entropy, 
at 25° C. Given the entropies of H:(g), HgzBrz(s) and Hg(l), determine that of 
the Br“ ion. 

7. Suggest methods for the experimental determination of the standard po- 
tentials of the following electrodes, using cells without liquid junctions: (i) Pb, 
Pb, (ii) Cu, Cut’, (iii) Hg, HgzS0O. (s), SO =, (iv) Ag, Ag2O(s), OH-. 

8. The E. M. y. of the cell Zn ZnClzem) | AgCl(s), Ag, with various molalities m 
of zinc chloride, was found to be as follows at 25° C: 


m E m E 
0.002941 1.1983 0.04242 1.10897 
0.007814 1.16502 0.09048 1.08435 
0.01236 1.14951 0.2211 1.05559 
0.02144 1.13101 0.4499 1.03279 


[Scatchard and Tefft, J. Am. Chem. Soc., 52, 2272 (1930)]. Determine the 
standard potential of the Zn, Zn** electrode. 

9. By utilizing the standard potentials given in Table XX XIX, calculate 
the true equilibrium constant and standard free energy change of the reaction 
Ag(s) + Fe = Agt + Fett at 25° C (ef. § 41h). 

10. The equilibrium constant for the reaction CuCl(s) + AgCl(s) + ag 
= Cutt + 2Cl- + Ag(s) was found to be 1.86 X 10 at 25° C [Edgar and 
Cannon, J. Am. Chem. Soc., 44, 2842 (1922)]. Using the known standard poten- 
tials of the Ag, AgCl(s), Cl- and Cu, Cutt electrodes, calculate that of the Cu, 
CuCl(s), C1- electrode. 

11. Account quantitatively for the fact that metallic mercury is able to 
reduce ferric chloride to ferrous chloride, to virtual completion within the limits 
of analytical accuracy. 

12. The equilibrium constant of the reaction 4HgO(s) + 4He(l) + HzO (0) 
+ Br- = 4Hg-Br.(s) + OH- is 0.204 at 25° C [Newton and Bolinger, J. Am. 
Chem. Soc., 52, 921 (1930) J. The E. M. r. of the cell H: (1 atm.)|HBr(a = 1) 
HgzBrz(s), Hg is 0.1897 volt and that of the cell Hz (1 atm.) NaOH (ag) | HgO(s), 
Hg is 0.9264 volt at 25°C. Calculate the standard free energy change of the 
reaction H;0(J) = Ht + OH-, and the dissociation constant (K.) of water. 

13. Using tabulated free energy and entropy values, calculate the standard 
H. M. ., and the temperature coefficient at 25° C, of the cell Pt, Ha] HBr soln. | 
AgBr(s), Ag. What would be the E. Mu. r. if the pressure (fugacity) of the hy- 
drogen gas was 0.1 atm. and the molality of the hydrobromic acid solution was 0.1? 
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14. Using the standard potential of the Pt, Cla(g), Cl- electrode, and taking 
the partial pressure of hydrogen chloride in equilibrium with a hydrochloric acid 
solution of unit activity as 4.97 X 10-7 atm. at 25° C (cf. Exercise 9, Chapter XVI), 
together with the known heat capacities of hydrogen, chlorine, and hydrogen 
chloride, derive a general expression for the standard free energy of formation of 
hydrogen chloride gas as a function of the absolute temperature. 

15. The solubility of silver iodate in water is 1.771 X 10-4 mole liter at 
25° C. Calculate the standard free energy change of the process AgIO;(s) = Agt 
+ IO;. Using the standard potential of the Ag, Agt electrode, calculate that of 
the Ag, AgIO: (s), IO; electrode at 25° C. 

16. The standard potential of the Hg, Hg: “ electrode is — 0.7986 and that 
of the Pt, Hg: “, Hg.“ electrode is — 0.910 volt at 25°C. Calculate (i) the 
standard potential of the Hg, Hgt* electrode, (ii) the ratio of Hgł+ to Hg. ion 
activities in a solution of mercurous and mercuric ions in equilibrium with metallic 
mercury, at 25° C. 

17. The temperature coefficient of the standard potential of the Ag, Agt elec- 
trode (Ce = — 0.7995 volt) is 0.967 X 10 volt deg.—! in the vicinity of 25° C 
[Lingane and Larson, J. Am. Chem. Soc., 59, 2271 (1937) J. Determine the en- 
tropy and the heat of formation of the Ag“ ion. 

18. The solubility of silver chloride in pure water is 1.314 X 10-5 molal, and 
the mean ionic activity coefficient is then 0.9985 [Neuman, J. Am. Chem. Soc., 
54, 2195 (1932) J. The heat of solution of the salt is 15,740 cal. mole- 1. Taking 
the entropy of solid silver chloride as 22.97 B. UV. mole, and using the results of 
the preceding exercise, calculate the standard free energy and heat of formation 
and the entropy of the CI- ion at 25° C. 

19. Show that the E. I. T. of the cell M|M+(a = 1): A (Ca = 1)| MA(s), M is 
given by E = (RT/F) ln K., where K. is the solubility product of the sparingly 
soluble salt MA. Propose a cell for determining the solubility product of silver 
iodide, and use the data in Table XX XIX to calculate the value at 25° C. 

20. The standard potential of the silver azide electrode, i. e., Ag, Ag N, (s), N 
is — 0.2919 volt at 25° C [Harned and Nims, J. Am. Chem. Soc., 60, 262 (1938) ]. 
If the solubility of silver chloride is 1.314 X 10D molal, calculate that of silver 
azide at 25° C. (Complete dissociation may be assumed in the saturated solution 
in each case.) 

21. The heat of solution (AH°) of cadmium in dilute acid is — 17.1 kcal. g 
atom™! at 25° C (Richards, et al., J. Am. Chem. Soc., 44, 1051, 1060 (1922) J. 
Using the known standard Cd, Cd potential, and the entropy of Cd and H, (o), 
determine the standard entropy of the Cd ion. 

22. The heat of formation of a dilute solution of sodium fluoride is — 136.0( 
kcal. at 25° C. Using the standard entropies of Na (s), F2(g), Na“ and F, together 
with the known standard potential Na, Na“, calculate the standard potential of 
the Pt, F. (g), F electrode. 

23. The heat of solution of aluminum in dilute acid is — 126.3 kcal. at 25° C. 
Using the standard entropies of Al(s), H, (9) and Al! , calculate the standard 
potential of the Al, Al*+** electrode. 

24. From the standard free energies of formation of PSO. (s), Pb+* and SUT. 
calculate the solubility product of lead sulfate at 25°C. Assuming complete 
dissociation, estimate the solubility in water, in terms of molality, 

25. From the standard free energies of formation of OH- ions and of H:0()), 
calculate the dissociation product (K.) of water at 25° C. 
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26. The standard potential of the Ag, Ag:0(s), OH- electrode is — 0.344 volt 
and that of the Pt, AgO(s), Ag:O(s), OH- electrode is — 0.57 volt at 25° C. 
Using the standard O: (9), OH- potential, determine the oxygen dissociation pres- 
sure of (i) Ag:0, (ii) AgO, at 25° C. What would be the dissociation pressure in 
the latter case if the reaction AgO = Ag + 40.(g) occurred? 

27. Derive the general expression 


az) __ av 

OP], NF 
for the influence of pressure on the E. M. F. of any cell, at constant temperature. 
Show that for the cell H2(P) | HCl(m) | HgzClz(s), Hg), 


AV = 2(Vucim) + Vag) — (Vn + Vics) 


where acim) is the partial molar volume of the hydrochloric acid, i.e., Vz, in the 
solution of molality m; VRH. (p) is the molar volume of hydrogen at the pressure P 
in the cell; Vag and Vug,ci, refer to the indicated substances in the pure states. 
The terms Vuci, Vug and Vrug are relatively small and their resultant is 
virtually zero; hence, show that in this case 


where Ei and E: are the E.M.F.’s of the cells with hydrogen gas at fugacities fi and 
fz, respectively. Compare this result with that obtained from the general equa- 
tion (45.6). 

28. With 0.1 molar hydrochloric acid at 25° C, Ei is 0.3990 volt when the 
hydrogen pressure (or fugacity) is 1 atm., and E: is 0.4850 volt when the pressure 
of the gas in 568.8 atm. Calculate the fugacity of hydrogen at the latter pressure 
using the equation derived in the preceding exercise. Compare the result with 
that obtained from the compressibility equation 


PV = RT(1 + 5.37 X 10-4P + 3.5 X 10 P:). 


(Hainsworth, Rowley and MacInnes, J. Am. Chem. Soc., 46, 1437 (1924). ] 

29. The potential of the tetrathionate-thiosulfate electrode (Pt, 8,0;~, 
2820 ), involving the process 2820 = 84077 + 2e, cannot be determined di- 
rectly. Estimate its value, given that the standard entropies of the S20, and 
840, ions are 8 and 35 E. u., respectively, and that AH’ for the reaction 28:02 
+ Iz(s) = 8.0 + 21 in solution is — 7.76 kcal. at 25° C. Any other data 
required may be obtained from tables in the book. 

30. The BE. M. r. of a lead storage battery containing 2.75 molal sulfuric acid was 
found to be 2.005 volt at 25° C. The aqueous vapor pressure of the acid solution 
at this temperature is about 20.4 mm., while that of pure water is 23.8 mm. The 
mean ionic activity coefficient of the sulfuric acid is 0.136. Calculate the standard 
free energy change of the cell reaction at 25° C and check the values from tabulated 
free energy data. 

31. Using tabulated standard free energies and the known activity coefficients 
of nitric acid solutions, calculate the free energy change of the reaction 


3NO.(g) + H: O0) = 2HNO; (soln.) + NO(g) 
at 25° C, (i) for the standard state, (ii) for 2 molal nitric acid. 
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32. Assuming the heats of formation to remain approximately constant in the 
range from 25° to 30° C, calculate the ionic product of water at these two tem- 
peratures, using standard free energy and heat of formation data only. 

33. Show that the heat of solution of an electrolyte at infinite dilution is 
equal to the sum of the standard heats of formation of its constituent ions minus 
the standard heat of formation of the pure solute. From the data in Tables V 
and XL calculate the heats of solution at infinite dilution per mole of (i) NaOH, 


(ii) H28O,, (iii) AgCl, (iv) KSO.. 
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TABLE 1. CONSTANTS AND CONVERSION FACTORS * 


DOR ieee fener ðè yd ee 1000.028 em. 

IJ: ⁵ ⅛ð ) y A ee et eet 1.01325 X 10° dynes m. 
I/. ³ é ³ðV Ne on aa ee Gah 1.00017 abs. joule 
Mei x Boman hee 4.1833 int. joules 


4.1833 int. volt-coulombs 
4.1840 abs. joules 


0.041292 liter-atm. 
41.293 cc.-atm. 
rr 1.0133 X 10° ergs 
1.0131 X 10 int. joules 
24.218 cal. 
DCC RUNS ose E ð v . k eames ae 0.024212 cal. 
Molar volume of ideal gas at 0° C and 1 atm........... 22.4140 liter mole 1 
hh betaine Gal v A ENORA vane 273.16° K 
Molar gas constant (p-ꝰꝛeP ttt 8.3144 abs. joules deg.~! mole“ 


8.3130 int. joules deg. mole™! 
1.9872 cal. deg.-! mole 
0.082054 liter-atm. deg. 1 mole! 
82.057 cc.-atm. deg. 1 mole! 


Avogadro number (N)......... 0.0 c cee ence eens 6.0228 X 10* mole™! 
Boltzmann constant (k = RNP) !:ꝛꝛꝛ 0.00.0 cee 1.3805 X 10° 16 erg deg. 1 
Planck constant (M„B)))))))))))ʒꝰʒ . tees 6.6242 X 10 erg sec. 
Velocity of light (c ꝶ j.. 2.99776 X 100 cm. sec. 

f atria te tid ae hea tet Oe Oe te wala PEETA N EEE 1.4385 cm. deg. 

Faraday (F seo. foes AAA eee eee 96,500 int. coulombs g. equiv. 1 


23,070 cal. volt g. equiv.—! 


* Mainly from publications of the National Bureau of Standards, cf., J. Res. Nat. Bur. 
Stand., 34, 143 (1945). 
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TABLE 2. PROPERTIES OF GASES AND LIQUIDS * 


Substance 7. P. B. P. OH, at B. P. 
Hs 33.2° K 12.8 atm. 20.3° K 216 cal. mole~! 
N: 126.0 33.5 77.3 1,360 
O2 154.3 49.7 90.2 1,610 
Cl, 417 76 239.5 4,800 
CO 134.4 34.6 81.1 1,410 
CO; 304.1 72.9 — — 
N. O 309.6 71.7 183.7 — 
NO 179 65 121.4 — 
NO, 431 99 — — 
HCl $24.5 81.6 189.5 3,600 
HBr 363 84 206.2 3,950 
HI 424 82 237 4,300 
H,O 647.3 218.2 373.2 9,717 
HS 373.5 88.9 213.4 4,490 
80. 430.3 77.7 263.2 6,080 
SO; 491.4 83.8 317.8 9,500 
NH. 405.5 111.5 239.8 5,560 
HCN 458.6 56.9 299.2 5,700 
CH, 191.1 45.8 111.7 1,950 
CH. 305.2 48.8 185.9 3, 800 
CH. 369.9 42.0 231.0 4,500 
Hi. 426.0 36.0 272.6 5,300 

407.1 37.0 263.0 5,080 
CH. 283.8 50.7 169.3 — 

CH. 364.8 45.0 226.2 — 
CH. 309.1 61.7 184.7 — 
CH. OH 513.2 98.7 337.8 8,410 
CH. OH 516.2 63.1 351.6 9,400 
C.H. 561.6 47.7 353.3 7,400 


* Data mainly adapted from International Critical Tables. For empirical formulae 
for estimating critical temperatures and heats of vaporization, see Watson, Ind. Eng. Chem., 
23, 360 (1981); Othmer, ibid., 32, 841 (1940); 34, 1072 (1942); Meissner, ibid., 33, 1440 
(1941); 34, 521 (1942). When no other information is available, the Guldberg-Guye rule 
may be used, i.e., T, ~ 1.6 X B. P. (Gin °K), to obtain the critical temperature. Heats of 
vaporization may be estimated from Trouton’s rule. 
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TABLE 3. HEAT CAPACITIES OF GASES AT 1 ATM. PRESSURE * 
Cp = a+ BT + yT? + èT? cal. deg.—' mole 


Gas a B X 10° y X 10° 8 X 10° 
He 6.947 — 0.200 0.4808 — 
D: 6.830 0.210 0.468 — 
O: 6.095 3.253 — 1.017 — 
6.148 3.102 — 0.928 — 
N: 6.449 1.413 — 0.0807 — 
6.524 1.250 — 0.001 — 
Cl: 7.576 2.424 — 0.965 — 
Br: 8.423 0.974 — 0.3555 — 
CO 6.342 1.836 — 0.2801 — 
6.420 1.665 — 0.196 — 
HCl 6.732 0.4325 0.3697 — 
HBr 6.578 0.955 0.1581 — 
H-: O 7.219 2.374 0.267 — 
7.266 2.298 0.283 — 
CO: 6.396 10.100 — 3.405 — 
6.214 10.396 — 3.545 — 

t 5.152 15.224 — 9.681 2.313 
HCN 5.974 10.208 — 4.317 — 
N:O 6.529 10.515 — 3.571 — 

SO; 6.147 13.844 — 9.103 2.057 
NH; 6.189 7.787 — 0.728 — 

80. t 3.603 36.310 — 28.828 8.649 
6.077 23.537 — 9.687 — 

CH. 1 4.171 14.450 0.267 — 1.722 
3.381 18.044 — 4.300 — 

Cal. t 1.279 42.464 — 16.420 2.035 
2.195 38.282 — 11.001 — 

C3Hs t — 1.209 73.734 — 38.666 7.961 
0.410 64.710 — 22.582 — 

n- C. Hie t — 0.012 92.506 — 47.998 9.706 
4.357 72.652 — 22.145 — 
C:H, 2.706 29.160 — 9.059 — 
CH: 11.942 4.387 (— 0.232 X 10*7'-*) — 
C.He — 9.478 119.930 — 80.702 — 
CH, OH 4. 398 24.274 — 6.855 — 
C:H,OH 3.578 49.847 — 16.991 — 

CH. COC H. t 2.024 64.401 — 34.285 7.082 
5.371 49.227 — 15.182 — 


* Spencer, et al., J. Am. Chem. Soc., 56, 2311 (1934); 64, 250 (1942); 67, 1859 (1945); 
see also, Bryant, Ind. Eng. Chem., 25, 820 (1933). Most of the data are applicable from 
about 300° to 1500° K. 

t More accurate values, involving four constants. 
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TABLE 4, HEAT CAPACITIES OF SOLIDS AND LIQUIDS AT 1 ATM. PRESSURE * 
Cp =a + bT — cT cal. deg. 1 mole 


Substance a b X 10° c X 10° 
Al 4.80 3.22 — 
Al,O; 22.08 8.971 0.5225 
B 1.54 4.40 — 
Cd 5.46 2.466 — 
CaO 10.0 4.84 0.1080 
CaCO, 19.68 11.89 0.3076 
Graphite 2.673 2.617 0.1169 
Cu 5.44 1.462 — 
CuO 10.87 3.576 0.1506 
Pb 5.77 2.02 — 
PbO 10.33 3.18 — 
PbS 10.63 4.01 — 
Hg(l) 6.61 — — 
5.60 1.50 — 
AgCl 9.60 9.29 — 
Zn 5.25 2.70 — 
ZnO 11.40 1.45 0.1824 
ZnS 12.81 0.95 0.1946 


* Kelley, U. S. Bur. Mines Bull., 371 (1934). Except for mercury, thc values are 
applicable from 0° C to the melting point or to about 1000° C, whichever is the lower. 
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TABLE 5.“ STANDARD FREE ENERGIES AND HEATS OF FORMATION (IN KCAL. 
MOLE!) AND ENTROPIES (IN CAL. DEG.~! MOLE!) ar 25°c f 


AF AH’ S0 AE AH’ S 
Substance keal. keal. B.U. Substance keal. kcal. B.U. 
Aluminum BF, — — 257 61 
Al a ee 6.75 BCl, s% —94.6 68.6 
Alt++ —115.5 — 126.3 — 76 
ALO; — — 380 12.5 Bromine 
l l Br:(l) s5 < 36.7 
ees wi ee l 9 5 58.63 
N — : r % =h —— 
SbH; 35.3 = = a 2458 28.7 19.7 
Sb.0; —149.0 —166 29.4 HBr —12.54 —8.6 47.48 
Sb20, —165.9 —213 30.4 BrO, 5.0 —11.2 385 
SbzO3 — 195.5 — 230 29.9 
SbCl; —77.8 —91.4 37.0 Cadmium 
Cd zt = 12.3 
ees if Cd — 18.55 — 17.6 —15.6 
= CdO ae — 65. 13.1 
AsH; 37.7 43.6 T CdCl: ER o a 2 
As:0;3 —137.7 —154 25.6 CdBr: pa —75.8 32.0 
ee 5 25.2 Cds 33.1 —34.6 15.0 
5 Calcium 
5 15.1 Ca 8 5 229 
— — . ++ = — — 
Ba++ —133.85 128.4 23 C30 ) 
BaO ee 168 | CaF — 290.2 164 
8800 271.6 — 55 5 Calcite 270.4 289.5 22.2 
: „ 
. Carbon 
CO: —94.26 — 94.05 51.06 
Bismuth CH, —12.14 — 17.89 44.50 
Bi 2 i 13.6 C:He —7.86 — 20.24 54.85 
Bi,O; —116.6 — 137.1 362 | C:Hs 5.61 — 24.82 64.7 
BiCls 76.4 —90.6 458 | CH -3.75 — 29.81 74.5 
C.H, 16.34 12.56 52.48 
Boron C-H: 50.7 54.23 45.0 
B — = 1.7 CH. OHG) — 40.0 — 57.0 30.5 


Data mainly from F. R. Bichowsky and F. D. Rossini, The Thermochemistry of the 
Chemical Substances, 1936 (heats of formation); W. M. Latimer, The Oxidation States of 
the Elements and their Potentials in Aqueous Solutions,“ 1938 (free energies and entropies); 
Kelley, U. S. Bur. Mines Bull., 434 (1941) (entropies); see also, Chapter XIII, ref. 7. 
Because of temperature differences and the variety of sources, the data are not always 
completely consistent; the deviations are, however, usually not greater than the experi- 
mental errors. 

t Unless otherwise indicated, e.g., SO, (9), all substances are supposed to be in their 
stable forms at 25°C and 1 atm. It may be noted that where two of the quantities are 
available for any substance it is usually possible to calculate the third, provided the en- 
tropies of the elements involved are known. The heats and free energies of formation of 
elements in their standard states are taken as zero, by convention. 


Substance 


CH:OH (g) 
CH. OH () 
CH. OH (g) 


CeH. 


C.HsNH: 


CCl, 


APPENDIX 
TABLE 5. (Continued) 
AH? 
kcal. E.U. Substance 
— 48.1 56.63 | Hydrogen 
— 66.4 38.4 H: 
— 56.3 67.6 D: 
11.7 41.9 HD 
7.34 45.8 H 
— 33.8 52.2 Ht 
15.4 36.2 
—53.5 67.2 | Iodine 
30.7 48.23 | Ils) 
34.9 25 1(0) 
—160.5 — 13.0 a 
— 164.8 22.2 HI 
10. 
— 53.31 Iron 
— 22.06 44.66 Fe 
— 39.9 13.50 Fett 
— 20.8 39.4 Fe 
— 39.5 43.6 FeO 
Fe: O. 
FeS 
E 43 5.09 FeS, 
— 65 a Lead 
— 19.4 Pb 
— 207.9 10.5 Pbt+ 
PbO 
PbO 
— 6.8 2 
= 16. 5 — P bs0, 
me a; PbCl; 
PbBr, 
PbCO; 
— 7.97 PbS 
— — PbSO, 
— 15 — 26.5 
42.5 24.1 Lithium 
—38.5 10.4 Li 
—34 20.8 Lit 
g 2 177 3 
-19.0 28.9 M= 
-11.6 159 | MgO 
Mg(OH): 
Pe 48.58 MgCO: 
— 78.2 —2.3 M 
—64.5 41.53 5 
5.5 59 Mn+ 
n 
MnO 
— 11.4 MnO; 
— — MnO.” 
11 — MnS 
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TABLE 5. (Continued) 
S0 
E.U. Substance 
KBr 
18.5 KI 
17.7 KOH 
— 6.5 KNO: 
16.6 KS0, 
47.0 
49.3 | Rubidium 
34.6 Rb 
38.9 Rbt 
19.8 
48.0 | Selenium 
Se 
H-: Se 
ote Silico 
9. Si 
a Quartz 
Si F. 
45.77 Si Cl. 
50.34 | Silver 
57.47 | ^E 
72.7 Ag 
63.0 Ag:0 
46.03 118 
26.4 gCl 
a AgBr 
AgI 
8 AglOs 
° AgNOs 
Ag 
49,00 | 8:80. 
57.1 
16.75 ee 
a 
45.11 n 
18.08 | Na 
. Na,O 
47.38 NaF 
— 2.49 NaCl 
NaBr 
Nal 
10.6 NaOH 
15.1 Na: CO. 
aa NaNO, 
—45 N 8S0; 
Strontium 
Sr 
15.2 Sr 
24.2 SrO 
— SrCO. 
19.76 SrSO, 
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AF 
Substance keal. 
Sulfur 
Rhombic — 
Monoclinic 0.018 
8—— 23.42 
HS 2.95 
HS — 7.87 
SF, — 235.0 
80. — 71.7 
80. (0) — 88.5 
H SO, — 
80. — 176.1 
HSO. — 
80.— — 116.4 
Thallium 
m a 
Ti+ —7.76 


APPENDIX 
TABLE 5. (Continued) 
A S 
kcal. E. U. Substance 
Titt+ 
— 7.62 TICl 
0.075 7.78 
10.0 —5.5 | Tin 
—3.9 14.9 Sn (white) 
* Sntt 
— 5.3 49.15 
— 262 69.6 Sn 
— 70.9 59.24 SnCl, 
—944 63.8 SnO 
oe 193.8 — SnO} 
— 216.3 4.4 
—213.3 30.6 oe 
— 149 3 Zn 
ZnO 
ZnCO;3 
— 15.4 ZnS 
0.8 30.5 ZnSO, 


AF” AH Ss 
kcal. keal. E. u. 
49.74 28 — 
— 44.19 —48.6 25.6 
— — 12.3 
— 6.28 — — 4.9 
0.7 — — 
— 110.6 — 127.4 62.1 
— — 67.7 13.5 
— — 138 12.5 
— — 9.95 
—35.18 —36.3 —25.7 
— —84 10.4 
— 174.8 — 193.3 19.7 
— 43.2 — 44 13.8 
— — 233.4 30.7 


TABLE 6. INTEGRAL HEATS OF SOLUTION OF SALTS (1 MOLE SALT TO 
200 MOLES OF WATER) AT 25° c * 


Salt AH Salt AH 
NH. NO. 7.3 kcal. CusSO. - 5H: 0 2.9 kcal. 
NH. Ci 3.9 AgNO; 0.45 
(NH,)80, 2.3 NiSO, — 15.1 
Pb( NO,): 7.1 \ NiSO,:7H:0 4.2 
ZnCl, — 15.3 FeCl, — 30.7 
ZnSO, — 18.6 FeCl;-6H;30 — 4.6 
ZnSO,:°7H20 4.3 MgCl; — 35.7 
CdCl, — 2.9 MgCl. - 6H.O — 2.8 
CdS0O. — 10.5 BaCl, — 2.0 
CuSO, — 15.9 BaCl,-2H;:0 5.0 


Salt AH 
NaOH — 10.0 kcal 
NaCl 1.22 
NaBr 0.60 

4280. — 0.5 
Na;:S0,° 10H. 0 18.5 
NaNO; 5.0 
KCl 4.45 
KBr 6.1 
KNO, — 0.23 
K. 80. 6.2 


* Data adapted from F. R. Bichowsky and F. D. Rossini, The Thermochemistry of 
the Chemical Substances, 1936; the values given there refer to 18° C, but those at 25° C 
are not very different. The heat of solution at infinite dilution for any electrolyte may be 
obtained by summing the standard heats of formation of the constituent ions (from Table 5) 
and subtracting the heat of formation of the substance in the pure state. 
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Absolute temperature, 4—5 
zero, 5, 140 
entropy, 178, 181, 183 
heat capacity, 121, 124 
unattainability, 139 
Absorption coefficient, 347 
Activity, 262, 269, 350-74 
in amalgams, 363-67, 369-71 
coefficient, 258, 351-54, 356 
and Debye-Hiickel theory, 409-24 
determination, 381—400, 403 
boiling point, 387 
E.M.F., 392-98 
freezing point, 381-86 
isopiestic method, 387-88 
osmotic coefficient, 390-92 
solubility, 398—400, 403 
and dielectric constant, 414 
and electrical free energy, 409 
in electrolytes, 379 
and equilibrium constant, 275-76 
in gas mixtures, 263, 264 
and pressure, 265 
and tempcrature, 266 
and Henry’s law, 353-54 
and ionic strength, 401, 410-12 
in liquid mixtures, 269 
and pressure, 270-71 
and temperature, 270, 356 
and Margules equation, 370 
mean ionic, 379 
of nonelectrolytes, 402-03 
and osmotic coefficient, 389-92 
and pressure, 270 
rational, 353, 407 
and standard states, 355, 380 
stoichiometric, 380, 412 
table, 402 
and temperature, 270, 356, 386, 387, 447 
true, 380, 412 
and valence type, 401, 412, 413 
and van Laar equation, 371 


and equilibrium constant, 274 


Activity (Cont.) 
and fugacity, 262, 270, 358 
in gas mixtures, 262 
and pressure, 265 
and temperature, 266 
and Gibbs adsorption equation, 245 
in liquid mixtures, 269 
and pressure, 270 
and temperature, 270 
and. Margules equation, 370 
and osmotic pressure, 372-73 
and pressure, 270 
solubility product, 398 
standard state, 350-54 
gas, 263, 263, 264, 351 
and reference state, 263, 352-54 
solute, 352-54 
solvent, 351 
and temperature, 270, 361, 362 
Adiabatic combustion, 84-89 
process, 55-9 
entropy change, 147, 150 
pressure-volume relationships, 57 
temperature change, 56 
work of expansion, 58 
relationships, 162 
Adsorption, 245 
Gibbs equation, 244—45 
negative, 245 
Amagat’s law of volumes, 31 
Amalgams, activities in, 363-67, 369-71 
Ammonia, heat, of formation, 81 
equilibrium, 277-78 
Ampere, 9 
Apparent molar, heat capacity, 454—57 
heat content, 440—46, 449-52 
relative, 440-45, 451 
properties, 427—28 
and partial molar properties, 429-30 
volume, 429, 437 
Atomic heat capacity, see Heat capacity 
Avogadro number, 95, 100 


Beattie-Bridgeman equation, 26 

Berthelot equation, 25-26 
and entropy correction, 158 
and heat capacity correction, 169, 171 
and heat content correction, 160 
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Boiling point, dilute solutions, 343-45 
elevation, 344 
and activity, 362-63, 387 
and pressure, 226, 227, 231 
table, 502 
volatile solute, 344 
Boltzmann constant, 100 
-Planck entropy equation, 184-85 
Bond energies, 90 
and heat of reaction, 91-92 
table, 91 
Bridgman, thermodynamic formulae, 212 
Brgnsted equation, 420 


Calorie, defined, 9 
standard (15°), 7 
Calorimeter, 9 
Capacity factor, energy, 6 
Carbon, heat of vaporization, 90 
Carnot cycle, 135, 138, 141, 148 
efficiency, 137 
on entropy-temperature diagram, 147 
theorem, 133 
Cells, reversible, 330-32, 462-86 
entropy change in, 466 
general E. M. F. expression, 467-68 
heat change in, 466 
reactions, 464-66 
Centigrade scale, 3 
C. g. s. units, 6 
Chemical change, direction, 284 
equilibrium, 273-313 
potential, 215, 217 
and activity, 262, 269, 350, 363 
of electrolytes, 379 
and fugacity, 261-62, 269 
in gas mixtures, 262-64 
of ions, 378, 407 
in liquid mixtures, 319 
and osmotic coefficient, 389 
and osmotic pressure, 372 
and partial molar free energy, 215, 427 
phases in equilibrium, 238, 244—45 
and pressure, 218-19 
significance, 238 
in surface phase, 243 
and temperature, 218-19 
Chlorine, atomic heat capacity, 107 
liquid, vapor pressure, 230 
molecule, heat capacity, 98, 99, 115, 116 
vibrational partition function, 114 
Clapeyron equation, 223-26, 229, 233, 235, 


241 
Clausius-Clapeyron equation, 227-29, 233, 
292, 325, 326 


integration, 227-29 


— 
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Clément and Desormes, heat capacity ratio, 


59 
and Reech’s theorem, 177 
Closed system, 163, 204 
several phases, 216, 237, 274 
Combustion, adiabatic, 84-89 
heat of, 75 
calculation, 89-90 
Compressibility curves, generalized, 28 
factor, 27 
and fugacity, 256-57 
generalized treatment, 27-30 
and heat content correction, 161 
of gases, 2131 
Conservation of energy, law, 34, see also 
First law of thermodynamics 
and heat of reaction, 71 
Consolute temperature, 337 
Constants, physical, 501 
Conversion factors, 11, 501 
Cooling, by adiabatic expansion, 57 
by Joule-Thomson effect, 64 
Corresponding states, 25 
law of, 25 
Coulomb, 7 
Craft’s rule, 248 
Critical point, 23 
data, table, 502 
solution temperature, 337 
temperature, 22 
Cubic cm. and milliliter, 6 
Cycle (or cyclic process), 39 
Carnot, 135-37, 138, 141, 148 
energy change, 38-39 
entropy change, 144, 146 
heat and work, 39 
irreversible, 144, 146 
efficiency, 144 
Joule, 153 


Debye, characteristic temperature, 122, 124 
heat capacity theory, 122-25 
Debye-Hiickel, equation, 411 
applications, 395, 398, 421-24 
for concentrated solutions, 418-20 
limiting law, for activity coefficient, 411 
and dissociation constant, 421 
and equilibrium constant, 421-24 
and solubility, 415 
tests, qualitative, 412 
quantitative, 413-16 
for freezing point, 417 
for heat capacity, 457 
for heat content, 451 
for heat of dilution, 451 
for partial molar volume, 435-37 
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Debye-Hiickel (Cont. ) 
theory, 383, 407-24 
and activity coefficient, 409-10 
mean ionic, 410-11 
and dielectric constant, 414 
and electrical free energy, 409 
incoraplete nature, 416, 419 
and ionic atmosphere, 408 
and osmotic coefficient, 416-17 
and standard states, 412 
and temperature, 414 
Deuterium, entropy, 194, 197, 200 
heat capacity, 96, 97, 111 
rotational, 113 
rotational partition function, 109 
Diamond, heat capacity, 121, 123 
Diatomic molecule, heat capacity, 96, 97 
moment of inertia, table, 110 
partition function, combined, 116 
electronic, 108 
and entropy, 192 
rotational, 109-12 
vibrational, 113 
rotational energy, 110 
heat capacity, 111 
symmetry number, 109 
vibrational energy, 113, 114, 115 
frequency, 113 
table, 114 
heat capacity, 114-15 
Differential, complete or exact, 16-18, 210 
heat of dilution, 83, 384, 440 
to infinite dilution, 440, 441-42 
of solution, 82, 361, 439, 449, 450 
in dilute solution, 345 
at infinite dilution, 490 
and solubility, 345 
Dilute solutions, 337-46 
boiling point, 343-45 
freezing point, 340-43 
heat of solution in, 345 
Henry’s law, 337-40 
homogeneous equilibria in, 279-81 
solubility and temperature, 345 
Dilution, free energy of, 406 
heat of, 83, 384, 440, 441-42, 449-50 
and Debye-Hiickel theory, 451 
differential, see Differential 
integral, see Integral 
Disorder and entropy, 152 
Dissociation constant, 421 
and Debye-Hückel theory, 421-22 
of water, 483-84 
of weak acid. 485-86 
pressure and B. . T., 481-83 
Distillation, fractional, 323, 324 
reduced pressure, 825 


Duhem, see Gibbs-Duhem 

Duhem-Margules equation, 318-20, 331, 
332, 333, 335, 336 

Dühring's rule, 231-32, 248 

Dulong and Petit, heat capacity, 120 

Dyne, 6 


Efficiency, Carnot cycle, 137 
heat engine, 133 
irreversible cycle, 144 
reversible cycle, 137, 140 
Einstein characteristic temperature, 122 
functions, 115, 193 
heat capacity theory, 121 
Electrical work and heat, 9 
maximum, 45 
Electrodes, oxidation-reduction, 464 
potentials, 469-80 
applications, 478-83 
and entropy, 489, 492-93 
oxidation, 471 
sign, convention, 471-72 
standard, 470-80 
table, 479 
reference, 474, 4755 
Electrolytes, activity coefficient, 379 
boiling point method, 387 
calculation, see Debye-Hückel 
E. M. F. method, 392-98 
freezing point method, 381-86 
and ionic strength, 401, 410-12 
isopiestic method, 387-88 
osmotic coefficient method, 390-92 
solubility methad, 398-400 
table, 402 
and valence type, 401, 410-12 
chemical potential, 378 
partial molar heat capacity, 455, 457 
heat content, 444, 450 
volume, 435 
Electromotive force. see E. M. F. 
Electron gas, heat capacity, 125 
Electronic contribution to entropy, 19! 
to heat capacity, 107 
partition function, 106 
diatomic gas, 108 
monatomic gas, 106-7 
polyatomic gas, 116 
states, 102 
monatomic gases, 105 
Elements, free energy convention, 298 
heat capacity, 120-25 
at absolute zero, 121, 124 
at low temperatures, 124 
heat content convention, 74 
E. M. F. and activity determination, 363-68, 
392-98 
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E. M. F. (Cont. ) entropy (Cont.) 
and dissociation constant, water, 483 electronic contribution, 191 
weak acid, 485-86 of expansion, ideal gas, 148-50, 185 
and electrode potentials, 472-73 extensive property, 143 
and entropy change, 466 of fusion, 148, 152, 179 
and free energy change, 300-02, 466, 468, gases, 180 
475, 478 calculation, 188-90 
of galvanic (reversible) cells, 462-96 table, 198, 505-08 
general expression, 467-68 of glasses, 185 ! 
and heat content change, 466 and heat capacity, 155 
and partial molar heat capacity, 453 of ions, standard, 488-94 
heat content, 448 table, 492, 505-08 
and pressure, 499 of liquids, table, 179, 505-08 
sign, convention, 464 of mixing, gases, 150-51 
standard, 302, 393, 467, 469 liquids, 348 
and entropy change, 303, 489 solids, 199 
and equilibrium constant, 475-76 of monatomic gases, 190-92 
and temperature, 448 and nuclear spin, 194 
Energy, 6, 36, 38, see also Free energy partial molar, 218 
change and work, 38 and partition function, 188-96 
in cycle, 38-39 practical, 194 
conservation of, 34, 71 and probability, 183-85, 189 
content, 36, 38 and pressure, 156-57 
of ideal gas, 50-51 and randomness, 152 
dimensions, 6 rotational, 193, 194-96 
degradation and entropy change, 146 of solid solutions, 185, 199 
cquipartition principle, 97—98 of solids, table, 179, 505-508 
and heat, 6, 7, 10, 40 standard, 158, 179, 181, 191 
intensity and capacity factors, 6 tables, 179, 198, 505-08 
of isolated system, 35 statistical and thermal, 196 
kinetic, 95, 104 statistical treatment, 183-96 
and mass, 35-36 and temperature, 154-55 
quantum theory, 99, 106 -temperature diagram, 147 
and partition function, 101 thermal, 194 
rotational, 96, 97, 98, 110, 111, 117 and third law of thermodynamics, 178-23, 
translational, 95, 105 ; 196 
units, 6, 11 of transition, 180, 182 
vibrational, 96, 97, 98, 113, 114, 115, 118 translational, 192 
of solids, 121, 122 and unavailable heat, 143 
and work, 6, 10, 40 unit, 180 
zero-point, 100 of vaporization, 148, 180 
Enthalpy, 48, see also Heat content vibrational, 193 
Entropy, 141-52 virtual, 194 
at absolute zero, 178, 183 Equations of state, 15, 18-29 
applications, 303-05, 492-93 Beattic-Bridgeman, 26 
change, from B. M. F., 303, 466, 489 Berthelot, 25 
and equilibrium, 208 general, 26 
and free energy change, 302—04 ideal gas, 15, 18 
of ideal gas, 148-50, 185 reduced, 24-25, 174 
in irreversible (spontaneous) process, thermodynamic, 159-60 
144-46 van der Waals, 22 
in isolated system, 146 Equilibrium, chemical, 15, 273-313 
in phase change, 148 conditions, thermodynamic, 207-09, 237 
in reversible process, 144 in heterogeneous systems, 216-17, 
correction, nonideal, 158 237-38 
determination, 178 constant, 274 


and disorder, 152 and activity, 274 
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Equilibrium constant (Cont.) 
and activity coefficient, 275-76 
and Debye-Hiickel equation, 421-24 
and electrode potential, 476 
and B. A. r., 475, 479 
and free energy change, 274 
and fugacity, 275 
and heat of reaction, 292-95 
of isotopic exchange reactions, 313 
of metathetic reactions, 312-13 
and pressure, 286-87 
and standard free energies, 283-84, 300 
and standard state, 276 
and temperature, 286-91 
van't Hoff equation, 289 
of crystalline forms, 225 
heterogeneous chemical, 281-82, 291 
homogeneous, gaseous, 275-79 
liquid, 278-81, 290 
liquid-solid, 224, 234, 327-30 
liquid-vapor, 226-33, 234 
ideal solutions, 322-24 
nonideal solutions, 331-40 
mechanical, 15 
and partition function, 310-12 
phase, 222-47 
one-component system, 222 
polycomponent system, 237-41 
position, and pressure, 287-88 
simultaneous, 291-97 
solid-liquid, 224, 234, 327-30 
solid-vapor, 233, 234 
surface, 24147 
conditions, thermodynamic, 243 
temperature (or thermal), 2, 3, 15 
thermodynamic, 15 
vapor-liquid, 226-33, 234 
ideal solutions, 322-24 
nonideal solutions, 331—40 
vapor-solid, 233, 234 
Equipartition principle, 97 
and heat capacity, gases, 98, 111, 115, 117 
solids, 120-21 
Erg, 6 
and joule, 7, 11 
Euler criterion (reciprocity relationship), 210 
theorem on homogeneous functions, 215 
Eutectic temperature, 241, 347 
Evaporation, see Vaporization 
Expansion, adiabatic, 55-58 
reversible, 41 
throttled, 60 
work of, 10 
reversible, 42 
Extensive properties, 16 
Explosion bomb, 70 
pressure and temperature, 88 


513 


Firat law of thermodynamics, 35, 37, 38, 68, 
71, 72, 120, 202 
and thermochemistry, 68, 71, 72 
Flame temperature, actual, 86 
maximum, 84-86 
Fractional distillation, 323, 324 
Free energy and free energy change, 202- 
20, 222, 242, 250-51, 273-74, 282 
86, 295-310, 466-68, 475, 486-88, 
see also Activity, Chemical poten- 
tial and Fugacity 
and activity coefficient, electrolytes, 409 
in chemical reaction, 282-83 
of dilution, 406 
and direction of chemical change, 284-85 
electrical, 408 
and Debye-Hiickel theory, 409 
and electrical work, 300 
and electrode potential, 477 
and E. M. ., 300-02, 466, 468, 475, 478 
equations, addition, 297 
equilibrium conditions, 209, 222, 274 
and fugacity, 250, 258 
functions, 306-09 
in isothermal change, 205 
of mixing (solution), 375 
and net work, 203, 300 
partial molar, 215, see also Chemical po- 
tential 
from partition functions, 209-10, 306-10 
and phase change, 299 
and phase equilibrium, 222 
and pressure, 204 
in any process, 219 
relationships, 204 
standard, 274, 283-84 
applications, 303-05 
determination, 300 
calculation, 308 
E.M.F. method, 300-02 
entropy method, 302 
by equilibrium constant, 300 
of formation, 298 
of ions, 486-88 
tables, 299, 492, 505-08 
of reaction, 283-85 
and temperature, 295-96 
surface, 242-43 
and temperature, 204, see also Gibbs- 
Helmholtz equation 
Freezing point, 327 
and composition, 328 
depression, 340, 382 
and activity, 358-61, 381-86 
and Debye-Hückel theory, 417 
and ionic strength, 417 
and osmotic coefficient, 392, 417 
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Freezing point (Cont.) 
dilute solutions, 340-43 
and solubility, 330 
Fugacity, 250-70 
and activity, 262, 264, 270, 353, 358 
and activity coefficient, 258, 263, 264 
determination, 251-58, 267 
approximate, 255 
from equation of state, 253-54 
generalized (compressibility) method, 
256-58 


graphical, 256-58 
in mixtures, 267-68 
and Duhem-Margules equation, 319 
and equilibrium constant, 275 
and free energy, 250 
gas, ideal, 251 
mixtures, 261-71 
single, 250-60 
generalized curves, 259 
and Henry’s law, 338-39, 353 
in ideal solution, 317-18 
liquid, mixtures, 268-71, 317-18 
single, 260 
in nonideal solution, 334 
and osmotic pressure, 373 
and phase equilibrium, 260 
and pressure, 251, 259, 264-65 
solid, 260 
and temperature, 259, 266 
Fusion, entropy of, 148, 152, 179, 180 
equilibria, 224 
heat of, 76, 224, 225 
and freezing point, 340-43 
and solubility, 328-30 
and temperature, 79, 235, 359 


Galvanic cells, see Cells 
Gas and gases, 18-31 
compressibility, 21 
factor, 27 
constant, 19, 501 
cooling, 57, 64 
critical state, 22-23, 502 
temperatures, table, 502 
entropy, tables, 198, 505-08 
equations of state, see Equations of state 
fugacity, 250-70, see also Fugacity 
heat capacity, determination, 167 
difference (Cp— C.). 54-55, 164-167 
mean, 53 
monatomic, 96 
and pressure, 61-52, 64-65, 168-70 
ratio, 59-60, 96, 171 
tables, 53, 503 
and temperature, 52-53 
and volume, 170-71 
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Gas and gases (Cont.) 
ideal, see Ideal gas 
Joule-Thomson effect, 60-64, 171-75 
mixtures, fugacity, 261-70, see also Fu- 


mixtures, 30-31 
standard state, entropy, 158, 198 
free energy, 298 
heat content, 72 
throttled expansion, 60 
Gay-Lussac, energy content of gas, 50 
Generalized methods, for compressibility, 28 
for fugacity, 256-58 
for heat capacity correction, 170 
for heat content correction, 161 
for Joule-Thomson effect, 174-75 
Gibbs, adsorption equation, 244-45 
chemical potential, 215, see also Chemical 
potential 
-Duhem equation, 214, 216, 318-19, 368, 
370, 381, 387, 392, sce also Duhem- 
Margules equation 
-Helmholtz equation, 205-07, 218, 451, 
466, 489 
phase rule, 239 
thermodynamic potential, 203 
Gram, 6 


Heat capacity, 8 
apparent molar, 45457 
atomic, solids, 120-25 
at absolute zero, 121, 125 
classical theory, 120 
Debye theory, 122 
Dulong and Petit law, 120 
Einstein theory, 121 
electron gas contribution, 125 
at low temperatures, 124 
of calorimeter, 9 
classical calculation, 98, 120 
constant pressure and volume, 48-49 
difference, 50, 54-55, 163-67 
maximum, 165 
ratio, 56, 96-97 
and atomicity, 60 
determination, 167 
and pressure, 60, 171 
determination, 9, 167 
dimensions and units, 8 
and entropy, 155, 178-79 
of gases, sce Gas 
and internal rotation, 119 
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Ileat capacity (Cont.) 
and kinetic theory, 95-96 


and partition functions, 102, 105, 111— 
13, 115, 117, 118-19 
and pressure, 64-65, 168-70 
quantum theory, 99-120 
ratio, 56, 60, 96-97, 167, 171 
relationships, 163-71 
rotational, 111, 117 
of solid compounds, 126 = 
elements, 120-25 
specific, 8 
tables, gases, 53, 503 
solids, 504 
and temperature, 52-54, 503, 504 
translational, 105 
vibrational, 114, 118 
and volume, 170-71 
changes at constant pressure and volume, 
47-48 
of combustion, 75, 85, 89, 92 
content, 48 
apparent molar, 440 
relative, 440-46, 449-52 
and Debye-Hiickel theory, 450 
and cell reaction, 466 
and E. M. ., 466 
and free energy, see Gibbs- Helmholtz 
equation 
and heat of reaction, 68, 70, 73-74, see 
also Reaction 
partial molar, 218, 266, 318, 356, 361, 
384, 386, 387 
in reference state, 356, 438 
relative, 438-54 
in standard state, 356 
and phase changes, 76 
and pressure, 160 
ideal gas, 52 
relative, 309 
and temperature, 54 
in throttled expansion, 61 
conversion into work, 129, 130, 131, 133 
efficiency, 133, 137, 138, 140 
maximum, 138 
definition, 2, 7 
of dilution, see Dilution 


efficiency, 187 
of formation, 72, 73-74, 91 
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Heat of formation (Cont.) 
of elements, 74 
and heat content, 73-74 
of ions, 494-96 
standard, 72-74, 494 
tables, 73, 492, 505-08 
of fusion, see Fusion 
of hydrogenation, 75 
measurement, 9 
of mixing, ideal systems, 268, 318 
nonideal, 331, 375, see also Solution 
of reaction, 68, 70, 74, see also Reaction 
of solution, see Solution 
of transition, see Transition 
unavailable and entropy, 143 
of vaporization, see Vaporization 
and work, 10 
in cycle, 39 
dependent on path, 39 
equivalence, 33 
not properties of system, 40 
Helmholtz, conservation of energy, 34 
free energy, 202 
see also Gibbs-Helmholtz 
Henry’s law, 337-38, 345, 353 
deviations, 353-54, 365 
ionic solutions, 407, 412 
and external pressure, 339 
and gas solubility, 338-39 
and Raoult’s law, 339-40, 353 
Hess, law of thermochemistry, 72 
Heterogeneous chemical equilibria, 281-2 
and temperature, 291 
equilibrium conditions, 216-17 
system, 14 
see also Phase equilibria 
Hildebrand’s rule, 232 
Homogeneous equilibria, gaseous, 275-78 
and temperature, 289-90 
in solution, 278-81 
dilute, 279 
and temperature, 290 
Hiickel equation, 419, 420, see also Debye- 
Hiickel equation 
Hydrochloric acid, activity coefficients, 394 
thermal properties, 453 
Hydrogen, electrode standard, 469 
entropy, 194, 197 
fugacity, 256 
heat capacity, 96, 97, 111 
ion, entropy, 489 
free energy, 486 
heat of formation, 494 
Joule-Thomson effect, 64 
ortho and para, 111 
heat capacity, 112 
rotational heat capacity, 111-13 
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Hydrogen (Cont.) 
partition function, 109, 112 
scale, electrode potentials, 469 
vibrational partition function, 114 


Ice point, 3 
on absolute scale, 5 
Ideal gas, 19, 159, 160 
adiabatic processes, 55-58 
constant, 19, 501 
energy content, 50-51 
entropy changes, 148-50 
of expansion, 186 
equation of state, 15, 18 
fugacity, 251, 261 
heat capacity, 96 
difference, 55, 96, 164 
and pressure, 51-62, 168 
ratio, 96 
kinetic theory, 95 
mixtures, 20, 265, 268 
solubility, 325-26 
thermometer, 4 
work of expansion, 43-44 
heat of vaporization, 260, 268, 291, 318 
liquid solutions, 317, 318, 320, 330 
deviations, 330-37, 427 
vapor pressures, 321 
see also Raoult’s law 
Indicator diagram, 135 
Integral heat of dilution, 83, 440, 442-44 
of solution, 82, 439, 449, 450 
in dilute solution, 345, 450 
Intensity factor, energy, 6 
Intensive properties, 16 
Internal pressure, 62 
rotation, energy, 119 
Inversion temperature, Joule-Thomson, 63, 
173 
Iodine, dissociation, 311 
Ionic, activity, mean, 379 
coefficient, mean, 379 
and Debye-Hiickel theory, 410-11 
and osmotic coefficient, 417 
atmosphere, 408, 410 
radius, 409 
molality, mean, 379 
product, water, 483 
strength, 400, 410, 411, 412, 436 
and activity coefficient, 401, 410-12 
and equilibrium function, 421-24 
and freezing point, 417 
and osmotic coefficient, 417 
Ions, activity and activity coefficient, see 
Ionic 
distance of closest approach, 418-19 
entropy, standard, 488-93 
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Ions, entropy (Cont.) 
applications, 492-93 
determination, 488-92 
table, 492, 505-08 
free energy of formation, 486-88 
table, 492, 505-08 
heat of formation, 494-96 
table, 492, 505-08 
Irreversible process, 130-31 
energy degradation, 146 
entropy change, 144—46 
Isentropic change, 147, see also Adiabatic 
Isolated system, 14 
entropy change, 146 
and first law of thermodynamics, 35 
Isopiestic method, activity, 387-88, 392 
Isothermal change, free energy, 205 
work function, 205 
expansion, reversible, 4143 
work of, 42-43 
Isotonic, see Isopiestic 
Isotopic exchange reaction, equilibrium con- 
stant, 313 


Joule, 7 
absolute and international, 7, 11, 501 
cycle, 153 
and defined calorie, 9, 10, 501 
energy content of gas, 50-51 
mechanical equivalent of heat, 33 
Thomson coefficient, 61-64, 171-72 
and fugacity, 259 
at low pressure, 172, 173 
sign and magnitude, 62 
for van der Waals gas, 172, 175 
effect, 60-64, 171-175 
cooling by, 64 
experiments, 51, 60 
throttled expansion, 60 
inversion temperature, 63, 173-75 
generalized treatment, 174-75 


Kelvin, available energy, 203 
energy content of gas, 51 
temperature scale, 5, 139-40 
see also, Joule- Thomson 
Kharasch, heat of combustion calculation 
90 
Kilogram, 6 
Kinetic theory, 95 
and heat capacity, 95-96 
Kirchhoff, heat of reaction-temperature 
equation, 77-82 
application, 79 
and latent heat, 79, 234, 359 
vapor pressure equation, 229 
Kopp, heat capacity of solids, 126 
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Latent heat, see Fusion, Vaporisation, etc. 
Latimer, ionic entropies, 489-03 
Lavoisier and Laplace, thermochemical law, 
91 
Law, additive pressure, 30 
additive volume, 31 
Amagat’s, 31 
of conservation of energy, 34 
of corresponding states, 25 
Debye-Hickel, limiting, 411, 417, 451, 457 
Dulong and Petit, 120 
of equilibrium, 274 
Henry’s, 337-38, 345, 353 
Maxwell-Boltzmann, 100 
of partial pressures, 20 
Raoult’s, 317, 320-21 
thermochemical, Hess, 72 
Lavoisier and Laplace, 71 
thermodynamics, first, 35, 37, 38 
second, 129, 131, 133 
third, 178, 181-83, 194 
Le Chatelier principle, 220, 287 
Lewis, atomic heat capacity at constant 
volume, 120 
free energy, 202 
fugacity, 250 
partial molar properties, 213 
sign of electrode potential, 472 
of E. M. r., 464 
Lewis- Randall, ionic strength, 400 
and activity coefficient, 401 
fugacity in gas mixtures, 268, 275 
Liquid, fugacity, 260 
junction, 396 
potential, 470, 474, 475 
mixtures, activity and activity coeff- 
cients, 269-71 
fugacity, 268-71 
general equation, 334 
partially miscible, 336-37 
reference state, for activity, 351 
for heat content, 438 
solutions, activity, 269-71 
dilute, 337-46 
fugacity, 268-71, 317-20, 233-328, 331, 


334 
ideal, 317, 318, 320, 330, see also 
Raoult’s law 
nonideal, 330-37 
fugacity, 334 
heat change, 331 
volume change, 331, 434 
standard state for activity, 281, 351, 352 
for entropy, 180 
for heat content, 72 
vapor equilibris, ideal solutions, 321-23 
nonideal solutions, 831-84 
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Liter, 6 
-atmosphere, 11 
Lummer-Pringsheim, ratio of heat capaci- 


ties, 59 


Margules equation, 334, 336 
and activity coefficient, 370-72 
see also Duhem-Margules equation 
Maximum efficiency, heat engine, 138 
work, electrical, 45 
of expansion, 44-45 
and work function, 202 
Maxwell relations, 163, 211, 223 
Maxwell-Boltzmann law, 100 
Mayer, mechanical equivalent of heat, 33 
Mechanical equivalent of heat, 33 
and heat capacities, 34 
Melting point, and pressure, 224, see also 
Freezing point 
Mercury, activity in amalgams, 369-70 
Meter, 6 
Methanol equilibrium, 304 
Milliliter, 6 
Mixing, entropy, gases, 150-51 
liquids, 348 
solids (solution), 199 
free energy, 375 
heat change, 318, 331, 375 
volume change, 318 
Mixtures, gases, ideal, 20, 261 
real, 30-31 
activities, 262-64 
additive pressure law, 30 
additive volume law, 31 
fugacity, 261, 267-68 
liquids, ideal, 317, 318, 320, 330 
nonideal, 330-37 
partially miscible, 336-37 
Molal boiling point elevation, 344 
freezing point depression, 342 
Molality, 281 
and activity, 353-54 
and mole fraction, 281 
mean ionic, 379 
Mole, 8 
fraction, 20 
and molality, 281 
and molarity, 279 
Molecular weight, determination, 341-42, 
344 


Moment of inertia, diatomic molecules, 110 
and equilibrium constant, 312 
polyatomic molecules, 117 

Monatomic gas, electronic partition func- 

tion, 105-06 
entropy, 190-92 
heat capacities, 96 
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Morse equation, osmotic pressure, 376-77 


Nernst heat theorem, 178 
Net work, 203 
in surface, 243 
Nitrogen, compressibility, 21 
entropy determination, 180 
fugacity, 252, 258 
Joule-Thomson coefficient, 63 
inversion temperature, 173 
tetroxide, dissociation, 280 
Nonideal solutions, 330-37 
vapor pressures, 331-33 
see also Raoult’s law 
Nuclear spin, entropy, 194, 197 
partition function, 194 
quantum number, 109 


Open systems, 213 
part of closed, 216 
Ortho and para states, 109 
of hydrogen, 111, 112 
Osmotic coefficient, 389 
and activity coefficient, 389-92 
and Debye-Hiickel theory, 416-17 
and freezing point, 392, 417 
and ionic strength, 417 
and vapor pressure, 390 
pressure, 372-74 
and activity, 373-74 
and vapor pressure, 373, 376 
Oxidation potentials, 471 
table, 479 
Oxidation-reduction electrodes, 464 
system, 463 
Oxygen, electrode potential, 477 
gas, fugacity, 255 \ 
molecules, electronic states, 108 


Partial molar, heat capacity and heat con- 
tent, see Heat capacity and Heat 
content 

free energy, see Chemical potential 
properties, 213-15, 427-58 
determination, 427, 428-33 
by apparent molar propertics, 429 
direct method, 428 
general methods, 432 
intercept methods, 430-31, 432 
significance, 214-15, 427 
volume, see Volume 
pressures, 20, 30 
law of, 20 
specific properties, 433 
Partially miscible liquids, 336-37 
Partition function, 101 
electronic, 106-107, 108 
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Partition function (Cont.) 
and energy, 101 
and entropy, 188-96 
and equilibrium constant, 310-12 
and free energy, 209, 306-10 
and heat capacity, 102 
and relative heat content, 308-09 
rotational, 103, 110, 117 
translational, 103, 104 
vibrational, 103, 114, 118 
Path, thermodynamic, 37 
Pauling, bond energies, 90 
Perfect crystal, entropy, 178, 185, 196 
Perpetual motion, first kind, 34, 39 
second kind, 132 
Person, temperature and heat of reaction, 
78, see also Kirchhoff 
Phase change, entropy change, 148 
free energy change, 299 
heat change, 76, 223, see also Fusion, 
Vaporization, ete. 
equilibria, 222-47 
one-component, 222 
polycomponent, 237 
rule, 238-39 
space, 186 
surface, 241 
Planck constant, 104 
quantum theory, 99 
and third law of thermodynamics, 178 
Boltzmann entropy equation „184-85 
Polyatomic molecules, entropy and partition 
function, 192-96 
heat capacity, 96, 97, 116 
moments of inertia, 117 
rotational partition function, 117 
symmetry number, 117 
vibration frequencies, 118 
Potential, chemical, see Chemical potential 
electrode, 469-83 
oxidation, 471 
table, 479 
reduction, 472 
standard, 470-83 
applications, 478-83 
and entropy, 489, 492-93 
liquid-junction, 470, 474, 475 
Poynting equation, 236 
Pressure, critical, 23 
table, 502 
and B. M. F., 499 
in explosions, 88-89 
internal, 62 
law of additive, 30 
partial, 20, 30 
reduced, 25 
and solubility, 339, 349 
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Pressure (Cont.) 
and vapor pressure, 235-36 
Probability and entropy, 183-85, 189 
thermodynamic, 185, 187 
Process, irreversible and spontaneous, 129- 
30, 146 
reversible, 41-42 
spontaneous and probability, 184 
thermodynamic conditions, 207-09 
Properties of system, extensive and inten- 
sive, 16 


Quanta, 99 
Quantum number, nuclear spin, 109 
rotational, 109 
theory, of energy, 99, 106 
of heat capacity, gases, 102-19 
solids, 121, 122 


Ramsay-Young rule, 230-33 
Randall, see Lewis-Randall 
Rankine temperature scaie, 5 
Raoult’s law, 317, 330, 338, 339, 357 
applicable to both constituents, 320-21 
deviations, 330-37, 352, 366 
and heat and volume changes, 331, 434 
and partial miscibility, 336 
and external pressure, 321 
and freezing point, 340, 342 
and Henry's law, 338-40, 353 
and solvent in dilute solution, 338, 339 
National activity coefficient, 353, 407 
Neaction, heat of, 68 
and bond energies, 90-92 
calculation, 89-92 
and conservation of energy, 71 
at constant pressure and volume, 70 
and heat content, 68, 70 
of formation, 74 
and pressure, 69, 160 
in solution, 69, 82 
standard state, 72 
and temperature, 77-82 
free energy of, 283-84 
and direction, 285 
isotherm, 282-84, 301, 468 
isotopic exchange, 313 
rate, 
Reduced equation of state, 24-25, 27-29 
and fugacity, 258 
and Joule-Thomson inversion tem- 
perature, 174 
pressure, temperature and volume, 25, 


Reech’s theorem, 177 
Reference electrode, 474, 475 
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Reference (Cont.) 
state for activity, gas, 263, 264 
solute, 352-54 
for fugacity, 251, 262 
partial molar heat content in, 355-56 
for partial molar properties, 438 
Refrigeration engine or refrigerator, 134, 138 
coefficient of performance, 139 
Relative partial molar heat content, 361, 
384, 386, 387, 438-54 
and activity coefficient, 384, 386, 
387, 446 
and 5.M.F., 448 
and heat of dilution, 439, 441-42, 445 
and heat of solution, 439, 449 
Reversible adiabatic change, 55 
pressure and volume, 57 
temperature, 56 
work of expansion, 58 
cells, 300-02, 462, see also Cells 
chemical reactions, 273-82 
cycle, 135 
electrodes, 462-64, see also Electrodes 
expansion of gas, 41 
heat change in, 51 
maximum work, 44—45 
work of isothermal, 43-44 
heat engine, 133 
efficiency, 137, 140 
processes, 41-42 
entropy change, 144 
Rotation, internal, 119 
energy of, 119 
restricted, 119 
and entropy, 197 
Rotational energy, 96, 97, 98, 99, 103 
diatomic molecule, 110, 111 
entropy, 194-96 
heat capacity, 111, 112, 117 
partition function, 103 
diatomic molecule, 109-10, 194 
hydrogen, 111 
polyatomic molecule, 117 
quantum number, 109 


Sackur-Tetrode equation, 190 
Salt bridge, 475 
Salting-out effect, 403 
term in Hiickel equation, 419 
Second, 6 
Second law of thermodynamics, 129, 131, 
133 
Silver-silver chloride electrode, 474 
Sodium chloride, activity coefficients, 386 
heat of dilution, 442 
Solid or solids, entropy, 178-80, 182 
heat capacity, 120-25, 126 
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Solid, heat capacity (Cont. ) 
classical theory, 120 
Debye theory, 122 
Einstein theory, 121 
Kopp’s rule, 126 
at low temperatures, 124 

random orientation in, 196 


solution, separation on freezing, 327, 342- 
43 


standard state, for activity, 281, 351 
for entropy, 180 
for heat content, 72 
Solubility, gas, ideal, 325-27 
and pressure, 339 
and temperature, 328-30 
product, 398, 415, 491 
and Debye-Hiickel theory, 415-16 
by electrode potential, 480 
and free energy of solution, 491 
small particles, 246-47 
solid, 327 
and pressure, 349 
and temperature, 328-30 
Solution or solutions, dilute, 279, 337-46 
boiling point, 343-44 
definition, 338 
freezing point, 340 
and Henry’s law, 337-40 
and Raoult’s law, 338-40 
solubility and temperature, 345 
gases in liquids, 325-27 
heat of, 82-84 
differential, 82, 345, 439, 449 
gases, 326-27 
at infinite dilution, 490 i 
integral, 82, 439, 449 
table, 508 


solids, 330 
and solubility, 345 
homogeneous equilibris in, 278-81 
and temperature, 290 
liquid, ideal, 317, 318, 320, 330, see also 
Raoult’s law 
nonideal, 330-37 
solid, 327 
and freezing point, 342-43 
Specific heat, 8, see also Heat capacity 
Spin, nuclear, quantum number, 109 
Spontaneous process, 129-30 
entropy change in, 146 
and probability, 184 
reversal of, 130-31 
thermodynamic conditions, 207-09 
Standard electrode potentials, 470-80, 489, 
492-93 
3 478-83 
determination, 474, 493 
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Standard electrode potentials (Cont. ) 
table, 479 
E. M. r., 302, 393, 467, 469 
entropies, gases, 158, 198 
ions, 488-93 
liquids, 179, 180 
solids, 179, 180 
table, 505-08 
free energy of formation, 298 
of ions, 486-88 
tables, 299, 492, 505-08 
heat of formation, 72-74, 494 
of ions, 494-96 
tables, 73, 492, 505-08 
hydrogen electrode, 469 
states, for activity, choice of, 350-51 
gases, 262, 351 
ions, 378 
liquids, 269, 281, 317, 351 
solids, 281, 351 
solutes, 352-54 
for entropy, gases, 158, 181 
liquids, 180 
solids, 180 
and equilibrium constant, 276 
for heat of formation, 72 
and partial molar heat content, 355-56 
and reaction isotherm, 284 
and reference state for heat content, 438 
and van’t Hoff equation, 289, 293 
Stee, corresponding, 25 
equations of, 15, 18-29 
reduced, 24-25, 27-29 
generalized, 26 
thermodynamic, 159-60 
macroscopic, 187 
microscopic, 187 
standard, see Standard 
thermodynamic, 14 
Statistical mechanics, 186 
treatment of entropy, 183-96 
weight factor, 100, 187 
for nuclear spin, 109 
for rotation, 109 
Statistics, classical and quantum, 188 
Steam point, 3 
Stirling approximation, 188 
Stoichiometric activity coefficient, 380, 412 
Sublimation, equilibrium, 233-34 
heat of, 233, 234 
Sulfuric acid, solutions, heat capacity, 456- 
57 


partial molar heat content, 442, 443-44 
and activity coefficient, 447 
Surface, chemical potential, 243-44 
equilibrium condition, 243 
excess concentration, 242 
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Surface (Cont.) 
forces, 241 
free energy, 242 
phase, 242 
tension, 243-46 
change with concentration, 245 
see also Adsorption 
Symmetry number, diatomic molecules, 109, 
312 
polyatomic molecules, 117, 196 
System, 14 
closed, 163, 204, 216, 237, 274 
heterogeneous and homogeneous, 14 
isolated, 14 
and first law of thermodynamics, 35 
open, 213, 216 
properties, extensive and intensive, 16 
and thermodynamic equilibrium, 16 
simple, 15 
state of, 14 


Temperature, absolute, 4-5 
characteristic (Debye), 122 
inn 124 


critical solution (consolute), 337 
difference, 2 
equilibrium, 2, 3, 15 
entropy diagram, 147 
explosion, 88-89 
flame, 84-88 
Joule-Thomson inversion, 63, 173 
Kelvin, 1389-40 
reduced, 25 
scales, 3-5, 139-40 
standard, 5 
Thallium, amalgams, activity, 363-67 
Thallous chloride, activity coefficient, 399- 
400 
Thermal entropy, 194 
equilibrium, 2, 3, 15 
Thermochemical equations, 69, 71 
laws, Hess, 72 
Lavoisier and Laplace, 71 
Thermochemistry, 68-92 
Thermodynamic or thermodynamics,change 
and process, 37 
conditions of equilibrium, 207-09 
of spontaneous process, 207-09 
equations of state, 159-60 
equilibrium, 15 
and properties of system, 16 
and spontaneous processes, 130 
first law, 35, 37, 38, 68, 71, 72, 129, 202 
formulae, 210-12 
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Thermodynamic or thermodynamics (Cont.) 
limitations, 1 
probability, 185, 187 
properties, 1416 
complete differentials, 16-18 
reversibility, 41 
second law, 129, 131, 133 
scope, 1 
state, 14 
temperature scale, 139-40 
third law, 178, 185, 194 
tests, 181-83, 305-06 
variables, 14-16 
Thermometer, 3 
Thermometric scales, 3-5 
absolute, 4 
centigrade, 3 
ideal gas, 4 
Kelvin (thermodynamic), 5, 139-40 
practical, 5 
Rankine, 5 
Third law of thermodynamics, 178, 194 
tests of, 181-83, 305-06 
and probability, 185 
Thomson, see Kelvin and Joule-Thomson 
Thornton, heat of combustion, 89 
Throttled expansion, 60-61 
Transition, entropy of, 180, 180 
heat of, 77, 225 
point and pressure, 225 
Translational energy, 95, 99, 103 
heat capacity, 96, 105 
partition function, 103, 10405 
Trouton’s rule, 232-33, 324 


Univariant system, equilibrium, 223 
poly component, 239 


Valence type and activity coefficient, 401, 
412, 413 
van der Waals constants, 22-25 
table, 23 
equation, 22-25 
and critical state, 22-23 
and fugacity, 254 
and heat capacity difference, 164-65 
pressure effect, 169, 171 
and internal pressure, 62 
and Joule-Thomson coefficient, 67, 172 
inversion temperature, 175 
van Laar equation, 335, 336 
and activity, 371 
van’t Hoff, osmotic pressure equation, 377 
reaction isotherm, 282-84, 301, 468 
and direction of chemical change, 285 
and E. M. r., 468 
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van’t Hoff (Cont.) 
tempera 


ture-equilibrium constant equa- 


tion, 289 
imtegration, 202 
Vapor-liquid equilibria, 222-24, 226-33 
in mixtures, ideal, 322-23 
and temperature, 323 
nonideal, 331-33 
pressure, and activity, 356-58 
of electrolytes, 387-88, 390-92 
of ideal liquid mixtures, 317 
curves, 321 
maximum and minimum, 333 
of nonideal liquid mixtures, 330 
curves, 331-33 
and osmotic pressure, 373, 376 
of saturated solution, 241 
of small particles, 245-46 
and temperature, 226, 227, 323 
equations, 229-33 
and total pressure, 235-37 
Vaporization, entropy of, 148, 180 
equilibria, 226-33 
heat of, 76, 77, 226, 227, 228, 229, 230 
and boiling point elevation, 344 
and distillation, 324 
and gas solubility, 326-27 
ideal, 260, 268, 291, 318 
table, 502 
and temperature, 79, 235, 362 
Vibrational energy, 96, 97, 98, 99, 103 
entropy, 193 
frequency, diatomic molecules, 114 
polyatomic molecules, 118 
heat capacity, gas, 114, 115, 118 
solid, 120, 121, 122 i 
partition function, 103, 113, 118 
Volt, 7 
Volume, apparent molar, 429, 437 
of electrolytes, 437 
critical, 23 
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Volume (Cont.) 
law of additive, 31 
partial molar, 372-73, 427, 429, 433-37 
of electrolytes, 435-36 
reduced, 25 


Water, boiling point, 3 
dissociation constant, 483-84 
entropy of vapor, 197 
freezing point, 3 
-gas equilibrium and pressure, 287-88 
heat capacity of vapor, 118 
ionic product, 483-84 
molal ionization product, 485 

Work, in Carnot cycle, 136 
definition, 5 
electrical, and heat, 9 
and energy, 6 


of expansion, 10 
and heat of ‘reaction, 70 
function, 201 
change in isothermal change, 205 
and equilibrium condition, 208 
and maximum work, 202 
and partition function, 210 
relationships, 203 
and heat, 10 
conversion, 129, 130, 131, 133 
in cycle, 39 
dependence on path, 39 
not properties of system, 40 
maximum, in reversible process, 44-45 
and work function, 202 
sign, convention, 38 


Zero, absolute, 5 
entropy of solid at, 178, 181, 183 
heat capacity of solid at, 121, 124 
unattainability of, 139 
-point energy, 100, 113 


TABLE A.1 CONVERSIONS, CONSTANTS, AND FORMULAS 


Volume and Weight 


1 U. S. gatlon=8.34 lbs x Sp Gr 

1 U. S. gallon=0.84 Imperial gallon 

1 cu ft of liquid=7.48 gal 

1 cu ft of liquid 62.32 lbs x Sp Gr 

Specific gravity 5 sea -water= 1.025 
to 


cu meter= 264.5 gal 
1 barrel (oil)= 42 gal 


Capacity and Velocity 
1 gom=449 cu ft per sec 
_. lbs_per_hour 
sm 300% Sp. Gr. 
gpm=0.069 x boiler Hp 
gpm=0.7 x bbl/hour 0.0292 
bbi/day 
gpm=0.227 metric tons per hour 
1 mgd= 694.5 gpm. 
v-8pmx0.321_ _ gpm x 0.409 


area in sq. in D2 
V= 28H 


gpm-= gallons per minute 

Sp Gr= specific gravity based 
on water at 62°F 

Hp= horsepower 

bbl= barrel (oil)=42 gal 

mgd= million gallons per day 
of 24 hours 

V=velocity in ft/sec 

D= diameter in inches 

g= 32.16 ft / sec / sec 


H= head in feet 
Head 
Head in — in pakia 


Sp Gr 
1 foot water (cold, fresh)= 1.133 
inches of mercury 
1 psi=0.0703 kilograms per sq 


centimeter 
1 psi=0.068 atmosphere 
H=¥- 
28 


psi= pounds per square inch 


ONONE 


Power and Torque 
1 horsepower= 550 ft-lb per sec 
= 33,000 ft-lb per min 
= 2545 btu per hr 
= 745.7 watts 
=0.7457 kilowatts 
gpm x Head in feet x Sp Gr. 


bhp 
hp 3960 x efficiency 


bhp= gpm x Head in psi 
1714x efficiency 


Torque in ibs feet =H x 52532 


bhp=brake horsepower 
rpm= revolutions per minute 


Miscellaneous Centrifugal Pump 
Formulas 


Specific speed= Ng = 2 
where H= head per stage in feet 


Diameter of impeller in 


1840 Ku ~H 


inches d= 111 


where Ku is a constant varying with 
impeller type and design. Use H at 
shut-off (zero capacity) and Ku is 
approx. 1.0 


At constant speed : 


At constant impeller diameter 


rpm: „gpm; | VE} | /Bhpi 
rpm2 gpm: Iii, /Bhp2 


TABLE A.2 MEASUREMENT CONVERSION 


Cuble inah 


Cuble Meter 


Cobie Yard 


Gallon per Minate 


cube fest per second 
0 mretric tons per hour 


Galton { British imperial) 3 cubic 


201 U S. gallons 
10 Ibs water at 15°C. 
4.546 iners 

153.43 ma 

0.0353 ounce 
0.0022 pound 


. -33.000 ft ib per minute 


42.41 Nu per mute 
1.014 cheval i 
746 watts 


Cuneo (Fine) 


- 0.0624 Ibe per cu ft 


. 14225 es per sq wm 


Pound per Sq ia ` 


Pound per Seq Ft.. 


Ton (iong) 22 


Yard 


0.4732 liter 
16 fusd ounces 


21 fest honu of water at 
1.00 


0 sp ar 
0.9703 Roma per sq 
con timeter 


0 00135 square inch 
© $36 square meter 


14 pounds 
6 35 kilograms 


Wr. 


